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Preface 

Quantum mechanics has existed for more than 75 years and forms the basis 
for the fundamental description of microscopic phenomena and processes. Con- 
temporary research on quantum systems covers a vast area, from investigations 
on nuclei, atoms, and molecules to complex chemical and biological systems. 
To foster the development of innovative theory and concepts, the first European 
Workshop on Quantum Systems in Chemistry and Physics (QSCP I) was or- 
ganized in San Miniato, near Pisa, Italy (1996). The meeting was a great success 
and was followed by QSCP H in Oxford (1997), QSCP III in Granada (1998), 
and QSCP Vl in Paris (1999). The QSCP H proceedings were published in 
Advances in Quantum Chemistry, Volumes 31 and 32. 

The fifth European Workshop in the series was held in Uppsala, April 13-18, 
2000, at Ihresalen, Tekmkum, Uppsala University. The workshop was organized 
as follows: 

Density Matrices and Density Functionals (Chair: J. Maruani) 
Electron Correlation Treatments (Chair: S. Wilson) 
Relativistic Formulations (Chair: U. Kaldor) 
Valence Theory (Chair: Y. G. Smeyers) 
Nuclear Motion (Chair: O. Goscinski) 
Response Theory (Chair: B. T. Sutcliffe) 
Condensed Matter (Chair: H. Agren) 
Chemical Reactions (Chair" C. Minot) 
Computational Chemistry (Chair: I. Huba() 
Posters (Chairs: R. Lefebvre, E. Brimdas) 

It attracted 95 scientists from 25 different countries who gathered to give 49 
talks and 40 posters. 

Additionally, a special lettmotiv was made to run through the lectures and 
discussions, relating to the pioneering work and achievements of Per-Olov Low- 
din. In 1982, Uppsala University created a fund through collected contributions 
from Per-Olov L6wdin's colleagues, collaborators, and students, with the pur- 
pose of inviting prominent lecturers to Uppsala at regular intervals. The aim of 
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the lectures was to stimulate interest in quantum chemistry through one general 
lecture for a broader audience and a more specialized lecture targeted at experts 
in the field. The LiSwdin Lecturers during 1984-2000 were R. Zahradnlk, A. 
Pullman, R. S. Berry, R. Pauncz, H. Shull, E. R. Davidson, R Fulde, M. Quack, 
F. A. Gianturco, J. R Dalai, and R. McWeeny. 

During the year 2000, two L6wdin Lecturers were invited: Professor Roy 
McWeeny, Pisa, Italy, and Professor Jens Peder Dahl, Copenhagen, Denmark. 
They both agreed to deliver their lectures during QSCP V. Due to unforeseen 
circumstances, only one lecturer could attend QSCP V. The second lecture was 
therefore presented half a year later and then as the L6wdin Memorial Lecture. 
Both are published as introductory chapters of the two proceedings volumes as 
a joint tribute to a great leader and pioneer in quantum chemistry. We are very 
proud to present QSCP V: New Perspectives in Quantum Systems in Chemistry 
and Physics, in the series Advances in Quantum Chemistry, founded by Ltwdin. 

The workshop was sponsored by the European Commission - COST D9, the 
French Embassy in Stockholm, the Swedish Natural Science Research Council, 
the Foundation for Strategic Research, and Uppsala University. We are greatly 
indebted to our sponsors for their generosity. In particular, we acknowledge the 
help and advice offered by Gtrard Rivibre from the COST Chemistry Secretariat. 
It is a pleasure to thank the members of the scientific organizing committee, R. 
McWeeny, J. Maruani, Y. G. Smeyers, and S. Wilson, for their excellent support 
and advice, and the local organizing committee and members of the Department 
of Quantum Chemistry at Uppsala University for thetr competence and effi- 
ciency which made for the smooth running of the workshop. 

E. Br~indas 
Chair 
Organizing Committee 

O. Goscinski 
Chair 
LOwdin Lectureship Fund 
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1 I n t r o d u c t i o n  

In his Note on Exchange Phenomena m the Thomas-Fermz Atom, Dirac [1] 
made the following statement: 

Each three-dimensional wave function will give rise to a certain 
electric density. This density is really a matrix, like all dynamical 
variables in the quantum theory (although one usually considers 
only its diagonal elements, as one can insert these directly into 
one's picture of the atom) 

In his paper, Dirac also referred to the electric density as the electron density. 
For an N-electron system in the Hartree-Fock description--which was the type 
of system discussed by Dirac--the electron density becomes a sum of contri- 
butions from N three-dimensional wave functions. Dirac denoted the operator 
behind the matrix by p and wrote, in his equation (8), 

(q'lPlq") = ~ (q ' l r ) ( r lq" ) ,  (1) 
r 

'with the single variable q being written to denote the three Cartesian coordi- 
nates x, y, z and also a spin variable ' 

Having introduced the density matrix, Dirac went on to reformulate ele- 
mentary Hartree-Fock theory in terms of it. He then turned to the situation 
where 'the electron density p is spread over such a large volume of phase space 
that we can neglect the fact that the momenta p do not commute with the 
coordinates q and reduce our description of the atom to a classical one.' For 
use in this situation he assigned a phase-space function to any dynamical vari- 
able, and Mso replaced the density matrix by a density function in phase space. 
This, then, allowed him to relate the Thomas-Fermi description of the atom 
to the Hartree-Fock description, and to include exchange in Thomas-Fermi 
theory. 

Thus, Dirac was the first to appreciate the importance of the density ma- 
trix in many-electron theory~ and also the first to map it into a phase-space 
density. His introduction of the density matrix has been fully recognized in the 
literature, whereas little attention has been paid to his introduction of phase- 
space functions, beyond their use in the Thomas-Fermi model. The reason is 
probably that Dirac himself introduced the form of these functions under the 
simplifying assumptions spelled out above, and hence did not attempt to con- 
struct a complete phase-space theory. Nevertheless, his phase-space functions 
are the same as the ones that occur in the modern Weyl-Wigner description. 

In the present paper, we focus on the Weyl Wigner description. We shall, in 
particular, discuss its theoretical basis and its connection with density-matrix 
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theory. We shall also present some important examples of its use. 
As a starting point, we visit the world of the one-particle density matrix 

2 T h e  O n e - P a r t i c l e  D e n s i t y  M a t r i x  

The notion of a density matrix was first introduced by yon Neumann [2, 3] who 
made it the principal concept of quantum statistical mechanics. Dirac's density 
matrix is usually referred to as the first-order reduced density matrix, or the 
one-particle density matrix. It was embedded in the more general framework of 
statistical ensembles by Husimi [4], who also introduced an alternative phase- 
space distribution function, now known as the Husimi function. Husimi also 
discussed the introduction of higher-order reduced density matrices 

Through the seminal works of L6wdin [5] and MeWeeny [6, 7], reduced 
density matrices have become one of the most fundamental concepts in modern 
quantum chemistry. A large number of successive authors have significantly 
extended their use and added to our understanding of their properties. 

Let us write 

= N f ~(x,x2,... ,XN)W*(x',x2,... ,xN)dx2 .dxN (2) 7(x, x') 

for the one-particle density matrix, with x replacing the symbol q above. 
is the total, maybe approximate, normalized wavefunction for an N-electron 
system. We also introduce the spinless matrix by integrating over the spin 
variable or, 

¢ )  = f 7(x, x')~,-~d~. (3) p(v, 

For a determmantal wavefunction built fi'om an orthonormal set of spin- 
orbitals ~bl, ~&,... , ~bN we have 

N 

with all u~ = 1. ~/is the density operator 

N 

With the spin-orbitals being products of normalized spin functions and nor- 
realized and mutually orthogonal spatial orbitals, ~pk, we also have 

n 

* , = ) = (6) 
k = l  
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with n~ = 1 or 2. The density operator ~ has the form 

= (7) 
k = l  

For more general N-electron wavefunctions, we may follow LSwdin [5] and 
introduce natural orb~tals, and extend the summations in (4) and (6) accord- 
ingly. These expressions will then remain valid, with the sum of the occupation 
numbers ~, or nk being equal to N. 

Let us recall that the trace of an operator D, evaluated over a complete 
linear space with the orthonormal basis ~1, ~2, . - .  , qG,.. • is defined as 

o o  

s~--.1 

and that for any two operators, ~ and ~b, we have that 

(9) 

That the wavefunction ~ be normalized to unity may then be expressed by 
requiring that the trace of t 5, evaluated over the complete spin-free orbital 
space, equal N, 

The expectation value of an operator A which is a symmetric sum of spin- 
independent one-particle operators, 

N 

z---~l 

is given by 

<A> = T4a#) .  

Similar expressions hold when the spin must be exphcitly included, with fi re- 
placed by ;t, and the trace being evaluated over the complete spin-orbital space. 
In the following, we shall mainly limit ourselves to the spin-free expressions. 

We note that the formulation of quantum mechanics as a trace algebra has 
been extensively discussed by LSwdin [8]. 

While the expectation value of an operator composed of one-particle op- 
erators may be evaluated exactly by means of the first-order reduced density 
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matrix, the second-order density matrix is required when two-particle oper- 
ators are involved. If, however, the wavefunction qJ is well represented by a 
single Slater determinant, then the first-order matrix is sufficient, as discussed 
in detail by LSwdin [5]. For a single determinant he actually showed how 
to express all the higher-order matrices in terms of the one-particle matrix 
",/(x, x'). 

The fact that the electron density is a matrix, p(v,v'), implies that we 
don't understand its full nature unless we can expose its general and qualita- 
tive dependence on both v and r '  or, equivalently, on ½(v +v ' )  and r - v ' .  This 
dependence has been studied by some authors ([9, 10] and references therein). 
It has, for instance, been shown that the main impact of the presence of cova- 
lent bonding in molecules is concentrated in regions where v - v' is non-zero. 
Further work in this field awaits to be done. 

A viable alternative is to map the description into an (r, p) phase space. 
We shall now consider this alternative. 

3 D i r a c ' s  P h a s e - S p a c e  F u n c t i o n  

Let us begin by introducing the phase-space function that Dirac assigned to 
a dynamical variable h, provided 'the electron density p is spread over such a 
large volume of phase space that we can neglect the fact that the momenta 
p do not commute with the coordinates q and reduce our description of the 
atom to a classical one.' It reads, in our notation, 

a ( r ,p )  = S ( v  + ~lal ~ - ~>~-,,',1~@. (13) 

Applying the definition to the density operator j gives 

fi(v,p) = S<v + ~l~lr - ~>e-'P'ul~dy. (14) 

Dirac referred to this quantity as the electron density per volume (27rh) 3 of 
phase space. We have marked it by a tilde (N) to distinguish it from the density 
matrix (6) It is expedient to also introduce the corresponding density per umt 
volume, 

/(r,p) = (v + - (15) 

By integration over phase space it gives the total number of electrons. 
The expressions (13) and (15) map the operator & into a(v,p) and the 

density matrix ~ into f (v ,  p). The equivalent of the trace operation was, how- 
ever, not set up by Dirac who worked with the Hartree-Fock equations directly, 
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without introducing expectation values. Thus, his phase-space description was 
a rudimentary one. The phase-space functions a(r, p) and ¢5(r, p) were explic- 
itly introduced for a quasi-classical situation, and Dirac did not suggest to use 
them without this limitation. But as already stressed in the Introduction, the 
functions are the same as those that occur in the Weyl-Wigner representation, 
which we shall consider in the following section. 

In that representation, the equivalent of the trace operation is integration 
over phase space. Thus, Eqs. (10) and (12) become 

f f(r, = (16) p)drdp N 

and 

</~) = f a(r ,  p ) f ( r ,  p)drdp. (17) 

The first of these expressions was implicitly present in Dirac's paper, but the 
second was not. As we shall see in the following section, It is by no means 
obvious that such a simple expression should hold. 

4 The Weyl-Wigner Representation 

As just mentioned, the phase-space representation characterized by the ex- 
pressions (13)-(17) is the Weyl-Wigner representation. Thus, f ( r , p )  is called 
the Wigner function, and a(~',p) is called the Weyl transform of the opera- 
tor &. The Wigner function was introduced by Wigner in 1932 in a paper 
on the Quantum Corrcctwn for Thermodynamic Equzhbmum [11]. The Weyl 
transform was introduced by Weyl in 1931, on the basis of group-theoretical 
arguments [12]. The synthesis of Weyl's and Wigner's approaches was primar- 
ily performed by Groenewold [13] and Moyal [14], but a large number of later 
authors have substantially contributed to the development. For a review, see 
[15]. 

In the present section, we shall consider some formal properties of the 
Weyl-Wigner representation. In so doing, it suffices to consider a single spin- 
less particle, restricted to moving in one spatial dimension q, with p the cor- 
responding momentum. The generalisation to three dimensions and several 
particles is straightforward. 

With the particle in the quantum state I~), the position-space wavefunc- 
tion ¢(q) = (ql'&} and the momentum-space wavefunction ¢(q) = (PIe> are 
connected by a Fourier transformation, 

~ ( q ) =  ~2~  f ¢(P)dPq/hdP' ¢ ( p ) =  ~ / ~(q)e-'Pq/~dq, (18) 
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with the integrations here, and in the following, being from - o c  to oo. The 
connection between the two wavefunctions allows us to write the Wigner func- 
tion, the analog of (15), m two equivalent forms, 

f(q,p) = ~ ~b*(q - y/2)~b(q + y/2)e-~PY/ady (19) 

and 1/ 
f ( q ' P )  = ¢ * ( p  - + (20) 

These expressions display the symmetric way in which f(q,p) depends on q 
and p. Integration gives 

f(q,p)dp = ~,*(q)¢(q) p(q), (21) 

and 

ff(q,p) dq=¢*(p)¢(p)=~(p) ,  (22) 

f(q,p)dqdq = (23) 1. 

p(q) is the position-space density, rr(p) the momentum-space density. Similar 
integrations, in three dimensions, applied to the expression (15) give the elec- 
tron density p(r) and the momentum density rr(p) for the N-electron system 

Thus, the Wigner function has the densities in position space and momen- 
tum space as proper marginal densities. This suggests that we follow Dirac 
and refer to f(q,p) as the density in phase space. There are, however, diffi- 
culties with such an interpretation, for although f(q, p) is real-valued it is not 
restricted to being positive or zero. The interpretation of f(q, p) as a probabil- 
ity density would of course also be inconsistent with the uncertainty principle. 
Nevertheless, we may say that f(q, p) is a measure of the way the phase-space 
point (q,p) supports the given quantum state. This statement may be made 
more precise by noting that we may also write 

f(q,p) = ~(¢ l ( I (q ,p ) l~b)=  -~Tr[l~b}(@l(I(q,p)] , (24) 

where l~i(q,p) is an inverszon operator with respect to the phase-space point 
(q,p) [16, 17, 18, 19]. It has the form 

f l ( q , p )  = (25) 
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It is hermitian and unitary, i. e . ,  

fI(q,p) ~ = ~I(q,p), fI(q,p) 2 = 1. (26) 

Next, let us consider the setup of the correspondence between a quantum- 
mechanical operator gz and a phase-space function a(q, p). The way in which 
Weyl defined this correspondence was to first represent a(q, p) by its Fourier 
representation. He then identified the Fourier component of ~ with respect 
to the operator exp(~(@ + ~v)/h) with the Fourier component of a(q, p) with 
respect to exp(~(qu + pv)/h). The result may be expressed by means of the 
inversion operator (25) as 

1/i a = - ~  a(q,p)II(q,p)dqdp. (27) 

The inverse relation is 

a(q, p) = 2Tr[gII(q, p)]. (2s) 

By evaluating the trace with respect to the Iq) basis, one gets 

a(q,p) = f <q + ~lalq- ~)c-'P~/hdv. (29) 

This is the basis for the relation (13). 
A study of Weyl's correspondence rule (27) shows that if a(q, p) is a function 

of q or p alone, then 5 is the same function of the operators 0 and i3. In the 
more general polynomial case, one obtains the operator a from the function 
a(q, p) by the replacement of q and p by ~ and/3, respectively, followed by a 
proper symmetrization of products of non-commuting operators. Thus, the 
operator associated with the function q'~p'~ is 

= 2 -'-~ pSq,p,~-~. 
(30) 

These expressions were first set up by McCoy [20] 
Having defined the Weyl correspondence, one verifies that the mapping of 

operators on phase-space functions preserves the algebraic structure of the 
operator space. This means, firstly, that the mapping is linear such that 
linear combinations of operators are mapped onto the corresponding linear 
combinations of functions. Secondly, it means that if ~ = ab, then the function 
c(q, p) must be uniquely determined by the functions a(q, p) and b(q, p). But it 
cannot be simply the product of the two functions, for this would imply that 
we associate the same functions with the operators ab and b5 which cannot be 
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correct, because these operators are~ in general, different. Instead, c(q,p) is a 
so-called star product of a(q,p) and b(q,p), and we write 

c(q,p) = a(q,p) * b(q,p). (31) 

The multiplication is non-commutative, but it must be associative, so that the 
relation 

5(D~) = (5D)~ (32) 

is conseved under the mapping. 
The explicit form of the star product contained in the mapping may be 

written in the following way, 

[ (00 00)] 
a(q,p)*b(q,p) = e x p  0ql 0p2 Opl O-q2 a(q,p)b(q,p). (33) 

The subscript 1 on a differential operator indicates that this operator acts only 
on the first function in the product a(q,p)b(q,p). Similarly, the subscript 2 is 
used with operators that only act on the second function in the product 

The image of the commutator ~D -/~& is called the Moyal bracket and 
denoted {a(q,p), b(q,p)}M. It follows from the above expression that it may 
be written, 

{a(q,p), b(q,p)}M = g sm N10p2 Opl Oq2 a(q,p)b(q,p). (34) 

Let us finally consider the equivalence between the trace operation and inte- 
gration over phase space, a comparison of the expressions (19) and (29) shows 

1 that the Wigner function is the Weyl transform of the operator The 
operator 1¢>(¢1 has trace one, and according to Eq. (23), the Wigner function 
is normalized to 1 on phase space. For this to be true, the general relation 
must be 

Tr(g~) = 1 f 27r----h a(q,p)dqdp. (35) 

For the trace of an operator product we get, 

Tr(ab) = 2~hl /a (q ,p)*b(q ,p)dqdp .  (36) 

One finds, however, that the star product under the integral sign may be 
replaced by the ordinary product, so that we also have, 

1/ 
rr(ab)  = a(q,p)b(q,p)dqdp (37) 
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The reason for this simple result may be seen to be that  the inversion operator 
fI(q,p) in (25), which generates the Weyl transformation, is equal to its own 
inverse. This is the second relation in (26). The Weyl-Wigner representation 
is said to be self-dual. This point has been further discussed by the author 
[21, 22], in an analysis of a wider class of phase-space representations. 

By using the relation (37) together with the fact that  the Wigner function 
is the Weyl transform of the operator ~ [¢)(¢1, we get the following important 
result: 

<¢1&[¢) : T r (a ]¢ ) (¢ l )  : f a(q,p)f(q,p)dqdp. (3s) 

This relation contains the justification for the relation (17). With a(q, p) being 
another Wigner function it also shows that  

fl(q,p)f2(q,p)dqdp = ~--~<#)11~)2}<¢21@1), (39) 

where fl(q,P) and f2(q,P) are the Wigner functions corresponding to the two 
states I@1) and I~b2), respectively. 

5 T h e  H a r m o n i c  O s c i l l a t o r  

As a simple example, let us consider the Wigner function for a one-dimensional 
harmonic oscillator. For simplicity, we put h = 1 and introduce dimensionless 
coordinates and momenta  so that the I-Iamiltonian becomes 

1 2 lq2 (40) H : T p  +~ . 

The eigenstates and their energies are given by the well-known expressions 

1 _±q2 
@~(q) = 2~n!v/. ~ H~(q)e 2 , E~ = n + ½, n = 0 ,1 ,2 , . . .  (41) 

where H~(q) is the nth Hermite polynomial [23]. 
The Wigner function for the harmonic oscillator was first determined by 

Groenewold [13], and independently by Bartlett  and Moyal [24], and Tak- 
abayasi [25], as well as later authors. Two independent derivations have also 
been given by the present author [18, 26]. We have, 

fn(q,p) - (-])~e-R2L~)(2R2),  R2 = q2 ÷p2,  (42) 
7r 
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Figure 1: Wigner functions for the four lowest states of 
the harmonic oscillator 

where L(°)(2R 2) is a Laguerre polynomial [23], 

L~m)(x) _ ('~ + n)! re!n! 1 F l ( - n , m  + 1,x). (43) 

According to the expression (24), f (q ,p)  equals 1/Trh times the expectation 
value of an operator that inverts in the phase-space point (q,p). The states 
of the harmonic oscillator are alternately even and odd under inversion in the 
origin. In accordance with this, we see that 

f ~ ( O , O )  - ( - 1 ) ~ ,  ( h =  1 ) .  ( 4 4 )  

The expectation value of an inversion operator can never be numerically larger 
than 1. Hence we have, for any Wigner function, that 

If(q,p)l _< 1/Trh. (45) 

The Wigner function for the lowest four states of the harmonic oscillator 
are shown in Figure 1. 
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6 T h e  F r e e - E l e c t r o n  G a s  

Let us now return to the three-dimensional case and the relations of Section 
3. We begin by looking at a hypothetical situation where the sum in Eq. (7) 
extends to infinity, and nk = 2 for all k. This corresponds to a completely 
filled 'sea' of electrons, the number 2 referring to the two spin states. The 
general completeness relation 

O o  

I ~ ) ( ~ 1  = 1 (46) 
k = l  

gives then that t3 = 2, and the Wigner function (15) becomes 

2 
f ( r , . ) -  (29rh)3, (47) 

where we have used that 

( r ' l r " )  = 5 ( r '  - r " ) .  (48) 

This corresponds to two electrons per volume (27rh) a of phase space. It is the 
value that one associates with 'saturation' of phase space. For a single electron, 
the generalization of the relation (45) leads to the general requirement that 
I f ( r ,p ) l  < 1/(71/~) 3. 

Next, let us consider a Wigner function corresponding to saturation for all 
values of r, and for values of p for which Ikl _< K, where we have put p = hk.  
For larger values of K, the Wigner function is taken to be zero. We want to 
determine the density matrix corresponding to this distribution of electrons 
which is referred to as a free-electron gas. 

To this end, we note that the expression (I5) for f ( r , p )  may be inverted 
to give 

p(r, r') = f (~(r + r '),  p) e ~p (r-r')/adp. (49) 

Let us define the relative position vector s = r - r '  and then introduce spherical 
polar coordinates (k, 0, q~) for the vector k relative to the direction of s. We 
get then, 

p(r ,r ' )  - (2~a)3 e e  s in0~0~3 ~,~ . . . .  0k2ak (50) 

which is readily evaluated to give 

K a sin(Ks) - Kscos (Ks )  s = r -  r'. (51) ;(~,r')  = ~2 (/~)3 , 
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Figure 2: Thomas-Fermi boundary curve for the helium 
atom. Atomic units. 

This is a well-known result in the theory of the free-electron gas, but it is 
usually derived with a Slater determinant of plane waves as a starting point 
(See, for instance, [27]). The present derivation is a simple alternative. 

By allowing the value of K to depend upon r,  we make a valuable contact 
to Thomas-Fermi theory [28, 29]. For an atom, we assume that K merely 
depends upon the magnitude of r.  The expression (50) is then still valid, 
but as the expression for the Wigner function shows, we must interpret K as 
K(½(r + r ')).  With this modification, the expression(51) also remains valid 

The problem in atomic Thomas-Fermi theory is to determine the boundary 
curve K = K(r). This is done by variational methods, and results in the 
following expression, in atomic units, 

# = 0.885341Z-i/a. (52) 

It is valid for all neutral atoms. ¢(r /#)  is a universal function. An approximate 
analytical expression has ben given by Latter [30]. 

Figure 2 shows the function K = K(r), with the helium atom (Z = 2) as 
an example. 
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7 A t o m s  in P h a s e  S p a c e  

The Wigner function f ( r ,  p) for a real atom depends on three position variables 
and three momentum variables. For a closed-shell atom it is independent of 
the three Euler angles that describe the orientation of the (r, p) plane. Hence, 
it may be reduced to a function of (r,p, u), where r and p are the magnitudes 
of r and p, respectively, and u is the angle between r and p. Integrating over 
the Euler angles and multiplying by r2p 2, from the volume element, gives the 
function 

F(r,p,u) = 8~2r2p2f(r,p). (53) 

We have made a very detailed study of this function for the ground state 
of the hydrogen atom [31]. It is found to be large and non-negative in a 
dominant region where r and p are perpendicular to each other. Outside this 
region it is characterized by an oscillatory behavior, although the amplitudes 
of the oscillations are fairly small. Integrating F( r ,p ,u )  over u leads to a 
function that we denote F(r ,p) .  Figure 3 is a contour map of this function 
for the hydrogen atom. It has a large positive region and regular, albeit weak, 
damped oscillations when the product of r and p is large. Similar contour 
maps have been worked out for the ground state of a hydrogen atom in higher 
dimensions [32]. 

We have performed a related analysis for a number of closed-shell Hartree- 
Fock atoms [33] and presented contour maps similar to that of Figure 3, both 
for the various shell contributions and for the total electron distribution We 
have also related the form of the total distribution to the shape of the Thomas- 
Fermi curve. A comparison between Figure 2 and Figure 3 already indicates 
the satisfactory, albeit very qualitative, correlation that exists between the 
quantitative phase-space description and the very approximate Thomas-Fermi 
description. For further analysis of many-electron results, we refer to [33]. 

The expression (17) for the expectation value of a many-electron operator 
A of the type (11) is a natural starting point for the definition of a local 
position-space density for a given electronic state. Thus, we may define the 
local-density function 

5(r) = f a(r,p)f(r,p)dp, (54) 

from which the expectation value of A emerges as 

= f (55) 



Density Matnces and Phase-Space Functions 15 

2 

0 
0 

/% I I I I ~, ~'\ \~,\ \ \  ~'~. ~ .  

f \' 

\x'...',, \ \ \  " ,  " ' - . .  " 

i 2 g 4 

Figure 3: Contour curves for the Wigner function 
Fi~(r,p) for the hydrogen atom. The contour values 
are the following: positive (solid curves), 0.5, 0.2, 0.1, 
0.05, 0.015; dashed, 0 0; negative (dotted) -0.01. Atomic 
units. 

Local densities have played a large role in the development that  has led to 
modern density-functional theory, and although (54) is only one out of several 
possible definitions of a local density, it turns out to have a number of qualita- 
tively superior features. This has been demonstrated for local kinetic-energy 
densities and local exchange-energy densities in [34, 35, 36]. 

8 C o n c l u s i o n s  

We have presented a brief review of the Weyl-Wigner phase-space representa- 
tion of quantum mechanics, with emphasis upon its relation to the theory and 
applications of the one-particle density matrix. We have stressed the funda- 
mental importance of the generalized inversion operator (25) as the generator 
of the Weyl transformation. It is the fact that this generator is its own in- 
verse, that has caused the Weyl-Wigner representation to become the canonical 
phase-space representation. A number of additional phase-space distributions 
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satisfying the marginal conditions (21) and (22) may be introduced [37], and 
they are sometimes used, but they are not self dual and must be used in pairs. 
Phase-space distributions that  do not satisfy the marginal conditions are also 
used. Thus, the Husimi distribution mentioned in Section 2 is quite popu- 
lar. It is everywhere non-negative and corresponds to convoluting the Wigner 
function with the Wigner function for a minimum-uncertainty state. For its 
use in analyzing electronic densities, see for instance [38, 39]. 

As a point of some historical significance, we have discussed Dirac's early 
introduction of quantum-mechanical phase-space functions. We have empha- 
sized that  his work on Thomas-Fermi theory may be considered a precursor of 
modern phase-space theory. 

The examples that  we have discussed in our communication have been tied 
to the harmonic oscillator, the free-electron gas, Thomas-Fermi theory, atomic 
Hartree-Fock theory, and density-functional theory. For the latter, we have 
discussed the introduction of local-density functions for operators of the type 
(11). 

In closing, we emphasize that the Weyl-Wigner representation of quantum 
mechanics also has a natural role to play in several other branches of physics. 
We mention, in particular, spectroscopy, quantum optics and the discussion of 
the classical limit of quantum mechanics. 
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A b s t r a c t  

Ab initio Hartree-Fock (HF) band structures and crystal orbitals 
were calculated for polyethylene, for polytetrafluoroethylene, for poly- 
paraphenylene and for the nucleotide base stacks. The HF results were 
corrected for correlation using the inverse Dyson equation in its diagonal 
approximation. The self energy was computed in the Moeller Plesset 
2 (MP2) level taking into account also relaxation. The quasi particle 
energies, giving the correlation corrected band structures were iterated 
until selfconsistency.The band structures of the same periodic polymers 
were also computed using the density functional theory (DFT) in the 
form applied in Mintmire's program for periodic polymers.The result- 
ing physically most interesting features (widths and positions of the 
valence-and conduction bands, respectively, ionization, potentials and 
electron affinities, the value of the fundamental gap) of the resulting 
band structures using the mentioned three different methods will be 
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compared. Whenever experimental data are available they will be used 
for comparison. © 2001 by Academic Press 
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1 I n t r o d u c t i o n  

As it is well known, 1D, 3D and 3D polymers have a continuously increas- 
ing importance in material science as structural elements (plastics) and as 
biopolymers (DNA, RNA, proteins, polysacharides etc.) they play a key role 
in life processes. Recently they have become important in non-linear optics, 
in the construction of protheses, new kind more effective batteries with larger 
stronger capacities (which is very important in the development of electric 
cars) and as light emitting diodes. Further already polymer based lasers exist 
and it seems so that further miniaturization of chips will be possible only if 
one turns to polymers. This latter fact will make in the near future polymers 
very important in computer technology, too. 

Therefore, the band structure of periodic polymers it is important to un- 
derstand the different physical and chemical properties of these systems. To 
obtain a good quality band structure (with a fundamental gap not too far 
from the experimental value) one has to perform either a Hartree-Fock (HF) 
[1] crystal orbital (CO) calculation with a good quality basis set and correct 
this band structure for correlation using the electronic polaron model [3] in its 
ab m~tio form (for details see next section). The correlation corrected so-called 
quasi particle band structures can be used then for the calculation of ionization 
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potentials, of exciton spectra applying the intermediate exciton model, for the 
determination of transport, mechanical, nonlinear optical etc. properties of 
the corresponding polymers. 

On the other hand, the computation of the quasi particle band structure 
of a periodic polymer with a larger unit cell is very CPU time consuming. 
Therefore, at least for their ground state properties density functional theory 
(DFT) methods have been tried also One hopes that in the next few years 
DFT methods which treat successfully the excited states and virtual bands of 
periodic polymers will exist also. 

The purpose of this paper is to compare HF+  correlation corrected band 
structures with those computed with the help of the DFT method in the form 
which is used in Mintmire's polymer program [3]. Comparative calculations 
were performed for polyethylene, for tetrafluoroethylene (teflon), for polypara- 
phenylene and for the nuelcotide base stacks. 

In section 2, we shall summarize the methods used and in section 3 the 
results obtained for the above mentioned polymers will be compared. A short 
section of conclusion will be at the end of the paper. 

2 M e t h o d s  

The Hartree-Fock crystal orbital (CO) method is described in numerous places 
in detail, therefore here we only call the attention to the references given as [1]. 
It should be mentioned that the method is formulated in the 1D case not only 
for simple translation, but also for general periodic symmetry operations (like 
translation and rotation) [4]. In references [1] and in a recent review paper [5] 
the problem of balanced and accurate enough cut off of the different types of 
integrals occurring in the expressions are also discussed. One should mention 
that the method is formulated and coded for 3D crystals [6]. 

To correct the band structure for correlation one can start from the Dyson 
equation in its matrix form 

G = Go + G o E G  (1) 

1 
Go = (2) 

__ ~ H F  

1 
G = (3) 

Here Go and (]  are the unperturbed, or perturbed Green's matrices, respec- 
tively, and the diagonal w and eHF matrices contain as elements the quasi 
particle energies w1 (the combined index I stands for the band index ~ and a 
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k-value k~) and HF energies e~ F, respectively. Finally the non-diagonal matrix 
is the self-energy matrix. 
It was shown that in the cases of excitation and ionization energies of 

molecules if one neglects the off-diagonal elements of ]E (using the CI method or 
many body perturbation theory (MBPT),  the error is very small [7]. Therefore, 
one can expect that there is a similar situation also in the case of the band 
structures of polymers. 

Multiplying equ. (1) from the left by G o  1 and from the right by G -1 one 
obtains the inverse Dyson equation [8] 

Go I = G -i + E 

and in the diagonal approximation 

G -i (G -i (o),,,: 

(4) 

(5) 

Since (G-z)s , i  at a pole is 0 ( w , - e  H F -  []E],j = 0)one obtains finally for the 
quasi particle energies the equation 

~ ,  = ~7 ~ + [s ( ,~G, ,  (6) 

(]E is generally a function of the wss) 
For [E (¢¢I)]s,s one can apply in the case of polymers any size extensive 

method if one wishes to apply equ.(4) for the correlation correction of the 
band structure. This can be in the simplest case MBPT in its Moeller-Plesset 
(MP) form [9]. In actual polymer calculations (with very few exceptions) the 
MP method was applied in its second order (MP2; the MP1 energy is already 
contained in the HF total energy). In this case 

= 

l v.A8 (2V;;A. - vS.A) 
= lim ~ ell. e~F eHF 

dEocc 
L A,Bc unocc, 

v .A .  (2v;jA. - vS.A) I + ~ - - - ~ - : - ~ - : - - ~ - - .  (7) 
JCunocc OJI -~- ~J -- ~A -- ~B -- "~?~ J A,BE occ, 

as can be shown [101 on the basis of the electronic polaron model [3] if one 
takes into accountalso relaxation [11]. In equ. (5) the matrix elements VSJAB 
are defined as 

V I J A B =  1~9I ( r1 )~gJ ( r2  ) r ~  2 ~A(rl)(~B(r2)) (8) 
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where in the 1D case ¢I (rl) etc. are HF crystal orbitals which are linear 
combinations of Bloch orbitals, 

m 

1 N ezkzt E t 

t=-N  s=l 
O) 

Here 2N + 1 is the number of unit cells, rn the number of Gaussians in the 
unit cell, a the elementary translation, the %8 the LCAO coefficients and X t 
stands for the s-th basis function in the cell characterized by t.a. 

The non-linear system of equations (4)- (5) can be solved with a vectorized 
program quite quickly in a few iteration steps [13]. This is, however, true only 
in the case of insulators or semiconductors with a non-negligible gap. In this 
case among the different solutions of (4) there is always a main value with a 
pole strength 

[8]. Not this is the case, however, for metals with partially filled bands, where 
there are many P± values of the order 0.1 - 0.3. In this case one has to write 
into equ. (5) instead of wz, e~ F and determine in this way (without) iterations) 
the w1 values from equ. (4). 

One should mention that  if in the course of the calculation of ~[]E (~oI)i,i]j 
poles occurs one has to apply the principal value theorem and takes for wi-s 
the real part of the result. 

One should try of course to use instead of MBPT some other methods, like 
the coupled cluster approach (which was introduced to shell-physics using a di- 
agrammatic technique first by Cizek [13]). We have programmed this method 
in the T2 + 1T2T2 (5~2 contains all double excitations) approximation and have 
performed a band structure calculation for alternating trans polyacetylene. In 
this way we have obtained 11070 of the MP2 total energy per unit cell and the 
decreased in a small amount as compared to the quasi particle gap obtained 
with the MP2 method. On the other hand the calculation required very large 
CPU times even for this system with small unit cell and with optimally local- 
ized Wannier functions [14] (in the quasi particle band structure calculations it 
is advantageous to perform the four index transformations from AO-s to CO-s 
for non-metallic systems in two steps. First the AO-s are transformed to Wan- 
nier functions and afterwards from the Wannier functions CO-s are computed 
[15]). 

Turning now to the density functional method applied in Mitmire's program 
[3] written for 1D periodic polymers with a general symmetry operation. The 
program uses the LDA approximation with a separate exchange and correlation 
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functional. For the exchange functional [16], [17] either the Gaspar-Kohn-Sham 
(GKS) [16] or the Kohn-Sham [17] functionals were used. For the correlation 
functional the Perdew-Zunger (PD) analytic fit [18] to the numerical electron 
gas correlation results of Ceperley, and Alder [19] was applied. These exchange 
and correlation functionals as well the change density were expressed as linear 
combinations of auxiliary Gaussian basis sets [3]. Both these basis functions 
as well the nuclear cantered Gaussians used for the CO-s were optimized for 
LDA calculations by, Godbout et al. [30]. Their results can be easily expressed 
in Huzinaga's notation [31] (see [3]). The program automatically cuts off the 
different types of integrals by given cut off radii [3]. The rest of the Coulomb 
integrals after the cut off is calculated by a multipole expansion [32]. 

3 R e s u l t s  and their  D i s c u s s i o n  

3.1 Polyethylene and polyetrafluoroethylene 

There is an HF + MP2 calculation for polyethylene (PE) [23]. A 6-31 G**- 
and Clementi's double ~ basis [24] was applied and a geometry optimization 
was performed both at the HF and MP2 level. In the first PE calculation no 
relaxation was applied for the self energy and no iterations were performed. 
This is equivalent to Suhai's original formalism [10] which takes the differences 
of the N (ground state), Nq-1 (one additional electron in the conduction band) 
and N-1 systems (one hole in the valence band) and calculates the total energy 
differences with the help of the pair correlation functions [10]. In the second 
case the inverse Dyson equation with the self energy (7) was solved iteratively 
[32]. 

The gap value obtained in the first case was 10.3 eV, while in the second 
case it is 11.6 eV [35] (due to the poorer basis). In this case the lower edge of 
the conduction band lies at 3.4 cV while ev,max(QP) is at -8.3 eV. The latter 
value agrees quite well with the experimental ionization potentials (7.6 - 8.8 
eV) [36]. From the large gap, high lying e. . . . .  (QP) and low lying e.,max(QP) 
it is clear that there is no hope of doping PE and making it in this way 
better  conducting though the widths of the valence and conduction bands, 
respectively, is quite large (6.5 and 5.1 eV, respectively). The gap values (10.3 
and 11.6 eV, respectively) in both calculations are substantially larger than 
the estimated experimental value of 8.8 eV [36]. Most probably if one would 
use much more many neighbors's interactions (in the second calculation the 
number of neighbors explicitly taken into account was five), use a high level 
basis set and would use for the Coulomb integrals for the part remaining after 
the cut off the multipole expansion [32], one would get down the theoretical 
gap close to the experimental one. One should mention that no total energy 
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per. unit cell calculation was performed for PE at the correlation corrected 
level. 

For PE also a density functional calculation was performed [27] using both 
the GKS [16] and KS [17] exchange potentials and the form of the LDA method 
described above. The geometry was minimized for different dihedral angles. 
The minimum of the total energy per unit cell was found in the planar zig-zag 
conformation in good agreement with experiment. A second with about 0.4 
kcal/mol higher lying minimum was found at a dihedral angle of 55-60 ° and a 
rotational barrier of 3.6 - 3.7 kcal/mol of 130 °. This latter result agrees also 
well with the values obtained by ab in~tio HF calculations [28] of PE. 

Band structure calculations of PE resulted in a gap of 8.0 eV which is quite 
close to the above mentioned experimental value of 8.8 eV [36]. This result is 
somewhat surprising because LPA calculations usually provide gaps in the case 
of semiconductors by 3 to 5 smaller than the experimental ones. On the other 
hand the one-electron energies lie by 3 -5 eV higher than the experimental 
values. Thus the ionization potential is 7.6 - 9.8 eV [39], while our KS result 
lies at -6.4 eV. It is also unusual that the two highest filled valence bands are 
crossing a- and 7r- bands, while the cnduction band is a a band. 

The HF+MP2 band structure of polytetrafluororethylene (teflon, PTFE) 
with the same basis set and after geometry optimization is similar to that  
of PE [25]. Due to the four negative F-atoms, the whole band structure is, 
however, strongly shifted downwards. In this way the lower limit of the con- 
duction band, sc . . . .  (QP) = -5.5 eV. Therefore one can expect that with the 
help of appropriate electron donor- doping electrons could be injected into 
the conduction band which would increase the conductivity of this very good 
insulator. 

The density functional calculation [30] of teflon has given a minimum at the 
dihedral angle of 164 ° (slightly deformed planar zig-zag conformation). Two 
other local minima have been found for the helical conformations in the gauche 
form at the dihedral angles of 60 ° and angles of 60 ° and 90 °, respectively. The 
position of the absolute minimum is in good agreement with the result of X- 
ray investigation of the PTFE crystal below 393 K [31]. 

The LDT band structure of PTFE shows nine valence bands which are 
separated into two groups. The two bands of the lower group are formed mainly 
by the symmetric combination of the 3s orbitals of F, while the seven bands 
of the higher lying group of valence bands are due to the 3p orbitals of F and 
sp 3 hydrid orbitals of C. The band gap is 5.5 and 5.8 eV, respectively, for the 
GKS and KS = PZ exchange functionals, respectively. They are substantially 
smaller, than the -10.3 eV and 11.6 eV values, respectively, obtained for PE 
and the experimental value of 8.8 eV of PE. 
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3.2 Polyparaphenylene 

A HF + MP2 calculation has been performed for polyparaphenylene (PPP)  
[33] with Clementi's double ~ [24] supplemented by polarization functions with 
second neighbors' interactions and 7 k points in the MP level. The geometry 
used was taken from the middle part of a terphenyl molecule which was de- 
termined by X-ray diffraction [32] (for details see [32]), the torsion angles of 
subsequent rings of 33.7 ° come also from X-ray measurements [34]. 

For the ionization potential (using Koopman's theorem for the QP band 
structure) +7.10 eV and for the electron affinity -3.31 eV was obtained. Their 
difference gives a gap of 4.79 eV (in the DZ case it is 5.51 eV). The ionization 
potential estimated from experiment is 5.6 - 5.7 eV [35] (by 1.4 eV larger than 
our value). The experimental u.v. spectrum of P P P  gives a spectroscopic 
value of 3.7 eV [36]. It should be emphasized, however, that the gap value 
determined on the basis of the u.v. visible spectra is usually smaller than the 
real gap because of the occurrence of exciton bands. Further the still not good 
enough basis, the limited number of neighbors without the treatment of long 
range Coulomb interactions and by stopping the MP expansion at the second 
order certainly contributes also to this discrepancy. 

For P P P  also an LDA calculation was performed [37] again in the way as 
described in point 3. The minimum of the total energy per unit cell has been 
obtained at the torsional angle of 34.8 ° (exp. value 33.7 ° [34]. The internal 
coordinates were optimized Mso and they are in good agreement with recent 
X-ray results on P P P  crystals [38]. 

The band structure at 34.8 ° torsion angle is similar to the one obtained in 
a planar conformation [37]. The value of the direct gap (which is the smallest 
one) at this torsional angle is 3.54 eV, while the experimental value provided 
by optical measurements is in the solid phase 3.8 eV [39] and 3.4 eV in the 
gas phase [35]. Since we have performed the calculation for a single chain the 
smaller gas phase value should be used for comparison. As mentioned before 
the optical gap is usually smaller than the solid state physical gap, because 
of the presence of exciton bands. Therefore, our theoretical gap value is by 
1.5 - 3.0 eV smaller, than the gap which can be postulated on the basis of 
experiments. This is not surprising, because (as mentioned also before) the 
LDA gives usually too small gaps and band dispersions. 

The valence and conduction band widths obtained at the torsion angle of 
34.8 ° are 3.58 and 3.86 eV, respectively. These values are also considerably 
smaller than the HF + MP2 values (calculated at 33.7 ° torsional angle) of 4.13 
-and 5.33 eV, respectively [32]. The gas phase UPS valence band width [40] is 
on the other hand only 3.9 eV [40] in rather good agreement with our 3.6 eV 
result. Finally the theoretical ionization potential is 4.93 eV, while the HF + 
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MP2 calculation resulted in 7.10eV [32]. The experimental UPS [41] and XPS 
[41] results are 5.65 and 6.50 eV [41], respectively. If one takes the UPS result, 
which refers to the gas phase, the agreement between experiment and LDA 
results is quite good. For the electron affinity this calculation has provided a 
value of -1.4 eV, while the HF + MP2 result is -3.2 eV [32]. (No experimental 
value is available). 

The results obtained for PPP show again the general trend: for ground 
state properties the LDA approach works quite well, but this is not the case 
for the virtual bands and therefore for the fundamental gap. 

3 .3  T h e  N u c l e o t i d e  B a s e  S t a c k s  

The stacks of the four nucleotide bases cytosine (C), adenine (A), thymine 
(T) and guanine (G) were calculated in the HF and HF + MP2 level (in the 
latter cases using the Dyson equation in its diagonal approximation) [43]. The 
basis set was Clementi's double one [24], but in the case of C also better basis 
sets were applied. For the geometries of the stacks those of DNA B were used 
[44] (3.36 stacking distance, 36 ° rotation around the main axis). The calcula- 
tions were executed in the second neighbor's interactions approximation. One 
should mention here that though the sugar- phosphate chains in DNA were 
neglected, the band structures of the nucleotide base stacks provide a rather 
good approximation of that of DNA, because according to previous HF calcu- 
lations [45], [46] the band structure of a homopolynucleotide is equivalent in a 
rather good approximation to the superposition of the band structures of the 
base stacks and that of the sugar-phosphate chain. There are K + counterions 
around DNA and the phosphate groups are negatively charged, the deoxyribose 
molecules have positive charges and the bases again negative ones. Therefore 
these alternating charges mostly screen out each others effect [47]. Further 
an early HF calculation has shown that if a C stack is surrounded by water 
clusters in a way as in DNA B, the effect of the water environment has little 
influence on the band structure of the C stack [48]. Taking into account all 
these facts one can say that the band structures of the free nucleotide base 
stacks correspond in a good approximation to those of the stacks in DNA B 

Table 1 shows the quasi particle band structures obtained for the four stacks 
calculated in the above described way. 
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Table  1 
The Quasi Particle Band Structure of the Four Nucleotide Base Stacks T 

C A T C 
Conduction band max. 1.92 2.43 1.42 2.98 

rain. 1.62 2.24 1.13 1.89 
width 0.30 0.19 0.29 1.09 

Valence band max. -7.04 -7.26 -7.96 -6.58 
rain. -7.20 -7.34 -8.55 -7.10 
width 0.16 0.08 0.59 0.52 

Gap S 8.66 9.50 9.09 8.47 
(11.55) (11.84) (11.79)(10.41) 

¢ in eV-s 
SHF gap values are given in parenthesis 

From the Table one can see that the QP gaps are 3 - 3 eV-s smaller than the 
HF ones, but they are still too large (the experimental values can be estimated 
on the basis of the exciton spectra of the stacks to be 5.0 - 6.0 eV [49]).To test 
the quality of the calculations we have investigated (1) the dependence of the 
band structure of the number of neighbors explicitly taken into account, (2) 
the dependence on the number of k-points used and last but not least (3) the 
dependence of the results on the quality of the basis set. These tests we have 
performed in the case of the simplest C stack. 

The investigations have shown (1) that the QP band structures hardly 
change going from the second to the third neighbor's interactions [43]. This 
obviously is due to the rather large stacking distance of 3.36 . (The third 
neighbor is already 10.1 away from the first molecule). (3) The number of 
k-points taken into account also practically does not change the band structure 
if one goes from 7 k points to 9 [43]. 

We have supplemented the double ~ basis of the C stack by a set of d func- 
tions on each non-H atom. This had a small effect on the QP band structure, 
(for instance the gap changed from 8.66 to 8.17 eV), but the overall effect was 
not significant. 

On the other hand if we introduced 3 sets of p- functions on the positions 
of the non-H atoms of a "phantom" molecule (a C molecule placed ad mid 
stacking distance of 1.68 and 18 ° rotation without nuclear charges and elec- 
trons) the effect in the HF case was not very large, but the QP band structure 
changed strongly [43], [50]. The QP valence band was shifted upwards by ,-~0.5 
eV as compared to the double ~ QP calculation and the QP conduction band 
comes down by ,,~1.5 eV. This resulted in a gap of 6.60 eV instead of 8.66 eV 
[43], [50]. This value is already not far from the estimated theoretical value of 
5.5 eV. One can take the ratio of the double ~ QP gap of 8.66 in the case of 
the C stack and the phantom molecule gap of 6.60 eV, 660 = 0.76 to scale the 
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gap values of the other  base stacks. One obtains in this way for A 7.33 eV, for 
T 6.91 eV and for G 6.44 eV. These approximate values are not far from the 
es t imated exper imental  gap values of 5 - 6 eV. 

One should point out  tha t  by stopping the MP per tu rba t ion  series at the 
second order and still not  having a very good basis set one cannot  expect  a 
be t te r  agreement between experiment  and theory. 

From the double ~ HF band structures one can have an approximate ion- 
ization potent ia l  if one uses Koopman 's  theorem [51]. Th e  agreement witli 
the exper imental  values [52]-[56] is surprisingly good. (C: 8.7 eV (theor.),  8.9 
eV (exp.); A: 8.4 eV (theor.),  8.4 eV (exp.); T: 9.3 eV (theor.),  9.1 eV (exp.) 
and G: 7.7 eV (theor.),  8.3 eV (exp.) On the other  hand the QP ionization 
potentials  (taking the upper  edge at  the valence band) are systematically by 
1 - 3 eV smaller t han  the experimental  ones. This can be understood,  if we 
take into account t ha t  for the QP  band structures  in the MP2 approximation 
there is no p ioof  for the validity of Koopman 's  like theorem (as in the HF case 
there  is one). To obtain the right ionization potentials  one had to calculate 
the difference of the exact  total  energies of the N and N-1 systems which is of 
course not  the case in our calculations. 

For the nucleotide base stacks + for a stack of uracil (U) molecules in 
the same conformation also LDA calculations have been performed [57] in the 
same way as described before. In the calculations the helix operation,  which 
is included in Mintmire 's  code, has been used to be able to take only one base 
as unit cell. Total  energy per unit cell calculations have been performed eithei 
changing the stacking distance d keeping the rota t ion angle constant at 36 ° or 
reversely by d 3.36 the rota t ion angle was changed. 

In the  first series of computat ions for the A, C and U stack we have found 
the minimum at d 3.36 in agreement with experiment ,  bu t  bo th  in the cases 
of the T and G stacks, respectively, the minimum was at  d -- 3.30 . 

In the second series of calculations keeping d constant  at 3.36 we have 
found in the case of the A stack the deepest  minimum at 330 ° and a second 
one lying only by  0.03 eV higher at 30 °. Since a screw angle of 330 ° in a right 
handed helix is equivalent to 30 ° in a left handed one, the small difference 
of the energy of the two minima (most probably due to the accumulation of 
numerical errors) shows an energetic equivalence of the right- and left handed 
periodic helices. The  case of the T stack is similar with energetically equivalent 
minima at 36 ° and 330 °. The G stack has also two equivalent minima at 36 ° 
and 370 °, bu t  the absolute minimum lies by 0.05 eV deeper  at 180 °. Finally 
the U stack has a deeper  minimum at 30 ° and two shallower ones at 60 ° and 
300 ° , respectively. 

Turning to the band structures  one can see [57] tha t  1) the upper  edges 
of the valence bands lie between -3.7 and -4.6 eV, 2) the lower edges of the 
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conduction bands one can find between -0.03 and -1.3 eV, 3) the band widths 
of both bands are small (values between 0.6 and 0.03 eV). The valence bands 
lie essentially higher and the conduction bands lower, than in the cases of the 
QP (HF + MP3) band structures [43]. Therefore the fundamental gaps are 
substantially smaller (between 3.1 and 3.3 eV), than the QP ones (between 
6.4 - 7.3 eV in the scaled cases [43]). The LDA gaps found for the base 
stacks are certainly by 3 - 3 eV smaller than the ones estimated on the basis 
of the experimental spectra. To improve the LDA results one could try to 
supplement the basis set also in this case with functions centered on the nuclei 
of a "phantom" molecule as was done previously in the HF + MP2 case [43]. 
Further one could try to use a more sophisticated form of the DFT theory 
developed for the treatment of excited states of atoms and molecules [58]. It 
is, however, unclear, whether this would work also in the case of the band 
structures of polymers. 

4 C o n c l u s i o n  

If one compares the HF + MP2 results witli those obtained with the help of 
the DFT in the form as applied in Mintmire's program the following general 
features occur: 1) The DFT theory gives definitely better results for ground 
state properties (conformations, positions and widths of the filled bands etc.) 
than the HF ones. In some cases they are even better than the HF + MP2 
QP band structure results. 3) On the other hand the fundamental gap (which 
is in most cases too small) and the positions and widths of the unfilled bands 
(at least in the used form of the DFT theory) are generally in worse agreement 
with experiment than those obtained from QP band structures. 3) One hopes 
that both methods will give - after some improvements - more satisfactory 
results also for the unfilled part of the band structures of polymers. 
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1 I n t r o d u c t i o n  

The density functional theory (1) was first generalized for excited states by 
Theophilou (2) and later by Gross, Oliveira and Kohn (3). Several calcula- 
tions were done with this method (4). GSrling (5) also presented a density 
fuctional formalism for excited states based on density functional perturba- 
tion theory (6). Alternatively, time-dependent density functional theory (7,8) 
is also used to obtain excitation energies. The work formalism proposed by 
Sahni and coworkers (9) is applied in excited-state density functional calcu- 
lations (10), too. GSrling (11) also presented a generalized density fuctional 
formalism based on generalized adiabatic connection. The local scaling the- 
ory of Kryachko and Ludena (12) was also generalized for excited states. 

There exists a non-variational theory (13) for a single excited state. It is 
based on Kato's theorem (14,15) and the concept of adiabatic connection and 
is valid for Coulomb external potential (i.e. free atoms, molecules and solids). 
A variational density functional theory was also obtained for an individual 
excited state (16). 

In this contribution a method constructing the effective potential of a 
single excited state along the adiabatic path is presented. 

2 T h e o r y  for a s ingle  e x c i t e d  s ta t e  

According to the Hohenberg-Kohn theorem of the density functional theory 
the ground state electron density determines in principle all molecular prop- 
erties. Bright Wilson (17) argued that for a Coulomb system it can be very 
easily seen: Kato's theorem (14,15) states that 

1 On(r) r=R~ 
Z~-- 2n(r) Or ' (1) 

where the partial derivatives are taken at the nuclei/3. So the cusps of the 
density tell us where the nuclei are (Re) and what the atomic numbers ZZ 
are. Moreover, the integral of the density gives us the number of electrons: 

N = f n ( r ) d r .  (2) 
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Thus from the density the Hamiltonian can be readily obtained from which 
every property of the system can be determined. One has to emphasize, how- 
ever, that  this argument holds only for Coulomb systems, while the density 
functional theory is valid for any external potential. 

Kato's theorem is valid not only for the ground state but also for the 
excited states. Consequently, if the density n~ of the ~-th excited state is 
known, the Hamiltonian /:/ is also in principle known and its eigenvalue 
problem 

[-Iq2k = Ekk~k (k  = O, 1, ..., i, ...) (3) 

can be solved, where 

/ : / =  T + V + Ve~. (4) 

N 

= E ( - ~ v , ) ,  (s) 
3=1 

N - 1  N 1 

~ee = E E I~ - r,I ' ( 6 )  
k=l J=~+l 

and 

N M 

= ~ r , - z j / I r ~ -  RjI ,  (7) 
k = l  J = l  

are the kinetic energy, the electron-electron energy and the electron-nucleon 
operators, respectively. 

We mention by passing that  there are certain special cases, where Eq. (1) 
do not provide the atomic number. The simplest example is the 2p orbital 
of the hydrogen atom. In this case the spherical average of the derivative of 
the wave function is zero and the value of the wave function is also zero at 
the nucleus. It means, that  though Kato's theorem (1) is valid in this case, 
too, it does not give us the desired information, that  is the atomic number. 
Similar cases occur in those highly excited atoms, ions or molecules, for 
which the spherical average of the derivative of the wave function is zero 
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at a nucleus, that  is where we have no s-electrons. Pack and Brown (18) 
derived cusp relations for the wave functions of these systems, while a recent 
s tudy (19) focused on the appropriate nuclear cusp conditions on the density 
corresponding to the excited states, particularly the non s-states. It was 
found that  the atomic number can be easily obtained from higher-order cusp 
relations. 

Using the concept (10,21) of adiabatic connection Kohn-Sham-like equa- 
tions can be derived. It is supposed tha t  the density is the same for both 
the interacting and non-interacting systems, and there exists a continuous 
path  between them. A coupling constant path  is defined by the SchrSdinger 
equation 

^ ~ ~ , ~  O~ '~0~ 
H~ ko k = E k ~k , (8) 

where 

H: ° (9) 

The subscript ~ denotes that  the density of the given excited state is supposed 
to be the same for any value of the coupling constant a. a = 1 corresponds 
to the fully interacting case, while a = 0 gives the non-interacting system: 

/ : / o ~ o  = "-'k =k~°'r~'° . (10)  

For a = 1 the Hamiltonian/: /~ is independent of i. For any other values of 
a the 'adiabatic'  Hamiltonian depends on i, we have different Hamiltonian 
for different excited states. Thus the non-interacting Hamiltonian (a = 0) 
is different for different excited states. The potential V~ ~ is given by the 
condition that  the density of the given excited state is fixed. In this paper a 
method  to determine V~ a self-consistently is proposed. 

3 P a u l i  p o t e n t i a l  f o r  a n  e x c i t e d  s t a t e  

It has been shown (22) that  the ground-state electron density no satisfies the 
differential equation 

[ 1V2+v(r)+w(r)]nlo/2(r ) 1/2 - = .n0 (r),  (11) 
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where v(r) is the external potential and w(r) is a local effective potential. # 
is the chemical potential (23) (equal to the negative of the ionization energy 
(24)). Eq. (11) can also be written as 

- = ~Mn0 ( r ) ,  (12) 

where vKs  is the Kohn-Sham potential, while vp is the so-called Pauli poten- 
tial. It has been proved (23,25) that the highest occupied orbital energy of 
the ground-state density functional theory is 

eM = # .  (13) 

Similar equations can be derived in the excited-state theory. In the fol- 
lowing section the conterpart of Eq. (11) 

- V 2 + v ( r ) + w ~ ( r  n, t r ) = # ~ n ~  ( r ) ,  

is derived for the excited state ~. The one-electron equations of the non- 
interacting system have the form 

- V 2 + v , ( r  ¢~=ej¢~.  

The density n, of the excited state is 
M 

n, = Z ~,1¢,1 , (16) 
3 = 1  

where the occupation numbers A~ can be 0 or 1. M corresponds to the highest 
occupied orbital. Writing ¢~4 as 

¢~// , 1/2 (17) 
= X M I ~  

and substituting it into Eq. (15) one arrives at 

- V2+%~ + v  n, (r) ---- eMr~ , ( r )  

where the Pauli potential of the excited state i has the form 

, 1 V2x~ v x ~  Vn~/2 

A comparison of Eqs. (15) and (18) leads to 
,_b 0 

~U) z ~ Yp V~ - -  V 

(18) 

(19) 

(20) 
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4 C o n s t r u c t i o n  o f  t h e  p o t e n t i a l  V~ ~ 

Now, the method of Levy, Perdew and Sahni (22) is generalized for excited 
states. Let us write the Hamiltonian/:/~ in Eq. (9) in the form 

N-i 1 

=R,N+ ,,N-l+a~lb_rN[, 
3_--i 

where 

and 

H,?~ = ~ + V,°(r~) 

N-1 N-1 N-1 
^~ = V,~(rj)) ~a  1 

H:,N-1 E (T, + + E E [r _ r ,  [ • 
3 = i  / = i  3 = i  

(21) 

(22) 

(23) 

(21)-(23) specify a partition of the Hamiltonian in which /:/,~,N is the Eqs. 
Hamiltonian acting only on the electron N. The wave function tI'~ '~ has a 
subscipt k denoting that it is the kth eigenfunction of the Hamiltonian/:/,~,N" 
(We consider the ith excited state of the Hamiltonian H of the real system 
with the density n,. The corresponding eigenstate of the Hamiltonian H,~,N 
is the kth. k can be different from i.) The wave function ~ ' ~  can be written 
a s  

~ , ~  ~,-i/2 I/2, ~m,,~ (24) IV n~ ( rN]~VN_l ,  k , 

where N-l,} is an antisymmetric wave function defined by this equation. 
From the definition (24) and Eq. (2) follows that 

(25) [(I)N_l,k) ----- 1 <~N-l,k 
Subtract ,,a ~,a ,,a* E;~,N_lq2k from both sides of Eq. (8), multiply by @N-i,k and 
integrate: 

~Ot ^ Ot ~,<~N-i,kl% > (26) Ek,N_I[~ k )----- < ~ _ l , k f H ~  - " ~  " ~  " ~  " ~  

AS z,ot E~,N_ I is the total energy of that N -  I electron system (the one obtained 
after removing the HOMO electron from the N-electron excited state) 

',~ . (27) #~ --- E~ ,a _ Ek,N_ 1 
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It is well-known that #~ is determined by the long-range asymptotic decay 
of the electron density (26,22,27,28). #~ is the same for any value of a, as 
the density is kept fixed along the adiabatic path. After simple manipulation 
Eqs. (24) - (27) lead to 

- ~ V  + v~(r) + w~(r) n~/2(r) = #~n~/2(r) , (28) 

where 

= ( % - l , ~ I H ; , N - 1  - E~,N-11eN- , ,~ )  + 

~N-l,k ( r , rN) t" 
f / z,a 2 -2 _ IVNC~N_I,k[ dxl...dxg-tda~r + j ~--- ~N~ dr .  (29) 

x denotes both the space and spin coordinates, while cr denotes a spin coor- 
dinate. 

Q~%t,k(r, ry) = f I'~_l,kl2dxe...dXN_ldado-g (30) 

If a = 1 Eq. (28) gives EQ. (14), while a = 0 corresponds to Eq. (18) 
with 

(31) v; = w~:0 _ v:, - v=, 

where v~ and v~ are the Coulomb and exchange-correlation potentials, re- 
spectively. As the density is fixed along the adiabatic path Eqs. (14) and 
(28) dictate that 

w~ + ~ = w~ + ~ = v~ + ~o (32) 

Eq. (32) makes it possible to construct the potential 

v~ = w, + v = w~. (33) 

Eqs. (29) and (33) leads to 

v7 = v -  {~N-I,~IH;,N-~ -- E ~ , ~ _ l r ~ _ ~ , ~ )  

+ < ~ - I l H ~ - ~  - E ~ _ ~ [ ~ _ I )  
1 

---~ f [VYff2~a-l,kl 2dxl"''dxN-ld°-y 
1 +-~ /IVNg2N-112dzl'''dzN-ldcrN 

_ f ~ _ ~  (r, rN) -- O~a_l,k (r, rg) d r (34) 
Ir rNI 
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From expression (34) the potential v~ can be in principle constructed. As 
we know the density of the given excited state n~, using Kato's theorem we 
now the Hamittonian /:/. That  means that  we also know the Hamiltonian 
-f/N-l, the wave function (I)~v_ 1 and ~.  With an initial trial v~ the SchrSdinger 
equation (8) can be solved and with the wave function ~ ' "  and eigenvalue N- l , k  

E~',~v_l the potential (34) can be calculated. Then the Schr5dinger equation 
(8) is solved again with this potential and so on. The procedure goes on until 
self-consistency is reached. 

5 D i s c u s s i o n  

Expression (34) makes it possible to determine the local 'external' poten- 
tial self-consistently for any value c~. The construction is not necessarily 
unique, i t  might happen that there are more than one potentials for given 
n~, H, HN-1, ~v-1 and ~. The substitution of the potential (34) into the 
SchrSdinger equation (8) results in an eigenvalue problem that  might have 
several solutions. 

For c~ -- 0 it has recently been shown (29) that  for a given electron 
configuration, that  is for given occupation numbers, the potential v ° can 
be uniquely obtained. This statement can be straighforwardly generalized 
for any value c~. Of course, we have to bear in mind that  we do not have 
one-electron Kohn-Sham-like equations if (~ ~ 0. Even in these cases can 
one, however, define the electron configuration with the occupation numbers 
defined by the eigenvalues of the one-electron density matrix. It is a possible 
way to make distinction between the solutions of the eigenvalue problem. 

The derivation presented is valid both for non-degenerate and degenerate 
states. For degenerate case we select one wave function of the interacting 
Hamiltonian (4) and obtain the potential (34). Starting out from another 
wave function corresponding to the same degenerate excited-state energy an- 
other potential can be gained from Eq. (34), because the densities calculated 
from the different degenerate wave funtions are generally different. 

There is, however, another way of treating degeneracy, which has already 
been proposed (30). This approach is based on using density matrices instead 
of the density. Consider the solutions of the degenerate excited state of the 
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SchrSdinger equation 
^ 

(35) 

where g~ is the degeneracy. Instead of treating one wave function ~ the 
density matrix defined in subspace S ~ 

g~ 

b ~ =  E w3'lqJ~)(qJ~'] , (36) 
3,----1 

is introduced, where the weighting factors w~ should satisfy the conditions 

g~ 

1 = E (37) 
3'-~1 

and 

w3' > 0. (38) 

In principle, any set of weighting factors w~ satisfying conditions (37) and 
(38) can be used. The subspace density is defined as 

, f 1~12dsldx~...dxN (39) ?'ti ~ E W3' 
"y=l 

The superscript i in n ~ and the subspace density matrix D' denotes that 
they are constructed from wave functions that belong to the subspace S '. 
One is free to select the values of the weighting factors w~, they only should 
satisfy the conditions (37) and (38). If the weighting factors w~ are all 
equal, the density has the property of transforming according to the totally 
symmetric irreducible representation. So, for instance, for atoms the density 
will be spherically symmetric. But it is possible to select other values for 
the weighting factors w~. This approach has the advantage that with equal 
weighting factors the density has the symmetry of the external potential. 

In this subspace approach we have a single (subspace) density and a single 
effective potential that can be easily derived from (26) after making the same 

(I)~,a* ~ I X I manipulation, multiplying with N-I,k3"LXl,'", N-l) and summing for the 
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whole subspace. The only difference is in the fact that the new expression 
(34) contains the subspace density matrix instead of the wave functions: 

/ dxl...dxlv_t " ~ ~,~ ~,a = (H~'g-1 -- EN-I'k)DN-I'k x'-x- + Wsa (rN) 

2 f dxt...dXg-ldaIvVr,~Vr N D~ctl,k x'=x + / PNml'k(r'r~V)dr (40) 
I r  - 

where 

e~ l ,k ( r ,  ry)  = f ]D~a__l,k x,= dx2...dXN_,dadaN. (41) 

The final expression (34) has then the form: 

v~ = v - dxx...dxy_l (Hk,y_ 1 -- EN_I,k)DN_t, k ~'=~ 

+ f dxl...dXN-1 ([-Ig-t -- E*N_I)D*N_t ~,=~ 

__21 f dxt...dxy_ldalvVr,NVrN D~,ag_l,k x'=z 

1 
/ dXl'"dXg-ldO'NVr~VrN D~-I x'=x +3 

[ [Q}v_l(r, r g ) -  Q~ra._l,k(r, rx ) ld r  (42) J 

It was emphasized at the beginning that the present theory is valid for 
external Coulomb potential. It does not mean, however, that the Kohn- 
Sham potential is a bare Coulomb potential as was stated in a recent paper 
of Moiseyev (31). Only the true external potential should be a Coulomb 
potential. Proceeding along the adiabatic path the 'external' potential v~ 
includes not only the bare nuclear Coulomb potential v but there are other 
terms arising from the interaction of electrons. This can be clearly seen from 
Eq. (34). The first term v is the external Coulomb potential, while all the 
other terms are coming from the electron-electron interaction, a = 0 gives 
the Kohn-Sham potential. The Kohn-Sham potential as was constructed 
above contains classical repulsion and exchange-correlation potentials besides 
the external Coulomb potential v. Kato's theorem can be derived from an 
arbitrary eigenfunction of an interacting Hamiltonian. (Not only in case 
of a bare Coulomb field.) A recent paper of March et al. (32) presents 
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cusps conditions for the electron-electron interaction energy density that also 
supports the arguments above. 
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Abstract  

Gradient corrections to the kinetic-energy density (KED) functional are derived, 
using the regular, two-component relativistic Hamdtonian of van Lenthe, Baerends 
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I. Introduct ion 

The first approach in which the charge density p of a many-electron system was used 
to describe the properties of the system was the Thomas-Fermi model [ 1, 2]. This ap- 
proach basically consisted in considering atomic electrons as independent fermions. 
The model was further developed to include terms accounting for exchange interac- 
tions (Dirac, 1930) [3] as well as a correction stemming from the inhomogemty of 
the system (von Weizsficker 1935) [4] 
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An exact theoretical foundation for dealing with systems of interacting fermions 
in terms of the fermion distribution in the system has been provided by the theorem 
of Hohenberg and Kohn [5]. These authors have established that all the properties of 
a many-electron system m a non-degenerate ground state are fully determined by its 
charge density They have also proven the existence and uniqueness of the energy 
functional of the charge density: 

E[p I = T[p] + ~ p(~)V(F) d~ + ~ ~ p(F)p(Y') d~ d~'+E=[pl 
I -F1 

(1) 

and formulated the variational principle for the ground-state charge density p. In Eq 
(1), Tip] Is the kinetic-energy density functional, the next two terms represent the 
electron-external field and electron-electron Coulomb interactions, and E~[p] is the 
exchange-correlation functional. The external field potentml V(~) determines the 
properties of the system. However, the explicit form of the above functional is not 
known. Several useful approximations have been proposed, the Thomas-Fermi mo- 
del and its extensions being one of them 

Another topic in the investigation of many-electron systems is the inclusion of 
relativistic effects These effects are important m the study of heavy atoms and elec- 
tron systems in strong fields. A fully relativistic treatment requires solving the Breit- 
Dirac equation, the result being a four-component wavefunction. However, solving 
this equation ~s not necessary when there is no process of creation or annihilation of 
particles with negative energy. In this case, it is convenient to use a two-component 
approach, reached by reducing the D~rac Hamiltonian through the Foldy-Wouthuysen 
transformation or the Pauh elimination of small components. Many authors [6, 7, 8, 
9] have pointed out the disadvantages of the resulting two-component Hamlltonians, 
connected with: (i) the use of an expansion of the square-root operator outside its 
range of convergence; (ii) the operation of the resulting Hamiltonian on the Hilbert 
space, (iii) some peculiarities of the Hamiltonian close to the origin of the Coulomb 
potential. Therefore, in this paper we use the transformation method proposed by van 
Lenthe, Baerends and Snijders (LBS) [10] - which avoids the problems mentioned 
above - to derive the kinetic-energy density functional m the framework of the two- 
component formalism 

In the next part we give a brief overview of the LBS two-component approxima- 
tion. In the third part we carry out the gradient expansions of the density matrix and 
of the kinetic-energy density. In the conclusion we discuss the resulting expression 
and compare it with the standard non-relativistic one. 
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2. Regular two-component relativistic Hamiltonian 

The Dirac Hamiltonian works on a four-component wavefunction qJ, 

where ¢ represents the large components and Z the small components Keeping in 
mind the form of the Pauli matrices cY, the Dirac equation becomes: 

v(~)¢ + c~.Pz = E¢ (3) 
c@,~qk + (V - 2me 2 )Z = EZ 

where V(F ) is the Coulomb field potential. 
Ehminatmg the small component yields 

Z = (2mc2+E-V)']mc6.~ ¢= (1/2mc)[l+(E-V)/2mc2] "16.~ 4 = X ¢ ,  (4) 

[SI"C q~= V~+mcd'.~ Xqk = VO+(1/2)d'.~[I+(E-V)/2mc2]-I~'.~¢=Eqk. (5) 

The Hamiltonian He'c is energy dependent and the large component ~b is not normal- 
ized, whereas • is. In standard approaches one defines a nomaalization operator 0 
which satisfies the relation. 

i ~++dr= i ~+<9+O~dr=I® t]]+ ~] dr = f, (O+~+zz)dr=l.+ (6) 
0 0 0 0 

One possible choice for 0 Is 

By eliminating the small component one obtains: 

0 

(¢+~+z+z)Ur=i ¢+(1+ ~+£)¢ar. (8) 
0 
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The operator (9 works on the Hamiltonian as well, i.e.: 

~ ( W  - - ^ )  1~+ 1 = 6 ~ " ~ 6  -~ = + ~ . # x  2 + 2  (9) 

The standard quantum mechanical approach proceeds with an expansion in powers 
of (E-V)/2mc 2 of the factor [l+(E-V)/2mc2] "1, in both /-) and O. This leads to the 
well-known Pauli Hamiltoman" 

/32 /34 V2V (~.(V V × ,~) (10) 
I?t Pa"h = V + 2m 8mc2 t- 8mc-------- T ~ 4mc: 

As recalled m the Introduction, the Hamiltonian obtained in this manner presents 
many problems. The expansion of the square root in Eq. (9) in terms of(E-V)/2mc 2 is 
justified if/32 << 4mc 2 but, in the Coloumb field, there are regions where electron 
momenta are large and, therefore, the expansion cannot be performed. The Darwin 
term AV/8mc 2 behaves as a 6 function close to the field sources (near the nuclei). In 

the case of a self-consistent procedure to solve the eigenvalue equation ~ p , . h .  = 
E*,  the spin-orbit operator [1/4mc 2] ~ . (VV x/3) behaves as an attractive -1/r 3 poten- 

tial, which leads to arbitrarily large negative energies close to the nuclei instead of a 
discrete eigenvalue spectrum. The mass-velocity term t34 / 8mc 2 is a fourth-order dif- 
ferential operator, which may produce non square-integrable functions working on 
the Hilbert space. By including this term, we get a fourth-order differential equation 
which does not lead to quantization of the energy under usual boundary conditions. 

To overcome these problems, one can expand/-) and 0 m powers of E/(2mc 2- V) 
[ 10], which yields the result: 

c2 I E ) -1 
171 e*c= V+ 6"/3 2mc2_V 2mc2_V 

c 2 c ~ ( E )  
= V+ 6"./3 2mc2 _ V o'.p - cr.p 2mc2 _ V 2 m ~ -  V ~'/3 + 

(11) 

Acting on the above expansion of the Hamiltonian ~e,c with the normalization oper- 

ator 6 ,  one obtains the zeroth-order Hamiltonian H 0 [10]: 
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C 2 

I?I ° = V+ ~ .~  2mc2 _ V & ~ "  (12) 

The approximate Hamlltonian H o incorporates the relativistic effects included at the 
Pauli-Hamiltoman level, but It does not suffer from singularities for r ~ 0. Therefore 
it may be used variationally [10], since it possesses an energy spectrum limited from 
below. 

3. Derivation of gradient corrections to the kinetic-energy 
density functional 

We shall derive gradient corrections to the Thomas-Fermi density functional for a 
system of non-interacting relativistic fermions in a strong external field, using the 

regular two-component relativistic HamiltonianH o. Most of  the methods used for 
obtaining gradient corrections are based on a semi-classical expansion of the density 
matrix. 

The density matrix for a system described by the Hamiltonian H 0 has the form. 

oo 

= ( 1 3 )  
I 

where go, represents the renormalized large components and /3 (H 0) is the denslty 
operator of the system Following the original idea of Thomas and Fermi we consider 
that non-interacting particles fill all energy levels up to the Fermi level and that the 

density operator is the Heavlside step-function 0 (eV -/-) 0), every level being filled by 
two electrons with opposite spins. We do not consider spin-orbit interactions, using 
the simplified spin-independent Hamiltoman: 

C 2 

[?I ° = V+ ~ 2 m c 2 _ V  ~ '  (14) 

accounting for the effects arising from the relativistic motion. 
The density matrix of the considered system is' 

(15) 
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ao Xk(-)+,-(-') -.,) p ( F , F ' ) =  , r  , r  +~2, r , CF = 
t 

i 

(16) 

The expansion of the density matrix in powers of h is done using the Wlgner trans- 
formation [11] The Wlgner transform of an operator A can be written as follows: 

A w ,R = d~ex p.s R--~AR+ , 
V 

(17) 

where/~ = ~'+F' and ~" = P - F .  The transform of the operator product C = ,4/7 is ob- 
2 

tained using the composition rule for the Wigner transforms of multipliers: 

Crv(~,~)= Arv -,~ explth( ~ 0 O ~_...~IB (r,,~] 
(P) L e ta~ : ~  :~o~)] " "  ' 

(18) 

The procedure for finding a semi-classical expansion of p consists of taking the 
Laplace transform of the denmty operator: 

k(E)= 0(~-sT°), 
o" 1 ~÷'°°d 0(6F--[2I ) = ~---m cS ~exp[/3(6F -/~°)l = 

1 .... d A 

- 2~  c!oo-~ exp(/36F ) exp(flH °), 

(19) 

(20) 

and setting up a differential equation for the Laplace transform' 

2(/3) = exp(-/3H °), (21) 

or, more precisely, for the Wigner transform of Z(fl). To do so we first differentiate 

Z(fl) with respect to 13 and we obtain' 
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o%('6') = - /~  ° exp(- f lH°)  = -/-~°Z(f l) ,  (22) 

then take the Wigner transform of this equation: 

where Z,w (fl) is the Wigner transform of Z(fl). To solve Eq (23) we seek a solution 
of the form: 

2 ~ ( f l )  = e x p [ - N F ~ 2 + V ) ] ( l + h W ~ ( ~ , ~ ) + h 2 W 2 ( ~ , ~ ) +  . . .  (24) 

Substituting this form for Zw into Eq. (23) and equating equal powers of ~ we ob- 

tain relations for the W's and, subsequently, an expression for Z~. Applying the in- 

verse Laplace transformation we obtain the Wlgner transform of the density matrix 

Pw = '9(E- t2 I )+h 'V2F6( I2 I -E)  - p-VF) 2 - FV2/t ]~ ' ( /~ - E) + 
4 

2 

+ 3~-[F(VH)2 + Fz(~).V)2t2I-2F(p.VF)(p.VH)]5 (t2I-E), (25) 

where 
c 2 

F = (26) 
2 m e  2 - V 

and 

I?t = F ~  z + V. (27) 

The density distribution is given by the diagonal part of the density matrix and is de- 
rived using the inverse Wigner transformation [ 12]. 

Ip. (28) 
v. 

For the Wigner transform of the kinetic energy density we take [12]. 
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4 ~ ) n2 pw~,/~). (29) 

The kinetic energy density itself is obtained through the inverse transformation of rrr 

Inserting the density distribution from Eq. (28) into Eq (30) yields the expression for 
the kinetic-energy densay functional: 

t (vp) 1 v2F ( w )  2 1 vFvp 2"(/O)= (31) 
+7--2- - -~+6 v P+-~-~P 24 F 2 P-F12 F 

Q 

This expression depends on Vthrough F given in Eq. (26). It can be seen that it does 
not suffer from the drawbacks listed above, and that it reduces to the usual gradient- 
corrected non-relativistic expression when V is small. 

4. Conclusion 

We have derived an expression for the kinetic-energy density functional z(,o) which 
is seen to depend on the external field potential/1(F ). This expression is truly relati- 
vistic since we have used the two-component, zeroth-order relativistic Hamiltonian 
of van Lenthe, Baerends and Snijders, which is correct even for large electron mom- 
enta (while the Pauli Hamiltonian is not). In this paper, spin-orbit interactions were 
omitted since we have used the scalar part of the relativistic Hamiltoman. When V is 
small (F---,1/2m), that is, when the Hamdtonian gets non-relativistic, our expression 
turns into the well-known, Thomas-Fermi kinetic-energy density functional mclu&ng 
the von Weizs~icker gradient correction. 
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ABSTRACT 

The problem of reconstruction of wave functions from a given electron density is 
considered. A reformulation of the problem is proposed which is based on the 
Fourier transform. Arising mathematical problems are studied, namely, the 
properties of reduced spatial densities and their Fourier images are obtained, 
which follow from known properties of the wave functions. The proposed 
approach may provide a practical implementation of the Constrained Search 
Approach to the DFT. © 2001 by Academic P . . . .  
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1o INTRODUCTION 

1.1. The Constrained Search Approach in the Density Functional Theory 

The Density Functional Theory [1-5] is an important tool for large-scale 
ab initio quantum-chemical studies of complex systems, and it has incontestable 
successes in theoretical investigations of the structure of matter. However. at 
present its application is necessarily connected with the use of some approximated 

form of the energy density functional E[p(r)] because the exact form remains 
unknown. The additional problem is that the used methods of  obtaining these 
approximated forms provide neither an evaluation of the error introduced nor a 
systematic way of improving the approximation. Hence, a search for an exact 
form of the functional not only presents a theoretical challenge, but also remains 
an actual and important practical problem of the Density Functional Theory. Its 
solution would supply grounds both for variational derivation of precise equations 
of the method and for construction of controllable approximations. 

A way to obtain the exact density functional is presented by the 
Constrained Search Approach [6-9]. In general, the energy functional of density 
for an N-electron system in an external field v(r) can be presented as [10] 

E[p]=F[p]+ I p(r)v(r)dr, (1) 

where F[p] is a universal functional of density. For the class of pure-state 

N-representable densities, that is, such functions p(r) that can be obtained from an 

antisymmetric, normalised N-electron wave function (WF) W(q~,...,qN) as a result 
of the reduction 

p(r)--- N S ~ (  r ~ ,  q2,...,qN) ~*( r ~,, q2,...,qN)dc~dq2 ..... dqN (2) 
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(here q~=r~c~ is the set of spatial and spin coordinates of the ith electron, and 
integration over spins stands for summation) the "constrained search" functional 
F[p] was proposed by Levy [6] (and developed by Levy [7] and Lieb [8]) in the 
form 

ELL[P] = ,nf (~t']T + W[~), (3) 
~[P]" 

with T and W being the many-electron kinetic and electron interaction energy 
operators. The notation ~[p] indicates that the infimum should be taken over all 
the wave functions related to the given p by Eq. (2). For a more general case of 
ensemble N-representable densities, that is, such functions p(r) that correspond to 
a certain ensemble state of the N-electron system described by its density matrix 
(DM) 

DN(q~,...,qNI q[ ,..., q'N )= E W a ~ a ( q ,  ..... qN) u?~ ( q{ ..... q'N ), (4) 
a 

with partial wave functions, ~ a ,  and nonnegative weights, w a , normalised by 

conditions [[~a [[=1 and Y, wa=l ,  the "constrained search" definition of the 
a 

functional reads as [8,9] 

FLv[P]= ,nf tr (D(T+ W) } (S) 
D[pl 

where D[p] denotes all DMs connected with the given p(r) by the equality 

p(r)= N S ON (r ¢yl, q2,...,qu I r ~ , ,  q2,...,qu) d~,dq2 ..... d q u  . (6) 

The domains of both functionals, that is, the classes of pure-state and 
ensemble N-representable densities, actually coincide [1] and present [11,12] the 
set of all nonnegative functions p(r) normalised to N as follows: 

I p(r) dr = N. (7) 

t .2. The Reconstruction Problem 

As follows from Eqs. (3) and (5), a practical implementation of the 
Constrained Search Approach requires for a systematic way of finding all  either 
WFs (for the functional ELL[P]) or DMs (for the functional FLy[p]) that reduce to 
the given spatial density p(r). Let us call such a procedure the r e c o n s t r u c t i o n  of 
WFs (or DMs) from the spatial density. 

The reconstruction is an operation inverse to the reduction given by Eq. (2) 
or (6) in the following sense. 

Let a class of WFs (or DMs) be chosen, which we consider admts s tb l e  for 
the variational procedure. These have to meet general requirements The WE, for 
example, is to belong to L 2 and to be continuous and antisymmetrical. The DM 
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must be Hermitian, antisymmetrical (within left and right argument set). and 
positive definite. However, practically we can further restrict the class requiring 
for other desired properties. For example, these may be properties that follow 
from WF being a solution of the Shr6dinger equation for a certain class of 
potentials; say, for a bounded state it may be the requirement that WF belongs to 
the class of fast converging functions, that is decreases exponentially at the 
infinity. Also, finiteness of average kinetic energy often is required from the state. 

To perform the reconstruction, we have to find such a subset of the class of 
admissible WFs (or DMs) that contains all and only such elements that reduce to 

the given density p(r). Equation (2) (or, resp., (6)) determines a mapping from the 

mentioned subset onto the set of images, which contains the only element p(r). 
The mapping is surjective by definition. We use the symbol -~ for the mappings 
induced by the reduction: 

~e -->p ; ON-->p. (8) 

Here W and D N indicate the relevant sets, and --) symbolises that the 
mapping is (normally) many-to-one. The problem of inverting the mappings given 
by Eq. (8) will be termed the Reconstruction Problem. It is closely related to but 
does not coincide with the N-representability problem. 

The latter requires for the following two questions be answered: 

1) is the given function p(r) an N-representable density? 
2) what is the class of N-representable densities? 
For the positive answer, it is sufficient to present at least one example of WF (or 
DM), which reduces to the given density (in case of the first question) or to a 
common representative of the class (in case of the second question). In the second 
case, it is necessary to prove also that the elements falling out of  the class under 
consideration cannot be obtained as a result of the reduction, that is, the set of 

originals o f t  he mapping W --)p is empty for such p. The Reconstruction Problem 
poses a more general task: to actually find all originals of the mapping q~ --)p for 

every given p. Resolving this task automatically resolves also the N- 
representability problem because the density being or not being N-representable 
depends on whether the found set of originals turns out to be or, respectively, not 
to be non-empty. Naturally, the Reconstruction Problem is expected to be more 
complicated than the N-representability problem. 

Similar reconstruction problems may be also considered for the mapping 
from W to the 1 st and 2 na order reduced density matrices (1-RDM and 2-RDM), for 
the two-particle density (the diagonal element of the 2-RDM), as well as for 1- 
and 2-particle spin-density matrices and spin-densities. The practical meaning of 
such studies is related to the fact that every of these values may be used as the 
fundamental variable in a variational theory (for a more thorough discussion, see 
[4, 5]). Reconstruction of k-particle RDM (k-RDM) with k = 3 and 4 from 1- and 
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2-RDM, as well as 2-RDM from 1-RDM also appears to be necessary for iteratwe 
solution of the Contracted Schr6dinger Equation [ 15-17]. 

The N-representability Problem has drawn much attention (see [2, 4, 17, 
18] and references therein). Number of works and results concerning the 
Reconstruction Problem is much scarcer. Its complete solution may be presented 

as an expansion of  W in terms of N-electron determinants, constructed on the so- 
called equidensity orbitals [12-14]. This method has yielded some useful 
evaluations for the density functional [1], but it is not applied widely in practice of 
quantum chemical computations due to difficulties with handling the equidensity 
orbitals. Reconstruction of k-RDM (k = 2 to 4) is considered by Valdemoro et al 

(see [15-17] and references therein). Reconstruction of WFs and DMs using the 
Radon Transform is discussed in [19-21 ]. 

In the present paper, an independent approach to the Reconstruction 
Problem is proposed, based on employment of the Fourier Transform (FT). We 
reformulate the problem in such a manner that the mapping to be inverted is 
replaced by a series of  mappings, each of them being simpler for inversion. A 
general scheme of this approach is outlined in Section 2. 

1.3. Electron density, its Fourier Transform, and related values 

Implementation of this scheme requires for some mathematical problems 
to be investigated previously. Specifically, the class of  FTs of eligible N-particle 
spatial densities is to be determined. To find the properties of FTs belonging to 
this class, one has first to know properties of their pre-images, that is N-particle 
spatial densities themselves. We consider, for generality, (reduced) k-particle 
spatial densities (k-RSDs) for all k = 1 . . . . .  N, including here the case k = N 
corresponding to non-reduced N-particle spatial density. Properties of k-RSD and 
their Fourier images that follow from those of the many-electron wave function 
such as the finiteness of its values, its norm, and its average kinetic energy, as 
well as its taking complex values, normalisation and antisymmetry are studied in 
Section 3. 

Analytical properties of p(r), the one-electron density in position space 
(corresponds to our 1-RSD), were studied by Lieb [22] These results are 

expressed in terms of pY2(r). As we are specifically interested in studying 
properties of the FT of proper densities rather than their square roots, and for all k 
not only k =1, we cannot use these results directly. However, we shall follow the 
method of Ref. [22] in our study• 

The available literature on properties of FTs of k-RSDs is rather scarce, 

excluding 1-RSD, which is p(r). Its FT is merely the X-ray form-factor [23,24]. 
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FTs of  k-RSDs were formally introduced by Thakkar et al [25] who named them 
the k-electron form-factors, but they were not investigated in this work. 

The one-electron momentum density 7(P) which results after reducing the 
square module of  FT of wave function attracted more attention of researchers 
because of its close connection with the Compton profile, a quantity rather 
accurately measured in experiments. The momentum distribution and the 
Compton profile for X-ray scattering were found by Coulson and March [26] 

using the Thomas-Fermi method. Ways to extract 7(P) from p(r) were proposed 
using Thomas-Fermi method [27], Density Functional Theory in its general form 
[27] and in the linear [27] and non-linear [28] approximation. Simultaneous 

analysis of 7(P) and p(r) using maximization of  the sum of information entropies 
in p and r spaces was performed by Gadre et al. [29]. A relationship between the 
atomic electron densities in momentum and position spaces was studied through a 
non-linear deformation of momentum densities by Kryachko and Koga [30], and 
in the context of a finite-basis-set model problem by Harriman [31]. 

The problem (which is in some sense a mirror one to that studied in the 
present paper) of investigation of B(r), the FT of one-electron momentum density, 
was considered by Weyrich et al. [32] and by Thakkar et al [25]. 

These results, however, only indirectly relate to the problems of  our 
interest. The only relevant result found in the literature concerns the normalisation 
of FT of k-RSD [25]. 

2. REFORMULATION OF THE RECONSTRUCTION PROBLEM 

2.1 Reduced electron densities and their Fourier images 

We present here main definitions and relationships for further references. 

Consider a time-independent N-electron wave function, T (q~ ..... qN), where 

qk=rldYk are spatial and spin coordinates of the kth electron. The state is not 
required to be stationary. Define (cf. Ref. [33]) the N-electron spatial density as a 
result of reduction (summation) of squared module of the wave thnction over 
spins: 

pN(r~ .... , rN) = X ! ~ ~ [ T(r ,o, ,  r2~ 2 .... rNON) [ 2 (9) 

(here ey = {cyl . . . . .  ON}) and reduced k-particle spatial density as a result of its 

further reduction over N -  k spatial coordinates: 

pk(rl, . . . ,  rk) = [ (N-  k) !] - ' ~ p N ( r ,  ..... rN) drk+~...drN. (10) 
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We restrict here ourselves to studying only pure states because the case of 
ensemble states involves some technical complications but does not differ in 
principle. 

Eqs. (9) and (10) define, in particular, the following two mappings: 
T . - - ) P N - ) P  ', (11) 

both of  them being many-to-one. 
Consider also the FT o f P  k (for a certain k, 1< k < N), 
F k (k 1,..., kk) = 
(2r:) -3k/2 I pk(rl,..., rk) exp [- t(klr~+...+ kkr k ) drl...dr k , (12) 

and the inverse FT of its image F k, 
pk  (r~ ..... rk) = 
(2zt) -3k/2 ~ F k (k~ ..... kk) exp [i(k~r,+...+ kkr k ) dk,. . .dk k . (13) 

2.2. An alternative approach to the reconstruction 

Let us observe that, as it follows from Eqs. (12) and (10), 
F k (k)=  (27@ (N-')/2 [ (N-  1)!]- '  FX(k,0 ..... 0). (14) 

This means that, unlike the densities of orders 1 and N that are related by Eq. (10) 
containing integration, their FTs are related in a simpler manner, namely, F 1 is 
merely a restriction of F N to a 3-dimensional plane. This relationship between 
FTs of  1-particle and N-particle spatial densities is the key equation of the 
advanced approach. Its defines the (many-to-one) mapping 

F N ---)F' (15) 
in such a form that the reconstruction of all F N related to the given F ~ by Eq. (14) 
appears to be simpler than that for p N  and pt related by an integral as in Eq. (10). 

Now, instead of the chain of mappings given by Eq. (11), we can consider 
another chain connecting the same initial and final items: 

T --) pN+_~ F N --)F I ~ pt, (16) 
where the four consecutive mappings are given by Eqs. (9), (12), (14), and (13), 
respectively. We used here two-sided arrows to stress that the respective mappings 
are bij ective. Each of  the intermediate relationships (12), (13), and (14) is simpler 
for studying the corresponding direct and inverse mappings than the complete 
mapping p N  --) pi defined by Eq. (10). 

Inversion of the mapping T --) p N  consists in splitting of the p N  in 2 N 

admissible terms (cf. Eq. (9)), each of them being a squared spin component of T. 

(In the present work, we do not require T to describe a state with definite total 
spin; otherwise, the number of independent spin components naturally reduces.) 
Inversion of the mappings p N  (_~ F N and F t +-) P~ is inversion of the FT, which is 
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well-studied [34]. Therefore, the efforts should be directed to inversion of the 
mapping F N --)F'. Respectively, the Reconstruction Problem may be reformulated 
as follows: 
To find all such FN(k, , . . ,  kN) that the restriction of each of them onto the 3-plane 
(k,0 ..... 0) in R 3N is the given F' (k). 

It is simple to derive from Eqs. (12) and (10) a more general relationship 
than Eq. (14): 

F k (k, ..... kk) = (2n) 3(l-k)/2 [ (N-  l) !] [ (N-  k) !] -' Fl(k,,..., k k ,0 ..... 0), 

1< k <l< N ,  (17) 
which may be used, if necessary, for other cases of reconstruction or studies on 
N-representability. For example, the practically important problem of 
determination of the class of N-representable two-particle densities p2(r,, r2) [18] 
reduces to the following problem: 
To find the class of such FZ(ku k2) that each of them can be presented as the 
restriction onto the 6-plane (k~, k2,0 ..... 0) in R 3N of at least one function FN(kl,..., 
kN) belonging to the class of Fourier images of eligible N-densities. 

Answers to such questions require for investigation into properties of F 1, 
F 2, and F N. Some of these properties are considered in the following Section. For 
the sake of both brevity and generality, we study properties of pk, k = 1 . . . . .  N. 
and we use them to derive properties of F k, k = 1 . . . . .  N. 

3. PROPERTIES OF ELECTRON DENSITIES AND THEIR FOURIER 
IMAGES 

3.0. Technical remarks 

For the sake of brevity, we shall 
integrals in the direct space (cf. [22])' 

~:  ~ ~ dr,...drN; 

~' = ~ dr,...drk ; 

~+= Z ~drk+,"'drN" 
¢7 

It is obvious that ~ =~ '~+; that Z 
O- 

employ the following notations for 

(18) 

(19) 

(20) 

~' converts to ~ at k = N; and that ~+ converts to 

at k = 0. Now, using Eqs. (9) and (10), pk  may be presented in the short form 
p k = u !  [ (U-  k) !]-' ~+ ] ~ ]2  (21) 
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In this Section, we derive some properties of  k-RSDs and their FTs. The 
original properties of  the wave function inducing the mentioned properties are 
shown in the titles o f  sub-sections. The methods we use to investigate the 
properties of  k-RSD follow in general lines the classical work by Lieb [22] where 
those of  p~/2 were studied We will make use of  Cauchy and Bunjakowsky- 
Schwarz inequalities, that in our case give 

I ~+f f21 2_< f f t f  I 2. ~+ If212 for a n y f  ,f2 • L2. (22) 

3.1. Finiteness of  wave function norm. 

The normalisation integral must converge: 
~] ~t'] 2 < ~ ,  (23) 

that is • e L 2 (R3N). In terms of  RSD this may be rewritten as 
f ' p k  < oo. (24) 

As pk is by definition non-negative, this means that 
p k •  L l (R3k); and (25) 
(pk)'~=• L 2 (R3k). (26) 

As the integration in Eq. (24) may be considered as taking of  the FT at all k k zero, 
this may be written as 

Fk(o .... , 0 ) < m .  (27) 
This requirement is necessary and sufficient for F k to correspond to a 
normalisable pre-image. 

3.2. Normalisation. 

For the wave function normalised by 
I I  '12; 1, (28) 

k-RSD defined by Eq. (10) obeys the normalisation condition 
[.' pk = N ! [ ( N -  k) !] -' (29) 

In analogy with the left part of  Eq. (27), the same may be written as 
Fk(O ,..., 0) = (2~) -3k/2 N ! [ ( N -  k) !] -' (30) 

Eqs. (29) and (30) present the normalisation conditions for k-RSD and its FT, 
respectively. In particular, 

I ' P  1 = N ;  F'(0) = (27~) -3a N ;  (31) 
[ ' p N =  N !; FN(o ..... 0) = (2rt) -3Na X !. (32) 

The normalisation condition similar to that given by Eq. (30) was found in Ref  
[25] for k-RSD normalised otherwise than in the present work. 
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3 3. Finiteness of kinetic energy. 

To provide finite values of the total energy, admissible WFs are required 
[22] to yield finite average kinetic energy T in the state ~ ,  

N 
TW]=-½ ~ I+*vi2~,'=½NIIV,~12<oo, (33) 

i=1 

that is ViW e L2(R3N). 
It follows from Eq. (21) that 
IV, Pkl = N ! [ ( N - k ) ! ] - ' I I + { ( v , ~ * ) T +  ~*v  ,q-'}l 
< 2 N !  [ ( N - k ) ! ] - '  J+l V , W ] I ~ I .  (34) 

The inequality sign appears due to bringing the module sign into the integrand. 
Now, using Eqs. (33) and (34) and applying the inequality (22), we have 

~' I v,  pk] < 2 N ! [(N- k) !] -' ~[ V,~] [ ~I  
< 2 N !  [ (N-  k) !] -' [II v# ' l  2.II TI 2 ] ,2 
= 4 ( N -  1)! [ ( N - k ) ! ] - '  T '/2 (35) 

Together with Eq. (33) this means that f ' [  V, pk[ < oo, and hence 
V, Pke L' (R3k). (36) 

It is possible also to extend some results of Ref. [22] to the square root of k-RSD. 
It follows from Eqs. (34), (21) and (22) that 

IV, Pkl 2<_ {2N[ [ (N-k ) ! ]  -' J+[ v,wl I wl }2 
< 4 N !  [ (N-  k) !] -' PkI+L v,w[ 2, (37) 

that gives 
IV~(pk) ' /212=[v tpk[Zl (4pk)<N![(N-k) ! ] - '  I+ lv twI  2, (38) 

and 
I'l v ,  (Pk)'/212<_2(N- 1)! [ ( N - k ) ! ] - '  T. (39) 

Hence, accounting for Eq. (33), 
Vl (p/c)V2 E L 2 (m3k), 

that together with Eq. (26) means (cf. Ref. [22]) 
(pk) '/2 ~ H' (R3k). (40) 

3.4. Finiteness of wave function values. 

Finiteness of wave function, 
I T(r,cyl, r2%,..., rNC~N)[ < oo. (41) 
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has been stated for potentials that have no points where they diverge faster than 
r -2 (r being the distance from this point in the physical 3D space), e.g., in Ref  
[34]. Eq. (41), in accordance with the definition of P k, implies finiteness ofP k , 

pk(rw.., rk) l < oo, (42) 
and thus finiteness of  the integral 

IFk (k 1,..., kk) dk I ...dk k = (2u) 3k/2 pk(o ..... 0) < oo, (43) 
that is, FkE L 1 (R%.  

3.5. Wave function being complex valued. 

The wave function takes complex values. Hence, pk >_ 0 for all values of  
arguments by definition. A necessary and sufficient condition on a function F k for 
it being the Fourier image of  a non-negative original pk is [34] that F k is a 
positive definite function. Such a function has the following properties It is finite 
and continuous; it is hermitian: 

Fk*(kl . . . . .  kk) = F k (-kl,  . , - -  kk); (44) 
and the integral 

I I F k (k l -  q,, ..., kk - qk) g (kl . . . . .  kk) g*(ql . . . . .  qk) dkl...dkk dq,...dqk >_ 0 
(45) 

for any g (kl, ... , kk) which is continuous and absolutely mtegrable in all the 
space. The latter implies also [34] 

I F k (kl  ..... kk)[ -< Fk(O,..., 0), (46)  
which, together with Eq. (30), gives 

[ Fk(kl,..., kk)[ < (27~) -3k/2 N!  [ ( N -  k) !] -~ (47) 

3.6. Permutational antisymmetry of  wave function. 

The permutational antisymmetry of  the wave function implies the 
permutational symmetry of  k-RSD. It can be demonstrated as follows: 

P p k = N !  [ ( N - k )  !]-1 I+p[  T [ 2  =pk, (48) 
and hence 

S pk = pk. (49) 

We used here Eq. (21) and antisymmetry of  T under any transposition of  position- 
spin coordinates. P is a permutation in a set of  k position-spin coordinates, pk 
being naturally indifferent to permutation of  spin coordinates, and S = (kW) -1 Z P 
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(summation made over all permutations P of k particles) is the symmetriser for k 
electrons. 

Further, the permutational symmetry of k-RSD implies, through Eq. (12), 
that for its FT: 

P F k (k) : F k (P-'k) = 

(2n)-3k/2~ pk(r) exp {- i(P-lk) .r} d r = 

(27t)-sk/2~ pk(pr) exp { -  i(k.(Pr} d r = F k (k). (50) 
A 

Here k = {kl,..., kk}, r = {r~ ..... rk}, and k.r = ~ k i r t . P is used in the last 

equation to denote permutations in the set k or r. At the third stage of the 
derivation, the invariance ofpk(r)  under P was used. 

4. CONCLUSIONS 

A general scheme of a new approach in the Density Functional Theory is 
proposed, based on reconstruction of wave functions from a given electron density 
using Fourier transform. The idea consists in replacing a short chain of mappings, 
which are difficult to invert, by a longer chain consisting of mappings that are 
simpler to invert. A relevant mathematical technique is developed, namely, the 
properties of reduced spatial densities and their Fourier images are obtained, that 
follow from finiteness of the wave function, of its norm and average kinetic 
energy, as well as from normalisation and antisymmetry of the wave function and 
its being complex-valued. The practical implementation of the proposed approach 
remains a problem. 
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A b s t r a c t  

Generalized Sturmian basas sets make it possible to solve the many- 
particle Schrbdinger equation directly, without the use of the SCF ap- 
proximation. The functions in such a basis set are solutions to the 
many-particle SchrSdinger equation with a weighted "basis potential", 
/3uV0(x), the weighting factor/~v being chosen in such a way as to make 
all the functions in the set correspond to the same energy. For a many- 
electron system, it is shown that when V0(x) is chosen to be the nu- 
clear attraction potential, rapidly convergent solutions can be obtained 
directly from a secular equation from which the kinetic energy term 
has vanished The close relahonshlp between generalized Sturmian ba- 
sis functions and hyperspherical harmonics is discussed, as well as the 
relationshxp between all the matrix elements of the theory, such as the 
Shibuya-Wulfman integrals, the generahzed Wigner coefficients of angu- 
lar momentum theory, and the Hahn polynomials of modern numerical 
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5. The generalized Sturmian secular equation 
6 An Alternative generalized Sturmian basis set 
7. The many-center one-electron problem and the many-center many-electron 

problem 
8. Representation in terms of hyperspherical harmonnics 
9. Alternative hyperspherical harmonics; the method of trees 

10 Final remarks and conclusions 

1 I n t r o d u c t i o n  

Early in the hmtory of quantum theory it was thought that hydrogenlike atomic 
orbltals could be used as building blocks for constructing the wave functions 
of more complicated systems. However, it was quickly realized that unless the 
continuum is included, hydrogenlike wave functions do not form complete sets. 
To correct this defect, Shull and Lowdin [1] introduced a type of radial basis set 
which consisted of Laguerre polynomials multiplied by polynomials, the expo- 
nential factor being the same for the entire set. Shull and LSwdin were able to 
show that such basis sets are complete; and they considered such sets to be the 
natural type of basis for treating problems in atomic and molecular quantum 
theory Later, Rotenberg [2,3] gave the name "Sturmian" to the Shull-LSwdin 
basis sets to emphasize their connection with Sturm-Liouville theory. There is 
a large and rapidly-growing literature in which one-electron basis sets of this 
type are used In 1968, Goscinski [4] completed a study of Sturmian basis sets 
in which he regarded such sets as solutions to the SchrSdinger equation with 
a zeroth-order weighted potential, the weighting factor being chosen m such a 
way as to make all the members of the set correspond to the same energy. This 
way of regarding Sturmian basis sets made generalization of the concept very 
easy, and a number of authors pioneered the use of many-particle Sturmlan 
basis sets For example, Gazeau and Maquet [5,6] introduced two-electron 
Sturmians, while Bang, Vaagen and coworkers [7,8] studied the applications of 
many-particle Sturmians in nuclear physics. Herschbach, Avery and Antonsen 
[9-11] discussed the properties of many-electron Sturmians, taking the "basis 
potential" to be the potential of a d-dimensional hydrogenlike atom. More 
recently, Aquilanti, Avery and Sauer [12-17] showed that if V0(x) is taken 
to be the actual nuclear attraction potential of a many-electron system, the 
generahzed Sturmians based on this potenUal can be used to obtain a rapidly 
convergent correlated solution to the many-electron SchrSdinger equation with- 
out the use of the self-consistent-field approximation. We begin by illustrating 
these developments, offering later a momentum-space perspective which will 
show the connection with hyperspherical harmonics and generalized angular 
momentum theory. For a geometrical view in a similar spirit of the quantum 
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dynamics of aggregates evolving towards fragmentation, see the recent paper 
of Fano and coworkers, reference [18]. 

2 P o t e n t i a l - w e i g h t e d  o r t h o n o r m a l i t y  r e l a t i o n s  

Suppose that  for some potential, V0(x), we are able to find solutmns to the 
N-particle Schrbdinger equation, 

_ N 1V 2 - E l  =0  [,~ 2 , + Z~Vo(x) ~ ( x )  (1) 

where /~ is a weighting factor chosen in such a way that all the solutions 
correspond to the same energy, E. In equation (1) x = {xl, x2, .. XN} is a d = 
3N dimensional vector composed of the mass-weighted Cartesiaan coordinates 
of the N pamcles in the system. Then two members of the set of solutions 
will satisfy respectively the equations, 

=1 ~V,  -t- E Cu(x) =/~uY0(x)¢u(x) (2) 

and ] =1 ~v,  + E ¢~,(x) = ~,V0(x)¢~,(x) (3) 

We now multiply (2) on the left by ¢;, (x) and integrate over all the coordinates 

=l~v ,  + B  ¢~(x) = Z~fdx¢;,(x)Y0(x)¢.(x) (4) 

where dx = dxldyldZl .... dZN . Similarly, interchanging ~ and J ,  

] : I ~ V ,  -[-E Cu,(X) = Z.,fdx¢;(x)Vo(x)¢~,(x) (5) 

If we take the complex conjugate of (5) and subtract it from (4), making use 
1 2 of the Hermlticlty of the operator 7Vj + E, we obtain: 

(z~ - ~;,) / dx¢;, (x)Vo(x)¢~(x) = 0 (6) 

Thus if ft. ¢/3~,, we must have 

f dx¢;, (x)V0 (x)¢~ (x) = 0 (7) 
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Since we are dealing with a system with many degrees of freedom, u stands 
for a set of quantum numbers. Orthogonali ty with respect to quantum num- 
bers on which ft. does not depend (the "minor" quantum numbers) cannot 
be established through equation (7). Orthogonali ty with respect to the minor 
quantum numbers must be established - for example - through spin orthogo- 
nah ty  or symmetry  properties. It is convenient to normahze our generahzed 
Sturmian basra set in such a way tha t  

f 2. dxl¢,.(x)12Vo(x) = /~,, (8) 

Then, assuming that  we have established orthonormali ty with respect to the 
minor quantum numbers, (7) and (8) can be combined to yield 

f dx¢;, (x) V0 (x)¢~ (x) = 5~,,~ 
2E 
ft. (9) 

Let us now introduce the Fourier-transformed functions defined by 

1 
Ct(p) _ (27r) d/2 f dxe-,px¢~(x ) 

1 
¢ . (x)  - (27r)d/2 fdpeW'XCt(p) (10) 

where d = 3N and where e zp x i8 a d-dxmenslonal plane wave. Then it can 
be shown [14] that  the Fourier-transformed generahzed Sturmians obey the 
weighted or thonormahty  relation' 

(p2 + p 2 ~  t, t (11) 
f dP \-V{-p~ / ¢.,(P)¢~(P) = ~-',~ 

as a consequence of (9), where P0 is a parameter related to the energy by 

~ -  P°~ (12) 
2 

3 G e n e r a l i z e d  S t u r m i a n  e x p a n s i o n  o f  a p l a n e  

w a v e  

Equation (11) can be used to expand a d-dimensional plane wave in terms of 
a set of generalized Sturmian basis functions [17,19]. Assuming completeness 
of the basis set, we can write: 

x (p2+p~  t, ~'~ = E ~ (l~)~ (13) \ -2~o / "7 
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then the coefficients a. m the expansion can be determined by multiplymg 
both sides of (13) by Ct,(p) and mtegrating over dp. This gives: 

S dpCt'(p)e~px = E~ a.  S dp it 2-~---~--,] 0~, (p)¢~,(p) 

= ~ a ~ 5 . , , .  = a,, (14) 
V 

Comparing (14) and (10), we can see that 

a .  = ( 2 ~ ) d n ¢ ~ ( x )  

so that finally we obtain the expansion: 

e = d/2 ( p 2  + tTo  ) E 

(15) 

(16) 

Equation (16) is the d-dimensional generahzatlon of an expansion first obtamed 
in 3 dimensions by Shibuya and Wulfman [20]. The reader is also referred 
to an excellent article by Weniger [21], who discusses the Shibuya-Wulfman 
expansion of a plane wave, and similar expansions. 

4 d - d i m e n s i o n a l  C o u l o m b  S t u r m i a n s  

If we let V0(x) be the d-dimensional hydrogenlike potential 

Z 
V0(x) = - - -  (17) 

r 

where r is the hyperradius, defined by 

7. 2 = X l  . X l  qt_ X2 . X 2  ~_ ... q_ X N  . X N  ~_ 7 "2 ~_ /.2 q_ .. _~_ ~.2 (18) 

then solutions to equation (1) can be written in the form. 

¢.(x) = R~,~(r)Y~,u(Sc) (19) 

where Y:~,~,(:~) is a hyperspherical harmonic and 

R,~,:~(r) = AQz(2por): 'e-V° 'F(A + 1 - nl2A + d - ll2por ) (20) 

Here a(a + 1) x 2 
F(alblx  ) - 1 +  a x  + + ... (21) b(b 1------) 0 + 2! 
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is a confluent hypergeometrlc function, while 

(2po) d/2 ( (A + n + d -  3)! ) i /2  
' - (2 TJ- 2 ) ! ,  - 3 ) /  (22) 

is a normalizing constant. If the constants/3~ in equation (1) are chosen to be 

/3. = p0(2n + d - 3) (23) 
2Z 

then all the functions in the set ¢,(x)  all correspond to the same energy, and 
they form the type of generalized Sturmian basis set studied by Herschbach, 
Avery and Antonsen [9-11]. The first few hyperradial functions Rn,x(r) are 
shown in Table 1. Such a basis set might be used, for example, to treat the 
motion of nuclei on a many-dimensional potential surface The hyperspherical 
harmonics Ya,,(:~) which appear in equation (19) are eigenfunctions of the 
grand angular momentum operator 

A 2 =- - y~ x~ - X3~x~ (24) 
z>3 

where xi, x2, ...Xe are the Cartesian coordinaates of a &dimensional space: 

[a 2 - A(A + d -  2)] Y~,,(~) = 0 (25) 

Hyperspherical harmonics are d-dimensional analogues of the familiar spher- 
ical harmonics, and they can be constructed in such a way as to obey the 
orthonormality relations 

/ df~ Y;,*',u' (:~)Y~,u(~) = 5~',~Au',u (26) 

When the normalizing constant is that shown in equation (22) the overall 
orthonormality of the d-dimensional Sturmian basis set is given by 

vV 1/1 ~ /1  

in agreement with equation (9). The completeness property of this generalized 
Sturmian basis set follows from the completeness of the set of functions rne -p°~ 
(with constant P0) and from the completeness of the set of hyperspherical har- 
monics. Any well-behaved single-valued function of the same variables which 
falls to zero at very large values of r can be expanded in terms of this basis set. 
In equation (26), # represents a set of minor indices. These may be organized 
in a variety of ways as a matter of convenience. Aquilantl and coworkers, as 
well as a number of Russian authors, have discussed methods for construct- 
ing orthonormal sets of hyperspherical harmonics by means of the method of 
trees [32-40]. This method of constructing orthonormal sets of hyperspherical 
harmonics is also discussed in reference [17]. 
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5 The generalized Sturmian secular equation 

The momentum-space SchrSdinger equation of a many-particle system has the 
form [9,17]. 

2 
(p20 -4-p2)¢t(p) _ (27c) d/2 f dp, Vt(p _ p,)¢t(p,) (28) 

According to the Fourier convolution theorem, 

/ dp, Vt(p _ p,)Ot(p,) = / dxe-,pxV(x)¢(x) (29) 

so that (28) can be rewritten in the form: 

2 
(p02 +p2)¢t(p)  _ (2re) d/2 f dxe-,p.xv(x)¢(x) (30) 

If we replace the d-dimensional plane wave e -mx by the complex conjugate of 
the expansion (16), equation (30) becomes 

1 f dx'¢*(x')V(x')¢(x') (31) = 

and taking the Fourier transform of both sides, we obtain 

1 / dx'¢*(x')V(x')~b(x') (32) 

Equation (32) can be iterated, starting with a trial solution; or alternatively 
we can obtain a secular equation by expanding the wave function in terms of 
our generalized Sturmian basis. If we write: 

~b(x) = E ¢~(x)B. (33) 
/ff 

then ~b(x) will be a solution to (32) if 

~_, [ V , , , , , ,  - 2E5.,#] B. = 0 (34) 
V 

where 
=- f dx¢*, (x)V(x)O~(x) (35) 

It is interesting to notice that the kinetm energy has vanished from the gener- 
ahzed Sturmian secular equation. 
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The hyperangular integrals needed for evaluation of the matrix elements 
V,,,, may be evaluated by means of the following very powerful angular in- 
tegration theorem [17,4@ Let df~ be the element of generalized solid angle, 
related to the d-dimensional volume element by 

dxldx2. . .dxd = r d - l d r  d ~  (36) 

where r is the hyperradius; and let F(x)  be any function which can be ex- 
panded as a series m terms of polynomials involving the Cartesian coordinates 
X l , X 2 , . .  ,X  d Then 

fd~ r (x )  = (d - 2)~2="/= ~0  ~ F - ( ~  = (2n)!'(d + 2 n -  2)!! [A~F(X)]x=° 

where A is the generalized Laplacian operator, defined by 

(37) 

6 A n  a l t e r n a t i v e  g e n e r a l i z e d  S t u r m i a n  b a s i s  

s e t  

where 

An alternative type of generalized Sturmian basis set, appropriate for treating 
N-electron atoms, may be obtained by letting 

N Z 
V 0 ( x ) = - ~ 7  ' =  (39) 

be the attractive potential of the nucleus. We can bmld up a set of N-electron 
Sturmian basis functions for this system from one-electron orbitals of the form" 

{ a ( 2 )  (40) xn,,,~,~(x,) = Rn,(~,)~(0, ,¢~)  ~(j) 

Rnl(ra) = Afnt(2kur3)le-k"r~F(l  + 1 - hi21 + 212kura) 

2_ka@ (n +/-)!1)' 
N'.l = (21+ l ) ! N  n ( n _  l -  . 

(41) 

and where F(a lb l z  ) is a confluent hypergeometric function. These are just the 
familiar hydrogenhke atomic orbitals (which also can be expressed in terms 

d 0 2 
A - E o~ (38) 

3=1 
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of Laguerre polynomials), except that the parameters k u will be determined 
later by means of subsidiary conditions. The one-electron hydrogenhke orbltals 
satisfy 

: 0 
r3 J 

f d3x; lx , , (x; ) l  ~ 1 _ k. 
J r 3 n 

fd%lx.(x~)l ~ = 1 (42) 

where we have let # stand for the set of indices {n, l, m, ms}. If we introduce 
subsidiary conditions which require that 

2 2 2 ku + ku ' + ku,, + . .  = p2 (43) 

and 
nk  u = n'k~, = n " k .  . . . . . . .  Zfl~ (44) 

then the antisymmetrized product function 

¢~(x) = Ix.x. ,x.  ..... I 
x.(xl) x,,(x~) x.,,(x~) 

1 

will be a solution to 

- ~ V  3 
3----1 

since from (42), (43) and (44), 

x.(x~) x.,(x~) x.,,(x2) 
: 

x~(x~) X.,(XN) X~,,(x~) 

o /x/=o 

1 [2  ' r l  2 ~ r2 ' 

XAXl)X,,(x2) 

(45) 

(46) 

The determmantal function shown in (45) is a superpositlon of products, all 
of whmh satisfy (46), and therefore ¢.(x) satisfies (46), provided that the 

(47) 
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subsidiary conditions (43) and (44) are fulfilled. We can see that the nor- 
mahzation condition (8) ls automatically fulfilled by the generahzed Sturmian 
basis functions m our illustrative example, since from (42), 

= - E  Z k " -  1 2 _  P~ (48) 
;LC. 

In the case of atoms, the total potential is given by 

V(x) = V0(x) + V'(x) (49) 

where V0(x) is the nuclear attraction potential shown in equation (39) while 

N N 1 
V'(x) = E E -  (50) 

~>9 3 =I ?~z2 

is the mterelectron repulsion potential. If we let 

1/ 
T~.°,. =_ dx ¢*,(x)Vo(x)O.(x) (51) 

Po 

' /  <,,. _= dx¢;,(x)V'(x)¢.(x) (52) 
P0 

and 
1 1 1 ) 1/2 

~ . - -  ~ + ~ + ~ + . . .  (53) 

then from the potential-weighted orthonormality relation (9) and the sub- 
sidiary condmons (43) and (44) it follows that 

T~°,. : 5.,,.ZT4. (54) 

The generalized Sturmian secular equation for the atom can then be rewritten 
in the form' 

E [T',,. + 6., . Z ~ .  - 5.,,.Po] B .  = 0 (55) 

It turns out that T~,,., as defined by equation (52), ls a pure number, indepen- 
dent of p0 In a crude approximation, we can represent the ground states of the 
atoms and ions in the 2-electron isoelectronic series by a single configuration: 

¢.(x) = Ix~sx~-.I (56) 
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F i g u r e  1: This figure shows the electronic energy in Hartrees as a func- 
tion of nuclear charge for the 6-electron isoelectronic series: C, N +, O 2+, 
F 3+, Ne4+,..etc. The dots show Clementi's Hartree-Fock values [24], while the 
smooth curve was generated from equation (42). 
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Similarly, the ground states of the 3-electron isoelectromc series can be ap- 
proxmlated by the single configuration' 

¢,(x)  = IXlsXfsX2,r (57) 

and so on In the crude one-configuration approximation, the generalized 
Sturmian secular equation, (34), reduces to the requirement that 

Po ~ ZR~, + T'  (58) /2~/2 

For the first few isoelectronic series, this becomes: 

Po ~ Z ~ / ~ -  0.441942 N = 2 

f0 ~ Z + ~ - 0.681870 N = 3 

P0 ~ Z + ~ -  0.993588 N = 4 

1.40773 N = 5 
3 

p0 ~ Z + ~ -  

(12_4 P0 ~ Z + ~ - 1 . 8 8 3 2 9  N = 6  

P0 ~ Z + ~ - 2.41491 N = 7 (59) 

The energies calculated from (59) agree reasonably well with Clementi's Hartree- 
Fock calculations [15,24], as illustrated in Figure 1. Higher accuracy can, of 
course, be obtained by using more configurations in the basis; and with the 
addition of only a few configurations, correlated solutions can be obtained 
which are a considerable improvement over Hartree-Fock solutions. Excited 
states can also be obtained with good accuracy from a multiconfigurational 
generalized Sturmian basis set. Table 2 shows calculated values for triplet 
excited states of the 2-electron isoelectronic series compared with experimen- 
tal values taken from Moore's tables [43]. The calculations were made with 
a basis consisting of fifteen generahzed Sturmlan configurations of the form 
Cu(x)  = ]Xl,O,OXn,l,Ol. For the lower exc~ted states, a slightly larger basis set 
was used, involving functions of the form ¢.(x) = IX ',0,0Xn,Z,01 Accuracy 
of the calculations is greatest for highly excited states with large Z, but in 
this region of the tables, experimental values are lacking. Unlike the basis set 
Rn,~(r)Ya,,(f(), the generalized Sturmian basis set which results when V0(x) is 
chosen to be the attractive potential of the nuclei in the system is believed to 
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lack the formal completeness property; i.e. it is beheved that not every well- 
behaved function of the same variables obeying the same boundary conditions 
can be expanded in terms of this basis. However, one should remember that 
if this extremely stringent condition were applied to the conventional many- 
electron basis sets actually used m configuration interaction calculations, all 
of them would be disqualified! 

7 T h e  m a n y - c e n t e r  o n e - e l e c t r o n  p r o b l e m ,  a n d  

t h e  m a n y - c e n t e r  m a n y - e l e c t r o n  p r o b l e m  

In 1965, Shlbuya and Wulfman [20] introduced a generalization of Fock's 
momentum-space treatment of hydrogenlike atoms [22]. Following this ap- 
proach, one can show [17] that if 

Z~ (60) ~(x,) = - 
- - X a l  

then the one-electron equation 

--~V~ + + b.k.v(x,) p . (x , )  = 0 (61) 

can be solved by expanding 7).(x3) in terms of a set of one-electron Sturmian 
basis functions. 

~.(x~) = E ~ (x , )C . , .  (62) 
T 

or~ in momentum space, 

~(p,)C~,. 
T 

where 7 stands for the set of indices, {a, n, l, m}, and where 

(63) 

Z a  ~(x,) : 1 /~ , ,x~ . (~  - x~) 

t p ~ a  ~ xo t ,p ~ ( ~ )  = " e - P J  (64 )  V ~  X,~lmL 3) 

The functions Xn~,~ have the form shown in equations (40) and (41), all of 
the functions in the expansions (62) and (63) being understood to belong to 
the same value of k~. Solutions to equation (61) can be found by solving the 
secular equation [17] 

E [K~,~ - b;1K~,~] C~,. = o (65) 
"i" 
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where 

K~-,,~- = f d3p; \ 2k2 ]¢r ' (P3)~(P3)  (66) 

If the basis set were infinite, the matrix K 2 could be found by squaring K. 
However, when the basis set is truncated, it is preferable, if possible, to evaluate 
K 2 by means of the relation [17] 

K2,,~. = - f d3xS;, (x;)v(xj)~(x;) (67) 

through whmh K 2 can be related to nuclear attraction integrals. The matrix 
K can be rewritten with the help of (64)' 

where 

g~-t,.r : i ~ n [ ~ t r a t ( X a '  -- Xa ) (68) 

it follows that 

X~tm(P3) -- 1 f (27r)3/2 d3x3e-*pjX'X.tm(X;) 

1 fd%~.,,.~,X~,~(p,) X~,~(x , ) -  (2~)3/~ 

1 f Xn,m ~P3) X~l,~(x~ + R) - (21r)3/2 d3psW~ (x~+R) t , , 

(73) 

(74) 

2 2 

Sn"/'m'(R) ~ d3p; \ 2k~ ] ezp Xn'l'm'(P;)Xnlm(P;) (69) 

The integrals shown in (69) were introduced by Shibuya and Wulfman in their 
pioneering paper on momentum-space quantum theory [20]. The one-electron 
hydrogenhke Sturmians can be shown to obey weighted orthonormality rela- 
tions analogous to (9) and (11): 

-~k. / ~3x'x~'"m'(x')~ x~'m(x') = ~',°~",'~m',~ (70) 

[P~ + k2~ (71) f d% ~ 2-i~ ] X~*,,,m,(P,)X~,m(P,) = ~ ' , n~ , ' , , ~m ' ,m  

From (71), it follows that 

2 2 ~,., x, = (2~)~" (P-' + k~) . \ y;~ /EX~,m(P,)X~,m(x,) (72) 
nlm 

a relataonshlp whlch is analogous to (16) Then since 
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Introducing the expression (72) into (74), we obtain: 

X.nlra(X 2 -~- R) : ~ ) ( . n , l , m , ( X o ) S n n [ ~ m , ( R )  (75) 
n~l~m ~ 

S~,l,,~, (R) are those shown in (69). The Shlbuya-Wulfman where the integrals him 
integrals form a representation of the translation group in a 3-dimensional 
space, since from (75) it follows that 

~ n  n lm  l i t  n ' l ' m "  - nlm ' l 'm ' "~+R ' )  = E S~,'l'm' (R)S~I'V'-~"(R') (76) 
n,lll m .  

The Shibuya-Wulfman integrals can also be interpreted as nuclear attraction 

= sni~m, (R) (77) 

Having solved equatmn (61) by means of the secular equatmn, (65), we then 
construct the many-electron Sturmian basis function: 

¢~ (x) = N ~ I ~ ,  ~ ..... I (78) 

This will be a solution to the N-electron equation 

] - ~ v ,  + - + ~.V0(x) ¢~(x) = 0 (79) 
2=1 

where 
N 

V0(x) = E v(x~) (80) 
3=1 

provided that  the subsidiary conditions 

k. ~ + k~, + k~,, + = p~ (81) 
and 

b , k ,  = b, ,k, ,  = b, , ,k ,  . . . . . . .  ~, (82) 

are fulfilled. To see this, we notme that from (61), 

[lk~ !k~ ] 
=- L2 tt -t- btLk/tv(xl  ) -4- 2 /~' + bt~ 'k tL 'v (x2)  -4- ... ~)/t(Xl)~ytt,(x2) .. 

= [~po~ + ~jo(x)] ~.(xd~., (x~) (83) 

integrals, since from (70) and (75), 

n 1 k-; / d%x~'"m' (x')T, x~'m(x' + R) 

enlm ( i t c h  d3x, X .  m,(X,)__Xn,,l,,m,,(x,) V"  ~-- ~ ~Jnlllr~m" k-,-..] 
n ' l ' m "  k p  T o 
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Since ¢.(x) is built up from products of the form qo.(xl)g).,(x2).., and since 
each of these satisfies (83), the configuration (78) satisfies (79). The normaliza- 
tion factor Af~ is necessary m the definition of the many-electron many-center 
Sturmmn basis set because the functmns are not automatically normalized, as 
they were m the atomic case, and Af. must be chosen so that  (9) and (11) 
will be fulfilled The full potential of a molecule contains not only the nuclear 
attraction term, V0(x), but also an mterelectron repulsion term. 

N N 1 
V'(x) = ~ ~ -  (84) 

z>3 3 = 1  rz3 

Correspondingly, we can let 

T~,~ = ---1 f dx¢;, (x)V(x)¢~(x) = ~;o,~ + T',,~ (85) 
' P0  

where 

f p0 , (86) T;O, ~ _ 1 dx¢;,(x)V0(x)O.(x) = fl~ ~ ,~ 
p0 

In our representation, the nuclear attraction term is already diagonal because 
of the potential-weighted orthonormality relation, (9). From the subsidiary 
conditions, (81) and (82), it follows that  

_ k~ ,  + + (st) 2 2 2 ~ "" /3~, b~ k~ b u, k u, 

so that  
( 1 

T~O, =6~,, ~ 1 +~7~ '+b-~ ' ' + ' '  (88) 

Thus the generalized Sturmlan secular equation for a molecule becomes 

[ ( 1 1 )  1/2 ] 
T',,.+5.,,. -~u+~,u,+... -po5.,# B . = 0  (89) 

where the constants b. are obtained from the secular equations (48), while 
T~,,~ is the interelectron repulsion matrix" 

1 
7~',,. -- -- - - -  / dxO*,(x) ~ ~ ¢.(x)  (90) 

P0 z>a 3 = 1  

The evaluation of this term is the heavy computational step in molecular cal- 
culations using the generalized Sturmian formalism; but much progress in the 
evaluation of many-center two-electron integrals involving Slater-type orbitals 
has recently been made by Fernandez Rico and his co-workers in Madrid [25,26] 
and by Stemborn, Weniger and co-workers in Germany [27,28] 
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8 R e p r e s e n t a t i o n  i n  t e r m s  o f  h y p e r s p h e r i c a l  

h a r m o n i c s  

In his famous momentum-space t reatment  of hydrogenlike atoms, Fock [22] 
introduced a projection which maps 3-dimensional momentum space onto the 
surface of a 4-dimensional hypersphere: 

2kt~pl 
ul - - - - s i n x s i n 0 c o s ¢  k 2 + p2 

2kup2 
u2 = = sin X sin 0 sin ¢ keg + p2 

2kup3 
u3 - - sin X cos 0 k2 + p2 

k 2 _ p2 
U4 = k 2 + p2 = cos X (91) 

(where we have dropped the electron index, 3). He was then able to show that  
the Fourier-transformed hydrogenhke orbitals can be wri t ten in the form 

(92) 

where 
4k~/2 (93) M(p) - (k~ +p2)2 

is a universal factor which is independent of the quantum numbers, and where 
Ya,l,m(fi) is a 4-dimensxonal hyperspherical harmonic: 

Y)~,l,m(~) dv.~,l )~--l ~, 4) s inl  XYllm(Op, .)(.p) (94) 

In equation (94), ~rx,1 is a normalizing constant 

Af~,t = (-1)~zt(2/)!!, 2(A + 1)(A - 1)! 
~(A+I+I)! (95) 

while C ~ ( u 4 )  is a Gegenbauer polynomial: 

c~/2j (_l)tr(~ + ~ _ t) 

t : 0  
(96) 

The first few 4-dimensional hyperspherical harmonics of this type are shown in 
Table 3. Fock was able to explain in this way the puzzling n2-fold degeneracy 
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of hydrogenlike atoms, since (A + 1) 2 = n 2 linearly independent 4-dimensional 
hyperspherlcal harmomcs belong to a given value of the principal quantum 
number, A. The generalized solid angle of the 4-dimensional hypersphere onto 
which momentum-space is projected by Fock's mapping is related to the vol- 
ume element of momentum space by [9,17] 

( 2k. ~ a 
ea = d3p \ p2 ) (97) 

From (92), (93) and (97) it follows that the Shlbuya-Wulfman integrals defined 
in equation (69) can be rewritten m the form: 

Su n'"̀  f 'I'm' (R) = dae ̀ p aY*,_U,,m, (fi)Yn-l,Z,m(fi) (98) 

If we replace xj by R in equation (72), and if we make use of (92), we can 
write: ( 2k1/2 ) 

e.p R = (27r)3/2 \ k2 + p2 nZm ~ Yn*l"'m(fi)Xnzm(R) (99) 

Thus the Shlbuya-Wulfman integrals can also be expressed in the form: 

h i m  Sn'Z'm'(R) = / - - / 3 / 2  E X~",",~"(R) 
\ k. ) =,,,,,..,, 

x S d~(1 + u4)Yj;,_l,,,,,m,, (fi)Y~'-iJ',m' (fi)Yn-lJ,m(fi) 

(100) 

where we have made use of the relationship 

2k~ - 1 + u 4  (101) 
k~ + p2 

which can be derived from equation (91). From equation (100), it is clear 
that the Shibuya-Wulfman integrals can be expressed in terms of the general- 
ized Wigner coefficients of the 4-dimensional hyperspherical harmonics [29,30]. 
These, in turn, are closely related to the Hahn polynomials [31] A few 
Shibuya-Wulfman integrals are shown in Table 4. It can be seen from this 
table, that if we let 

s - k~R (102) 

then the Shibuya-Wulfman integrals always consist of an exponential factor, 
e -s, multiplied by a polynomial in sl, s2, and s3. Thus the integrals define a 
special type of polynomial, related to Legendre polynomials and Hahn poly- 
nomials by equation (100). 
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9 Al ternat ive  hyperspherical  harmonics;  
the  m e t h o d  of  trees 

Interestingly, Fock's treatment of hydrogenlike atoms [22] leads one to the 
conclusion that 

X~ (P) = M(p) Yr,-1 (fi) (103) 

will be a solution to the momentum-space Schr5dinger equation of the atom 
provided only that Y~(fi) is a 4-dimensional hypersphencal harmonic. The 
minor quantum numbers need not be organized according to a scheme where 
one of them is an eigenvalue of L 2 and the other of Lz. Any alternative way 
that we have of constructing an orthonormal set of hyperspherical harmonics 
will lead us to a set of orthonormal solutions. General methods for construct- 
ing orthonormal sets of hyperspherical harmonics have been developed by a 
number of authors in Russia and Italy [32-40]. For the case of 4-dimensional 
hyperspherical harmonics, the indices may be organized either according to 
the chain of subgroups SO(4) D SO(3) D SO(2), or according to the chain 
SO(4) D SO(2) × SO(2), as symbolized by the "trees" shown in Figure 2. 

1 2 3 4 1 2 3 4 

Figu re  2: 

If we organize the indices according to the "standard tree", (Figure 2a), we 
are led to hyperspherical harmonics of the form shown in equations (94-96). 
Alternatively, we can define the hyperangles according to the relationship: 

2kt~pl 
ul - - - - s i n @ s i n e  k 2 + p2 

2k~p2 
u2 - - - - s i n @ c o s ¢  k 2 + p2 

2k,p3 _ cos @ sin 
U 3  - -  k~ + p2 
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U4 k2 _ p2 
-- -- cos O cos ~ (104) k~ + p2 

as symbolized by the second tree, (Figure 2b); and we can construct an or- 
thonormal set of hyperspherical harmonics by coupling an irreducible repre- 
sentation of the group of rotations in the 1,2-space, e ~m¢, with an irreducible 
representation of rotations in the 3,4-space, e *~. This leads to a set of 4- 
dimensional hyperspherical harmomcs of the form' 

( n ) U 2  _ 
~'~n-l,#,m(l?l) ~-(-1)~-1~ m ~ Dl~,+~{/2 , ( ,_m)/2(-g2-¢ ,20,¢-~ ) (105) 

The first few harmonics of this alternative type are shown in Table 5. We 
can now ask - to what coordinate-space hydrogenlike Sturmians do the hyper- 
spherical harmonics correspond? The answer is that they correspond, through 
the relationships 

U~.m(P) = M(p)Yn-l,u,m(fi) (106) 

and (73), to the set of solutions to the hydrogenlike atom where the separation 
has been made in the paraboloidal coordinates: 

/~2 = f - -  Z 

¢ ~--- t a n - a  ( ~ )  (107) 

The set of paraboloidal coordinate-space hydrogenlike Sturmians whmh are 
related to Ut..~(p) through an inverse Fourier transform are 

m m %m~ × L(n+t,_m_l)/2 (k•;l)L(n_tt_m_l)/2 (kit/~2) e 

where Album is a normalizing constant, 

(108) 

[ 

| ka[(# + n -  m -  1 ) / 2 ] ' [ ( n -  p -  m -  1)/2]! 
Jg .m 

+ 7 - 1)/2]!}3 
(lO9) 

and where L~ is an associated Laguerre polynomial. We can call thin basis the 
"Stark basis", since it is the set of Sturmians which is most appropriate for 
treating the Stark effect in atoms. It is also the basis which is most appropri- 
ate for the treatment of dlatomic molecules. It is possible to derive (from an 
equation analogous to (106) an exphcit expression for the Shibuya-Wulfman 
integrals m the Stark barns; and this expression is given in reference [42]. The 
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possibilitms for alternatwe hyperspherical harmonics and alternative hydro- 
genlike Sturmians are very rich, since in addition to the two alternative trees 
of Figure 2, we have the possibility of permuting the radices associated with 
the "branches" of the trees. Thus, for example, we might construct a set of 
harmonics quantized according to eigenvalues of the quantum analogue of the 
Runge-Lenz vector. In all there are 15 alternatwe hydrogenlike basis sets at 
our disposal, and we can choose the set most appropriate to the problem at 
hand [40]. 

10 Final  remarks  and conc lus ions  

In this paper we have emphasized the close relationships between Sturmlan 
basis sets and hyperspherical harmonics. The connection with generalized 
angular momentum theory provides further insight as well as powerful and 
flexible mathematical tools for the computation of matrix elements [45]. From 
this perspective, recent advances in the theory of orthogonal polynomials of a 
discrete variable are of great interest [46]. Specifically, we remarked above that 
the generahzed Wigner coefficients which enter expressions for the Shibuya- 
Wulfman coefficients are closely related to Hahn polynomials [31]. The Hahn 
polynomials are defined by the relation: 

Qn(x, a,/3, N) = 3F2(-n,  - x ,  n + a + fl + 1; a + 1, - N ;  1) (110) 

where 3F2 is a generalized hypergeometric function. Prom (110), it can be seen 
that n is the degree of the polynomial, x is a discrete index, and N is chosen 
to be a positive integer such that 

0 < n ,x  ~ N  (111) 

Both a and fl are restricted to be greater than -1. When these conditions are 
fulfilled, the Hahn polynomials enjoy the discrete orthonormahty relations: 

N 

~ ,  Q~(x, o~, ~, N)Q,,(x', o~, ~, N)Tr~ - 5x,,x (112) ~(~) 
n=O 

and 

where 

N 

x = 0  71-n 
(113) 

(~ + x)!(~ + N - x)!(~ + 9 + 1)!N, (114) 
~(~) = x!~!9!(N - x)!(N + ~ + 9 + 1), 
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and 

N!(N + ~ + 9 + 1)!~!(~ + ~)!(,~ + ~ + ~)!(2~ + ~ + ~ + 1) (115) 
~ ---- (N - ~)!(N + ~ + ~ + ~ + 1)!~!(~ + ~)!(~ + ~)!~!(~ + ~ + 1) 

If we introduce the notation [31] 

Q~,~,N _ w ( ~ ~ Q ~ ( x ,  a, ;~, N) n ix  

then the "Hahn coefficmnts" 0 ~'~'y obey "~nlX 

N 

E f)c~'13,N[~a'fl'N (~x' x "~'~X ~5n,ffJ ~ 
n=O 

and 

(116) 

(117) 

N 

Z ~ ' ~ ' ~ " ' z ' ~  (11s) 
x = 0  

We can write in terms of these coefficients the umtary transformation matrix 

nlmln~.~ > =  f daY/* U,m(fi)yn_l,.,m(fi ) (119) < 

which hnks the spherical polar hydrogenlike Sturmlans with the Stark ba- 
sis This apphes also to the basis transformations of &dimensional extensions 
needed in many-particle problems. The same can be done for the Shibuya- 
Wulfman integrals which, as we have seen above, may prove to be extremely 
important to future developments in quantum theory. These integrals define a 
set of polynomials, which are linked to Hahn polynomials and Laguerre poly- 
nomials Because of their great practical importance, the polynomials associ- 
ated with Shibuya-Wulfman integrals present a challenge to the community of 
mathematicians, a community which now is making very rapid progress in the 
general theory of polynomials' It would be highly desirable to develop efficient 
methods for generating the polynomials associated with Shlbuya-Wulfman in- 
tegrals; and we offer this problem as a challenge to the mathematical commu- 
nity. 
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Table 1 
d - d i m e n s i o n a l  h y d r o g e n l i k e  S t u r m i a n s  

n A R~,~(r) t ~ k~r 

1 0 (2k')~/2 e -t 

2 0 
(2ku) d/2 (d/~- 1)! [1 2t 
~ :  2-~) I v d-~l d--l]  e-t 

2 1 (2k,)  d/2 , . . ,  - t  

(2k,) d/2 / d! 4t 4t 2 ] 
o ~ - - v ) , . V ~ - 5  ~ - d--~ + ~(J-- ~) ~-~ 

3 1 d! Y d + 3  d+l]  e-t 

3 2 
(2k,) d/2 ,~,,2 -t 
~ t z ~ )  e 

9(d+3)! 
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Table  2 
Tr ip le t  exc i ted  s ta tes  of  t he  2-e lec t ron  i soe lec t ronic  series 

Calculated values are shown uppermost. Experimental values, where avail- 
able (taken from Moore's tables [43]), are shown below for comparison. The 
multieonfiguratlonal calculation made use of 15 generalized Sturmian basis 
functions of the form ]X1,0,0Xn,l,01 for the levels 7s as - 12s 3S, while for lower 
levels a slightly larger basis set was used, with 36 configurations, some of which 
involved doubly excited states. 

28 3S 
expt 
3s 3S 
expt. 
4s as 
expt. 
5s 3S 
expt. 
6s 3S 
expt 
7s 3S 
expt. 
8s 3S 
expt. 
9s 3S 
expt. 

lOs 3S 
expt. 

l l s  3S 
expt. 

12s 3S 
expt 

He 

-2.17359 
-2.17503 

L~ + 

-5.10790 
-5.11079 

Be2+ 

-9.29368 
- 9  29825 

B3+ 

-14.7300 
-14.7372 

-2.06815 -4.75035 -8.54419 -13.4496 
-2.06850 -4.75214 

- 8  29825 -13.0232 -2.03627 
-2.03632 

-4.63601 
-4.63722 

C4+ 

-21.4166 
-21.4290 

Ns+ 

-29.3533 
-29.3736 

-2.02250 - 4  58537 - 8  18801 -12.8307 -18.5136 -25.2367 
-2.02243 -4.58618 
- 2  01529 -4.55856 -8.12931 -12.7278 -18.3541 -25.0084 
-2.01519 -4.55913 
-2.01097 - 4  54251 -8.09421 -12.6662 -18.2586 -24.8715 
-2.01094 -4.54309 
- 2  00832 -4.53237 -8.07182 -12.6267 -18.1973 -24.7835 
-2.00824 
-2.00653 -4.52547 -8.05657 -12.5999 -18.1554 -24.7234 
-2.00641 
-2.00526 -4.52057 -8.04573 -12.5807 -18.1256 -24.6805 
-2.00512 
-2.00432 -4.51695 -8.03773 -12.5666 -18.1036 -24.6489 
-2.00418 
- 2  00348 -4.51421 -8.03166 -12.5559 -18.0870 -24.6250 
-2.00346 

-19.4663 -26  5943 

-18.8109 -25.6613 
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Table 2 con t inued  

He Lz + Be 2+ B 3+ C 4+ N °+ 

-5.02020 -9.16547 -14,5625 -21.2103 -29 1086 
-5.02774 -9.17591 -14,5762 -21.2290 -29.1349 
-4.72777 -8.51022 -13.4044 -19.4101 -26.5272 
-4.73054 
-4.62702 - 8  28440 -13,0045 -18.7874 -25.6331 
-4.62850 
-4.58092 -8.18106 -12,8212 -18.5015 -25.2220 
-4.58182 
-4.55604 -8.12535 -12,7223 -18.3471 -24.9998 
- 4  55665 
-4.54098 -8.09178 -12.6628 -18.2542 -24.8661 

2p 3p -2.12931 
expt. -2.13297 
3p3P -2.05705 
expt. - 2  05789 
4p3p  -2.03191 
expt. -2.03213 
5p 3p -2.02034 
expt. -2.02036 
6p3p -2.01407 
expt. -2.01401 
7p3p -2.01023 
expt. -2.01022 
8p3p -2.00783 
expt. -2.00776 
9p3p -2.00619 
expt -2.00608 

lOp3p -2.00501 
expt. - 2  00488 

11p 3p - 2  00412 
expt -2.00400 

12p 3p -2.00321 
expt. - 2  00332 

- 4  53135 -8.07022 -12.6245 -18.1943 -24  7797 

- 4  52476 -8.05546 -12.5983 -18.1533 -24.7207 

-4.52005 -8,04492 -12,5796 -18  1241 -24  6786 

- 4  51657 -8.03712 -12.5658 -18  1025 -24.6475 

-4.51392 -8.03120 -12.5553 -18.0861 -24.6055 



96 Vmcenzo Aqullantl and John Avery 

Table  2 con t inued  

He 

3d 3D - 2  05551 
expt. -2.05544 

4d 3D -2.03122 
expt -2.03109 
5d 3D -2.01998 
expt. -2.01983 
6d ~D -2.01386 
expt. - 2  01371 
7d 3D -2.01007 
expt -2.01002 
8d 3D - 2  00772 
expt. - 2  00763 
9d 3D -2.00611 
expt. -2.00599 

10d 3D -2.00495 
expt. -2.00482 

l l d  3D -2.00411 
expt -2.00395 

12d 3D -2.00364 
expt. -2.00329 

13d 3D -2.00280 
expt -2.00277 

L~ + Be2+ B3+ C4+ Ns+ 

-4.52453 - 8  05512 -12.5978 -18  1528 -24  7200 

-4.51988 -8.04467 -12.5793 -18.1237 -24.6781 

- 4  51644 -8.03694 -12.5655 -18.1022 -24.6472 

-4.51382 -8.03105 -12.5551 -18.0859 -24.6236 

-4.51180 -8.02649 -12.5469 -18.0732 -24.6053 

-4.72178 -8.49901 -13  3875 -19.3872 -26.4982 
-4.72260 -19.3967 
-4.62460 -8.28009 -12.9981 -18.7787 -25  6220 
-4.62524 
-4.57971 -8.17901 -12.8182 -18.4974 -25.2168 
-4.58016 
-4.55535 -8.12423 -12.7207 -18.3449 -24.9970 
-4.55569 
-4.54066 -8.09102 -12.6617 -18.2528 -24.8644 
- 4  54093 
-4.53102 -8.06972 -12.6238 -18.1935 -24.7787 
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Table  2 c o n t i n u e d  

He Lz + Be 2+ B 3+ C 4+ N 5+ 

4f  3F -2.03125 -4.62493 -8.28101 -12.9996 -18.7806 -25.6242 
expt. -2.03106 -4.62509 
5f  aF -2.01999 -4.57992 -8.17968 -12.8194 -18.4991 -25  2188 
expt. -2.01981 -4.58008 

6f  3F -2.01373 -4.55549 -8.12470 -12.7216 - 1 8  3462 -24.9986 
expt. -2.01370 - 4  55565 
7f  aF -2.01010 -4.54075 -8.09157 -12.6626 -18.2541 -24.8659 
expt. -2.01002 -4.54090 

8f  3F - 2  00775 -4.53120 -8.06997 -12.6243 - 1 8  1942 -24.7798 
expt. -2.00763 -4.53134 
9f  3F -2.00613 - 4  52458 -8.05529 -12.5982 -18.1534 -24.7209 
expt. -2.00600 

10f aF -2.00497 -4.51992 - 8  04480 -12.5795 -18.1242 -24.6788 
expt. -2.00481 

11f aF -2.00410 -4.51647 - 8  03703 -12.5657 -18.1026 -24.6477 

12f 3F -2.00349 -4.51384 -8.03113 -12.5552 -18.0862 -24.6241 

13f aF -2.00275 -4.51180 - 8  02653 -12.5471 - 1 8  0735 - 2 4  6057 

14f 3F -2.00179 -4.51029 -8.02290 -12.5406 - 1 8  0633 - 2 4  5911 
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T a b l e  3 
4 - d i m e n s i o n a l  h y p e r s p h e r i c a l  h a r m o n i c s  

0 0 0 

1 1 

0 

- 1  

0 

v% Y~,~,m(u) 

w~(~l + i~2) 

--Z2U3 

- - i x / ~ ( U l  -- zu2) 

--2u4 

2 2 

2 1 

2 0 

2 -: 

1 1 

1 0 

_ 

-v~(ul +~2) 2 

2V/3U3(U1 q- iu2)  

- v ~ ( 2 ~  - ~1 ~ - ~ )  

--2V/3U3(~1 -- ~ 2 )  

- - V ~ ( U l  -- zu2) 2 

2~v~ u4u3 

-~2v~u4(ul + zu2) 

2 ~ v ~ 4 ( ~  - ~ )  

0 0 4u4 2 - 1 
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T a b l e  4: S h i b u y a - W u l f m a n  i n t e g r a l s ,  S~, 

99 

l s  

2s  

2P3 

a = l s  a = 2s 

- 2 ~ - ~ / 3  (3+ 3 ~ -  2~ ~ + ~)~-~/3 

ol' c~ = 2pl  

2p2 sls2(l+s)e-~/3 

2p3 sis3(1 + s)e-~/3 
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T a b l e  5 
A l t e r n a t i v e  h y p e r s p h e r i c a l  h a r m o n i c s .  

A # m v ~  Y.l, .~,~(u) 

-x /3 (u2  + ~ul) 2 

--V/'3(U2 -- ~Ul) 2 

V~(U4 -~/U3) 2 

v~(~4 - ~3)  2 

v'-5(~ + ~ - ~ - ~ )  

w~(~4 + ~3)(.~ + ~ )  

~vg(~  + ~ ) ( ~ 2  - ~ )  

2 0 2 

A # m 

0 0 0 

1 0 1 

i 0 -i 

1 i 0 

1 -i 0 

1 

- , v ~ ( ~  + i~1) 

- , v ~ ( ~  - ,~1) 

-- V/2('U,4 -F ~3) 

-~ /~(~ - i ~ )  

2 0 - 2  

2 2 0 

2 - 2  0 

2 0 0 

2 1 1 

2 1 - 1  

2 - 1  -i zV'~(u4- ~u3)(u2- ~ul) 
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1. Introduction 
2. Hyperspherical coordinates for a three particle system 
3. The hyperspherical method 
4. The hyperquantization algorithm 

1. The discrete analogs of hyperspherical harmonics 
2. The Stereodirected Representation 
3. The propagation step along the hyperradius 

5. Conclusions and further remarks: towards four-atom reactions 

1 I n t r o d u c t i o n  

The hyperspherical coordinate approach (see [1] for an account) has successfully 
contributed to the understanding of many of the most interesting features of the 
three-body quantum mechauical problem and in particular of reactive scattering 
[2-7]. A three-atom system possesses nine degrees of freedom, but the three 
which describe over-all translations can be eliminated because of center-of-mass 
conservation. Accordingly, the complete description of the dynamics of three 
atoms requires the treatment of six coordinates: in the hyperspherical approach, 
this is accomplished by calculating in a first step for entrance and exit channels 
adiabatic eigenvalues and eigenvectors by solving a five-dimensional quantization 
problem adiabatically in the hyperradius p, treated as a quasi-separable variable; 
coupled-channel equations as a function of p are obtained and integrated in the 
final propagation step. 

The hyperradius is a measure of the total inertia of the system and is a nat- 
ural reaction coordinate. At small values it corresponds to the region of strong 
triatomic interaction while at large values it describes the asymptotic rearrmlge- 
ment regions corresponding to reactants and products. The other variables span 
a five-dimensional hypersphere: thus one has three orientational coordinates (for 
example the Euler angles which define appropriately a rotating body frame) and 
two internal "angles". Two basic hyperspherical parametrizations, which we re- 
fer to as asymmetric and symmetric, offer two alternatives for the choice of these 
angles. Both have been studied and used [8-11]. In particular, the symmetric 
hyperspherical coordinates proved to be very effective when applied to the study 
of triatomic reactions, and efficient algorithms are demanded to solve eigenvalue 
problems at fixed values of the hyperradius, for any combination of masses, the 
key problem for most systems being the high number of states one has to deal 
with in the general case. We have developed and implemented a method (hy- 
perquant~zatwn algorithm [12-15]), which allows the calculation of the adiabatic 
(fixed hyperradius) states and wavefunctions. This step is very demanding from 
a computational viewpoint: systems involving more than one atom different from 
hydrogen and more than two open rearrangement charnels are still very hard 
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to cope with. Also, practically all reactive scattering calculations reported so 
far have been carried out only on the ground potential energy surface, while our 
algorithm provides a framework for the treatment of couplings to the excited 
electronic states[13], such as those which arise when spin and electronic orbital 
effects are considered. In principle, the technique can be formulated for more 
than three bodies. 

The mathen~atical tools of our algorithm are polynomials of a discrete variable 
properly weighted and normalized to be orthogonal on a lattice of points (for 
a recent account, see[15]). In the present application, they are generalized 3j 
symbols or Hahn coefficients [16]. Using these quantities we build up an algebraic 
representation of the eigenvalue equation with the very attractive computational 
feature of providing a natural discretization of a qumltum mechanical problem 
(hyperquantization). Advantages are that  no integrals are to be calculated, the 
potential is diagonal on a discrete grid and the construction of kinetic energy 
matr ix  is straightforward: salient features are the block tridiagonal structure 
of the Hamiltonian matrix and a number of symmetry properties. Also, the 
sparseness of the matr ix  enormously simplifies the diagonalization required to 
obtain the adiabatic hyperspherical channels as a function of the hyperradius. 

This step is the most time consuming, but the computing time and memory 
requirements have been highly reduced by applying a sequential method of diag- 
onalization and truncation of the basis[14]. For three-atom reactions there are 
two choices to be made for the sequence, which are related to the two ways of 
ordering the elements of the Hamiltonian matrix. The effectiveness of the reduc- 
tion of each scheme is found to depend on the topology of the potential energy 
surface as the hyperradius varies, the transition between the range of applicability 
of the two procedures occurring astride of the appearance of the ridge line which 
separates the reactants '  and products '  asymptotic channels. 

The topic of body fralnes and their singularities as well as those of the cen- 
trifugal potential and those due to the choice of internal angles is also relevant 
[17]. Sources of discontinuities of the internal wavefunction have to be taken into 
account in order to obtain convergent results. A proper frame is one where all 
singularities lie in regions where wavefunctions vanish. This can be accomplished 
using as a basis a prolate symmetric top set, ~.e. keeping constant the projection 
gt of the total  angular momentum on the axis of least inertia. Within this choice 
the frame singularities lie outside the dynamically accessible region for the en- 
trance and exit reaction channels, and also for transition states which are close to 
the collinear configuration of the three bodies. For systems with a bent transition 
state an oblate top reference Hamiltonian may be more appropriate '  this choice, 
currently being investigated, amounts to choose a principal axis frame where the 
quantization axis is perpendicular to the triatomic plane. 

Quantum mechanical calculations which apply the hyperqumltization algo- 
r i thm based on symmetric hyperspherical coordinates have been carried out on 
two benchmark systems, the F+H2 reaction including fine structure effects [13] 
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and the He+H + reaction [18]. 
In the next section we define the hyperspherical symmetric coordinates under 

focus in this work. Asymmetric coordinates have been studied elsewhere[12, 19], 
and some of their advantages and disadvantages assessed[10]. In section 3 essen- 
tials of the hyperspherical approach are presented. In section 4 our algorithm 
(hyperquantization) is presented' the transformation from a continuum basis set 
into a discrete one is extended to deal with the case of any value of the total  angu- 
lar momentum J, as needed for calculations of observables such as cross sections 
and reaction rates. In Sec. 4.1 the discrete analogs of hypherspherical harmon- 
ics, ~.e. generalized 3j symbols or Hahn coefficients [16], are introduced and 
some important  properties used to develop our algorithm are reviewed. Sec. 4.2 
provides the explicit construction of the Hamiltonian matrix, yielding adiabatic 
channels eigenvalues and eigenfunctions to be used in the propagation step along 
the hyperradius (Sec. 4.3). The results and some perspectives about  the poten- 
tialities of this method for tackling fine structure effects and four body processes 
are summarized in the final Sec. 5. 

2 Hyperspher ica l  Coordinates  for a three  parti-  
cle sy s t em 

In the laboratory reference frame the motion of three particles depends on nine 
variables, three of which define the position of the center-of-mass while the other 
six describe the imernal (e.g. rotational and vibrational) modes. The center- 
of-mass, or translational, degrees of freedom are separated out introducing two 
tridimensional vectors, r u and R~,~ which denote the vector from atom i to j 
and the vector from the center of mass of the pair ij  to the a tom k, respectively. 
The choice of these Jacobi vectors is not unique: explicitly, for the reaction of an 
a tom A with a molecule BC a suitable set for describing the reactants '  channel 
A+BC,  corresponds to the vectors r s c  and RA,BC. Alternatively, two other sets 
of vectors, tAB and Rc,AB or rAC and RB,AC, are more appropriate for describing 
the products '  channels AB+C or AC+B. Under proper mass scaling (see below) 
these three sets of vectors can be related to each other by a planar rotation of 
an angle which depends only on the masses of A, B and C atoms [20] and is 
an extension of the so-called skewing angle concept introduced in the thirties 
in chemical kinetics. In a previous paper  [21], we have shown that  alternative 
coordinate systems such as the Radau-Smith vectors [22] can be obtained from the 
Jacobi ones by a sequence of kinematic rotations (for explicit expressions of the 
(mass-dependent-only) rotation angles see[20]). The symmetric parametrizat ion 
for an n-body system [19] features the kinematic rotation angles as variables. For 
three bodies, only one angle, denoted as • following Smith [23] is sufficient. For 
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each set k (or i or j )  of the two Jacobi vectors the mass-scaling can be written 

rk = r~ 3 ( ] )  

Rk ---- P~ Rk,,3 

where #,j is the two-body reduced mass for the ij couple. The Cartesian com- 
ponents of the vectors rk and Rk along the center of mass reference frame can 
be viewed as the rectangular coordinates which define the position in a six di- 
mensional space of a body of mass #, conveniently identified with the three-body 
reduced mass 

= + % (2)  

where m,, m~ and mL are the masses of the three particles. When in this mul- 
tidimensional space hyperspherical coordinate systems (i.e one radius and five 
angles) are introduced, the hyperrad~us is found to be: 

P~ =1 rE 12 + I R k  12 (3) 

and enjoys the important property of being independent on the particular choice 
k, or i, or j and of being a direct measure of total inertia (see below). Being 
invariant under kinematic rotations, it is referred to as a variable democratzc 
with respect to labeling of particles and rearrangement channels. 

The five angles that define the orientation of a point on the surface of the 6- 
dimensional sphere can be chosen in essentially two different ways, each offering 
advantages whose exploitations make the hyperspherical approach extremely flex- 
ible and powerful. Each parametrization corresponds to an alternative coupling 
scheme of angular momenta and as a consequence to an alternative representation 
of the SchrSdinger equation for the three particles. We have given a classification 
of these parametrizations [19], where - as also experienced by the vast literature 
on three-body problems - it is basic to separately consider the two classes, which 
we denote as asymmetric [24] and symmetmc [23] hyperangular parametrizations. 
The choice of the reference frame is also important. 

The parametrization of hyperangles, denoted as symmetric, was first intro- 
duced by Smith [23] and has been employed successfully by many for reaction 
scattering problems [3, 4, 6, 7]. When the transformation to the inertia principal 
axis reference frame is enforced, the spatial rotations are described in terms of 
three external coordinates, for example the Euler angles (a,/3, 7) orienting the 
ellipsoid of inertia with respect to the center-of-mass reference frame, and the in- 
ternal dynamics is best represented in terms of rotations - specified by the angle 
- in the kinematic two-dimensional space of two orthogonal vectors whose lengths 
xl and x 2 are democratic (or kinematic) znvariants, because do not depend on 
the particular choice of the Jacobi vectors. 
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The coordinate transformation from the cartesian components of the mass- 
scaled Jacobi vectors to the coordinates a,15,7, xl ,x2 and • is introduced as 
follows[19]: 

rk2 Rk2 ---- D(a,15,7) 0 x2 s in~ cos~ (4) 
rk3 Rk3 0 0 

where R is an SO(3) three x three orthogonal rotation matr ix depending for 
example on c~, 15 and T. 

The squares of x I and x2 are the eigenvalues of the scalar product matrix 
between the Jacobi vectors, whose trace is the hyperradius and whose determinant 
is proportional to the area A of the triangle formed by the three particles. So we 
can write: 

p2 = x~ + x~ (5) 

and 
4A 2 2 2 = x l x 2  (6)  

The principal moments of inertia I1 and /2  are directly related to the kinematic 
invariants 

I1/# = x~ 

I~/# = x~ (7) 

where # is the three-body reduced mass, Eq. (2). 
We recall that in the case of three particles only two moments of inertia 

need be specified, being one of them, say /3, the stun of the other two, with 
the constraint I1 >_ I2. In [25], Smith defined an angular coordinate O for the 
three-body planar problem: 

( I i - I 2 ) / #  = p2cos20 

4A = p2sin20 (8) 

For the three-body problem in the physical tridimensional space, the range for O 
is from 0 to rr/4 in order to span only positive values of A. 

By comparison of Eqs. (8) with (6) and (7) we easily find: 

X 1 : p s i n  O 

x2 = pcosO (9) 

The two kmematzc mvamants, 0 and p, and the angle ~ are the internal co- 
ordinates for the symmetric hyperspherical parametrization of the three body 
problem. The hyperradius p and the area-angle O are also indicated as the col- 
lective [26] coordinates, because they specify the magnitude and the position of 
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the inertia ellipsoid and are independeut of particle pernmtations. The kznemat,c 
angle q~ is a continuous generalization of the reaction skewing angle concept and 
distinguishes the different shapes of all triangles with the same moments of iner- 
tia. It varies between 0 and zc and is defined within a phase factor which depends 
only on masses and specifies the particular choice of Jacobi's vectors. 

In Ref.[20] we have given the explicit relationships among the variables O 
and gp and the internal angles of the asymmetric hyperspherical parametrization 
as well as the distance formulae, useful for the mapping of the potential energy 
surface in both parametrizations. 

3 The Hyperspherical  Method  

In hyperspherical coordinates the kinematics of three particles is equivalent to 
that  of the motion of one body of mass # (Eq. (2) on the five-dimensional surface 
of a sphere embedded in a six-dimensional space. The kinetic energy operator 
takes the following form: 

1 [ _ 5 0  5 0  A21 
K = L p 7pp op 7 .  (10) 

where p is the hyperradius and the operator A 2 is mathematically related to 
the quadratic Casimir's operator of the six-dimensional rotation group and is 
physically interpreted as the generalized or grand orbital angular naomentun~ 
operator [25]. Its eigenvalues are ~(~ + 4), where ~ is the grand orbital angular 
qumltum number, and its eigenfunctions are hyperspherical harmonics [19]. 

The grand-orbital angular monlentmn operator acts on five angular variables. 
If one considers the motion in the center-of-mass reference frame and utilizes 
the asymmetric hyperspherical parametrization of the Jacobi vectors, the corre- 
sponding harmonics are known in closed form for each value of the total angular 
momentum[19]. The asymmetric hyperangular parametrization permits explicit 
harmonics for any J for any number of particles, but overemphasizes a rearrange- 
ment channel over the others. This is the reason why it struggles to accurately 
reproduce the whole reaction. However, implementation of our algorithm and 
some results have been discussed [12, 10]. In the following, we will refer to 
the symmetric hyperangular parametrizations, which on the contrary enjoys the 
property of treating "democratically" all reaction channels, but for which hy- 
perspherical harmonics are available in a closed form only for zero total angular 
momentum. Therefore, for J greater than zero, which is important in practice, 
the total Hamiltonian will be partitioned in such a way as to separate out a part 
exactly solvable in proper harmonics (see below, Eqs. (13) - (16)), while the 
remaining part will be treated in the propagation step. 
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In symmetric hyperspherical coordinates, the A 2 operator reads [3, 4, 27, 28]: 

A 2 1 0 sin 40 0_~ 
sin 40 coo 

* cos20 

cos 220 
( 0 2  0) 

- -  ~ - j 2 - 2 z s i n 2 O J 3  

(11) 

where Jl, J2 and J3 are the components of the total angular nmmentunl operators 
in the principal axis reference frame and depend on three variables (e.g. the Eu- 
let angles). In the limit of a prolate top, as for example a co]linearly dominated 
reaction, it is most natural to identify the quantization axis z as the smallest 
inertia axis, in this case 31 is chosen as the component which commutes with 
both j2 and A 2. An alternative choice, convenient in the lhnit of an oblate top, 
considers the z axis pointing along the largest inertia axis and the component J3 
is identified as Jz. The identification of Jz with J2 may be suited for intermedi- 
ate cases. The representation of the Coriolis term, J3 0 /04 ,  which couples the 
external rotational modes to the internal angle 4, depends on the choice of the 
quantization axis: when the latter is pointing along the largest inertia axis the 
operator 33 is diagonal, otherwise it has to be given in terms of ladder operators. 

The calculation of the reactive cross sections requires the solutions of the 
following SchrSdinger equation 

[ A2) 1 1 /' _5 O 5 0 
- ~  ~,P 7p pap 7 + V(p, o, ¢) • - E,P (12) 

at selected values of the total energy E, the total angular nlomentun~ (included 
in A 2) and the parity with respect to the inversion of all coordinates. V is the 
potential energy surface, which depends on the internal coordinates of Sec. 2. 

Within the hyperspherical coordinates approach, the usual point of view is to 
study the dynamics on a family of effective potentials parametrically dependent 
on p, and treating the p dependence in a second (the propagation) step. There- 
fore, the first step requires the search for solutions of the angular part of the 
SchrSdinger equation at given values of the hyperradius. The case of total angu- 
lar momentum equal to zero is simpler and has been treated extensively[12]. Very 
demauding is the treatment of J greater than zero. It has been found convenient 
to first solve a restricted eigenvalue problem: 

1 ~ ] _-~,(p)¢, 
~,p~&(o, ¢) + v(p, o, ¢) ¢, (13) 

where, for reactions with a nearly collinear transition state, A 2 is suggested by 
the quantum mechanics of symmetric tops [3]: 

1 0 s in40 0 1 02 4f~ 2 A~ 
sin40 00  0-O cos 220 04 '--~ + sin 220 

(14) 
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where in this case ~t is the projection of J on the smallest inertia axis. We 
exploit the fact that the prolate top symmetry dominates not only reactants' and 
products' configurations, but is approximately preserved along the whole reactive 
event [along a similar line, we are studying an oblate top reference Hamiltonian 
to describe reactions with a bent transition state]. 

The resulting sets of eigenvalues ¢,fl (p) and wavefunctions ¢, contain informa- 
tion on the structure and internal modes, except the motion along the reaction 
radius, p. Since eigenfunctions of A~ are hyperspherical harmonics: 

( _ ~ 2 )  1/2 
Y~,~_ -, fl(40, 2(I), 0) = exp(-,G(I,)d~ .~.~,~_T,~, '~ (40 ) (15) 

[here V/()~ + 2)/47r is the normalization factor], solutions of the eigenvalue equa- 
tion (13) are searched through the following expansion 

~b, = p-~ ~ t,~,(p)Y~,~,n(40 , 2(I), O) (16) 

of the adiabatic channel eigenfunctions ~b,. The quantum number/k takes integer 
even (odd) values when ¢, is symmetrical (antisymmetrical) with respect to the 
spatial inversion; accordingly, the quantum number G takes even (odd) positive 
and negative values from - ) ,  + 2fl to ), - 2~t. When two of the three atoms are 
identical (as in the example worked out in Ref [13]), cosine or sine functions of 
24 are used to describe symmetrical or antisymmetrical behavior with respect to 
the exchange of the equal atoms. 

Introducing the expansion (16) in Eq.(13) and integrating over the angular 
variables an eigenvalue problem is obtained: 

{ ° } ),'(A' + 4) + 15/45~,5~, + V~,~,~,(p) t~,~,(p) = ¢a, (p) t~(p)  
~,~,, 2#p 2 (17) 

where the kinetic energy matrix is diagonal and the potential energy matrix 
elements are: 

fY~ ,  ~,,~ (40, 2(I), V;,,,~,,,,(p) = O)V(p, O, ~)Y~,~,fl(4®, 2~, 0) d(cos 4®)d(2~) , /  T,T 
(18) 

In the application of the formalism illustrated above a main drawback is the cal- 
culation of highly oscillating integrals in Eq.(18). In order to calculate the eigen- 
values Qfl (p) and eigenvectors we have proposed the hyperquantization algorithm 
[12] which avoids this problem. It exploits the discrete analogs of hyperspherical 
harmonics in Eq.(15) (see below, Sec. 4.1) and through a unitary transformation 
on the eigenvectors t ~  a novel representation of (17) is obtained: this is the 
stereodirected representation, to be seen in Sec. 4.2. 
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4 T h e  h y p e r q u a n t i z a t i o n  a l g o r i t h m  

The algorithm is now illustrated to solve the eigenvalue problem [Eq. (13)] para- 
metrically in p in the two internal hyperangles of the symmetric hyperangular 
parametrization. It involves "hyperquantization' ,  being based on the discrete 
analogs of hyperspherical harmonics which are physically generalized vector cou- 
pling coefficients and mathematically Hahn polynomials. The technique allows us 
to obtain an alternative representation of Eq. (17) in which the potential energy 
matrix is diagonal and the couplings are transferred to the kinetic energy. More- 
over, no integrals have to be computed since the potential energy matrix elements 
are the values of the potential energy surface on a lattice of evenly spaced points 
specified by the discrete values of cos 40  and 

4 . 1  T h e  d i s c r e t e  a n a l o g s  o f  h y p e r s p h e r i c a l  h a r m o n i c s  

In the previous section we have illustrated how hyperspherical harmonics can be 
used as expansion basis sets in the quantum mechanics of three bodies. Here 
we define their discrete analogs as the product of functions orthonormal on a set 
of grid points expressed explicitly in terms of Hahn polynomials, which can be 
physically interpreted as generalized 3j coefficients [16]. The Hahn polynomials 
[29] are functions of a discrete variable orthonormal on a lattice of points. They 
are related to the Jacobi polynomials [29] by a limiting relationship leading from 
a discrete to a continuum set. They enjoy many interesting properties, in partic- 
ular three-term recurrence equations with respect to the discrete variable, which 
simplify the algebraic manipulations and the explicit calculations required for the 
hyperquantization algorithm. 

In the following, we discuss the discretization of the hyperspherical harmonics 
Y~/2.,,/2,fl in Eq.(15), which are needed as the eigenfunctions of the kinetic en- 
ergy operator (14), when symmetric hyperangular coordinates are employed, the 
lattice consisting of equally spaced points in cos 40  and 4. 

The reduced Wigner d-functions,  see Eq. (15), are particular cases of Jacobi 
polynomials P,~,/3(cos 0) [30] and are related to the Hahn coefficients [16] by the 
following relation: 

z (40) (19) - -  , ~  , , ,~ _ d ~ _ _ n  ~ 
~ ' - -T ,~ ' -~"  

where n = (A-- I ~ I - 2  I f~ I)/4 is the degree of the polynomial and 

- 
cos 40  - I +----i- (20) 

is the discrete variable and both n and ( vary in the range 0 < n, ~ _< I. 
Note that  I + 1 is the number of grid points in the discretized O range, and 
(19) becomes an equality for I tending to infinity. 
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The Hahn coefficients defined above in Eq. (19) (see also (26) below) consti- 
tute an orthonormal set with respect to both { and n : 

I 
i'-i~,a /2,I i'3fl,cr / 2,I E ' ~ - , ~  ~,~',¢ = 6.,,, (21) 

~=0 

and 
I X" i ')fl,a / 2,I i')fl,a / 2,I 

Together with the following recurrence relation [29] 

C(¢~qfl,o-12,z n (c~tqfl,,./2,s ~r~fl,~/2,s 
tss~,~,¢-i +- - tw~, , ,¢  + C ( ( +  *s~,,,¢+1 = 0 

where 

(22) 

(23) 

D(():n(n+a+o'/2+l)-(D+(+l)(l-()-((I+<r/2-(+l) (24) 

C(()  = [((ft + ( ) ( I  - ( + 1)(I  + ~r/2 - ~ + 1)]½ (25) 

they will be exploited in the next section and are responsible for the sparseness of 
the Hamiltonian matrix to be diagonalized in the hyperquantization algorithm. 
The orthogonality (Eq. (21)) and dual orthogonality (Eq. (22)) properties are 
the discrete analogs of the orthogonality and completeness relations for hyper- 
spherical harmonics. 

A previous paper [16] can be consulted for the explicit relationship of Hahn 
coefficients with generalized angular momentum coupling coefficients; analogously 
to Eq. (19) we can also write: 

(-)~+~-~ 2 + ~ 2 + ~ ~ d r ( ~) (26) 
a a fl ¥+T,¥-T --T--~ T ~ ~+~ 

where r -- ~ -- I/2. The relationship becomes exact when the nmnber of grid 
points I goes to infinity. When A and a are even integers the 3j symbol is an 
ordinary vector coupling coefficient, otherwise it is referred to as a "generalized" 
vector coupling coefficient, because multiples of 1/4 appear besides the integers 
and half-integers usual in quantum mechanics. This alternative form of writing 
the Hahn polynomials points up the link between (hyper)angular momentmn the- 
ory and discrete orthogonal polynomials[15] and serves to find out their symmetry 
properties. Eq. (26) is well known as the semiclassical relationship holding for 
large values of the mock angular momentmn I[15]. 

In order to find the discrete counterparts of the functions exp(-~a9) ,  we 
generalize the one adopted in Ref.[12] for the trigonometric counterparts, using 
well known properties [31]. The kinematic angle varies in the range 0 _< 2~ < 2~r 
[for reactions with two identical atoms, such as those involving a homonuclear 
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molecule considered so far, the exchange symmetry allows to halve the interval[12] 
and use (real) trigonometric functions]. We divide the range into N equally spaced 
points: 

7r~,  
• ~ -- ~ - ;  u---- 1 , . . . , N  (27) 

and define the discrete analog of the exponential functions as follows: 

1 f }N : - - ~  exp(--~Truo'/2g) (28) 

The f~v coefficients are the elements of a unitary matrix 

N 
c N *  c N  j z .  j ~  ---- 5~, (29) 

u = l  ~ 2 u 

where the asterisk denotes the conjugate coefficient and 

N - 1  
Z cN* cN = (30) 

cr=--N+l 

For states of even parity, ~.e. symmetric when acted on by the inversion operator, 
N is an odd number and ~ takes only even values; for states of odd parity, N is 
even and ~ is odd. 

The equations (19) [or (26)] and (28) will next be exploited using the dis- 
crete analogs of the hyperspherical harmonics in Eq. (15) to turn the quantization 
problem in Eq.(17) into a form suitable for numerical applications (see also [13]). 

4 . 2  T h e  Stereodirected Representation 
The hyperquantization algorithm in the symmetric hyperangular parametriza- 
tion allows the transformation of the eigenvectors t ~  in Eq.(17) to a new basis 
(stereodirected representation), so to obtain new eigenvectors t~ .  labeled by the 
discrete variables ~- and u: 

t (31) 

where n = (A - ~ - 2[2)/4 denotes the degree of the Hahn polynomial and ranges 

from zero to I.  The coefficients Q ~ I  and f N have been defined in Eqs.(26) 

and (28). As apparent e.g. in Eq. (26), the interpretation in terms of angular 
momentum theory for the lattice size parameters (I and N) and the grid labels 
(T and u) shows that the transformation (31) is actually a vector recoupling. 
The projection-like w and u are the "steric" quantum numbers for this problem 
[32-37]. Through the use of discrete analogs of the harmonics in Eq.(15) we will 
obtain a very sparse and symmetric matrix representation for the kinetic energy 
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while, analogously to discrete variable representations [38], the potential energy 
matrix is diagonal. 

When the transformation in (31) is inserted into (17), multiplying the left- 
cN f l~ flI hand side by : } ~ , r  and summing over n and ~, one obtains explicitly the 

elements of the kinetic energy matrix: 

1 X~ cN*~"~I [16n(n + ~r/2 + f~ + 1) + (~r + 2f~)(rz + 2f~ + 4) K~-~r,~, - 2#p2 ~ j}~ ,~,,~ 

+15/4] _a} /  -N q.T, :~., (32) 

The sum over n can be performed analytically by exploiting Eq. (23); the result 
is a tridiagonal matrix with respect to the discrete variable ~-: 

K~.~,., = 2#p21 ~ f}N~ [--C(T')6~,r,_a + B(T')bT~-, -- C(T' + 1)5.,~,+]] f}N, (33) 

where 

B(7-) = (~ + 2~)(~  + 2~ + 4) + 15/4 + 16 [I(I /2  + 1) - 27- 5 + ( [ /2  + 7-)~/2 + ~] 
(34) 

are the elements along the main diagonal, and (see also Eq.(25)) 
1 

C(7-) = - 1 6  [(•/2 -- ~- + 1)( / /2 -- 7- + ~/2 + 1)( / /2 + ~-)(//2 + 7- + ~)]~ (35) 

specify the elements of the lower and upper tridiagona]s. 
In (33) the sum over a is easily carried out evaluating trigonometric functions 

at the lattice points. The kinetic energy matrix is block tridiagona] as in [12], 
the presence of fl now complicating only slightly the over-all structure. 

The orthogonal transformation in (31) is seen to approximately diagonalize 
back the potential energy matrix whose elements V,~,,~, were defined in Eq.(18): 

t 
f l ~ - I  N v(p,4e~-,2,:I,,,) = E :},~'N*~;"¢"~ V,~,.,,,,,(p) Q,,q., f~-v, (36) 

Indeed, for large 1, the sum over n = ~,- I~" I -21 a I)/4 is 

~, I + 1 ] ~ . . . .  Ve ._~=,~ (40) _~ 1 (37) 

only when (see Eq.(20)) 
-27- 

cos 40~ -- I + 1 (38) 

and zero otherwise. Identically for the sum over n ~. Similarly, for large N, the 
sum over ~ (and or') is 

exp(w'~) 
v / ~  f N ~ 1 (39) 
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when (see Eq. (27)) 

and zero otherwise. 
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7F/] 
= (40)  

Therefore the elements of the potential energy matrix are the values of the po- 
tential energy surface V(p,  40 , ,  2~v) at the lattice points labeled by the discrete 
values of T and u. In conclusion, in the symmetric hyperangular parametriza- 
tion and the present partition of the Hamiltonian, we have to solve the following 
algebraic problem 

t , . , . , ( p )  = (41)  
T/l~ 

to obtain the potential energy curves ¢~ as function of p at given values of Ft. As 
before, only elements K~.~,., with ~-t -- ~- and ~-~ -- ~- ± 1 are different for zero. 

4 . 3  T h e  p r o p a g a t i o n  s t e p  a l o n g  t h e  h y p e r r a d i u s  

The adiabatic eigenvalues e~ and eigenvectors t ~  are needed for calculating the 
reactive cross sections, solving a propagation problem along p. The scattering 
matrix for each total angular momentum J is obtained by integrating the following 
set of ordinary coupled second order differential equations in the hyperradius' 

{ 1  d 2 2 "~ 
J J + E) Fd ,(p) = Z U,,,F&,(p) + (42) 

where the matrices U and W J accounts for all the channel couplings. Explicit 
formulas are given in the literature [3, 4] and efficiently implemented by our al- 
gorithm. The construction of the interaction matrix U is straightforward, its 
elements being computed by treating the adiabatic eigenstates as a diabatic ba- 
sis. The matrix W J contains the rotational and Coriolis couplings. These are 
J-dependent terms arising when considering those remaining terms of the A 2 op- 
erator [compare Eq. (11) and (14)], which are not considered in the solution of 
the restricted adiabatic eigenvalue problem, see Eq. (13). 

To integrate the coupled-equations (42) (see e.g. [39]), the overlap between 
neighboring sectors obtained by discretizing the range in p, in our algorithm 
simply involves sums between eigenvectors computed at their centers p,~ and P,~+I 
of adjacent sectors: 

--- ~ t .... (p~) tj,~.(pk+l) (43) 
: r y  

The overlap matrix O is a square matrix and has dimension dictated by the num- 
ber of the adiabatic eigenstates to be taken into account to describe accurately 
the dynamical behavior at the collision energies considered. Typically all open 
channels and some of the lowest close channels have to be included. 



The A+BC Reacbon by the Hyperquantlzabon Algonthm 117 

In principle, one should include in (42) all f /values up to J' this can become 
a too demanding enterprise when J increases. Experience shows [3, 40] that  
indeed rapid convergence truncation to low ft is achieved for collinearly dominated 
reactions. 

5 C o n c l u s i o n s  and further  remarks:  t owards  four- 
a t o m  reac t ions  

The hyperquantization algorithm is a general quantum mechanical method for 
solving eigenvalue problems. In the theory of three-atom reactive scattering its 
applications are exemplified by calculating adiabatic eigenstates at fixed values of 
the hyperradius [13]. The algorithm is based on the hyperspherical coordinates 
approach, reviewed in Sec. 2, and exploits generalized vector coupling coeffi- 
cients (Hahn polynomials) as the discrete analogs of hypersphericM harmonics. 
Applying the recurrence equation, the symmetries, the orthogonality and the 
dual orthogonality properties of these polynomials has allowed us to develop an 
algebraic formalism that is shown to provide a tool to investigate the quantum 
dynamics of three-particle systems. The extension of the theory to J > 0 in the 
symmetric representation has been presented. 

From a computational point of view, the most attractive features are the 
sparseness and the high symmetry of the Hamiltonian matrix. Reactive cross 
sections calculated by applying the hyperquantization algorithm based on the 
symmetric hyperspherical coordinates on two benchmark systems, ~.e. the F+H2 
and He+H + reactions, are shown in refs.[13, 14] and refs.[18, 40], respectively. 

The F+H2 system offers the opportunity to investigate the effect of the excited 
electronic states on the reactivity. The open-shell electronic structure of the 
fluorine atom leads to multiple potential energy surfaces. Since the coupling 
among them due to the spin-orbit interaction is localized in the asymptotic region 
of the reactants, we expect the long range features of the interaction potential 
to be relevant for the dynamics. In the remainder of the configuration space 
the surfaces are dynamically uncoupled and the reaction proceeds only on the 
lowest potential energy surface. The treatment of the dynamics including excited 
electronic states and spin-orbit coupling has been initiated in [13] 

The three electron He+H + system is a prototype for an ion-molecule reaction, 
and has been considered as a case study to perform a dynamical test on differ- 
ent potential energy surfaces in order to provide a contribution to the present 
state of the concept of chemical accuracy. Quantum mechanical calculations of 
the reactive cross sections exhibit a rich resonance pattern: the results [40, 18] 
illustrate its dependence both on the nature of the potential energy surface and 
on the functional form used to fit the ab-initio data. 

An extremely important feature of this methodology is that it can be easily 
generalized to more complex reactions than a three-atom system. For tetraatomic 
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systems we have contributed [41, 8] to generalize the concept of symmetric (or 
democratic) hyperspherical coordinates, which proved very useful when applied 
to the study of the A + BC reactions. We have introduced hyperspherical coordi- 
nates in the space of kinematic invariants and written the associated Hamiltonian. 
Also, we have derived the interatomic distance fornmlae for the mapping of the 
potential energy surface. In addition, we have provided an analysis of body frames 
and their singularities [17]. The extension of the hyperquantization technique to 
four-atom systems is therefore an objective of future work. 

For the general n-body dynamics, hyperspherical and related systems of coor- 
dinates have also been analyzed [21]. Within a symmetric hyperspherical coordi- 
nates framework[19], these coordinates are conveniently broken up into external 
(or spatial) rotations, kinematic invariants (related to the inertia moments)[26, 
42] and kinematic (internal) rotations. This is a generalization of Eq. (4), see [19]. 
Kinematic and rotational coordinates describe collective and concerted motions, 
respectively. 

For a given value of the hyperradius, the space of kinematic invariants is the 
surface of a right spherical triangle and is described by two angular variables 
(with proper range), that leads to a tetrahedral (for tetraatomic systems) or an 
octahedral (for polyatomic systems, n_>5) tessellation of the sphere [42]. Alterna- 
tive parametrizations in this space are available [26]. Their usefulness was shown 
for the study of constrained intramolecular motions and for the collective motions 
of polyatomic molecules and clusters. The ammonia umbrella inversion motion 
near the oblate top configurations is a relevant example, but reactive scattering 
continues to be our target. Progress has also to be recorded regarding the de- 
velopment of the Hamiltonimls (see e.g. [8]), but nmch has to be done before 
numerical implementations be feasible for the A + BCD and AB + CD cases. 
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A b s t r a c t  
Sequences of distributed Gaussian basis sets are determined for the 

H + ground state at its equlibrium geometry. For basis sets containing 
2 n +  1, n = 3, 4, ..., 13, s-type Gaussian functions the variation principle 
is employed to determine optimal exponents and positions. The depen- 
dence of these optimal exponents and positions on the size of the basis 
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1 Introduct ion  

The  controlled reduct ion of basis set t runcat ion errors is an essential pre- 
requisite of a quant i ta t ive  quantum chemistry and recent years have wit- 
nessed a growing interest in the systematic implementat ion of the algebraic 
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approximation[I] [2], :.e. finite basis set expansions, in both non-relativistic 
and relativistic studies. Basis set truncation is often the dominant source of er- 
ror in contemporary molecular electronic structure calculations and it is there- 
fore not surprising that the development of basis sets continues unabated. For 
about fifty years the algebraic approximation in the form of the Linear Combi- 
nation of Atomic Orbitals (L. C.A.O.) method was regarded as the poor relation 
of the finite difference methods which have been employed in atomic structure 
calculations since the pioneering work of Hartree[3] in the 1930s. In the 1970s, 
it was recognized that the algebraic approximation facilitated the integration 
over the continuum that arises in the description of electron correlation by 
means of many-body theories[4]. In the 1980s, it was shown that in studies of 
the relativistic atomic and molecular electronic structure problem, the alge- 
braic approximation affords a representation of not only the positive energy 
branch but also the negative energy branch of the relativistic spectrum[5]. 
This facilitates the study of not only a relativistic many-body perturbation 
theory but also the covering theory, quantum electrodynamics[6]. Systematic 
implementation of the algebraic approximation has allowed, for example, the 
Dirac-Hartree-Fock energies of atoms to be determined to an accuracy which 
matches that achieved in finite difference calculations; typically 10 -s - 10 -9 
Hartree[7]. 

For molecules the situation is far less satisfactory[8] and, even in non- 
relativistic molecular structure calculations, the basis set truncation error is 
often seen as the largest source of error[l]. Molecular basis sets constructed 
from atom-centred subsets necessitate the use of functions of higher angular 
quantum number, g, if high precision is to be achieved especially in correlation 
studies. This has prompted a recent renewal of interest in the use of off-atom 
functions of lower symmetry. Atom-centred basis sets have been most widely 
used in molecular calculations but, in calculations designed to match the ac- 
curacy achieved in numerical Hartree-Fock studies of diatomic molecules, it 
has recently been shown that they can be usefully supplemented by off-centre 
sets [9]-[12]. Indeed, by including bond centred functions in a systematically 
constructed basis set for the ground state of the nitrogen molecule it has been 
possible to obtain an energy that is within a few #Hartree of the numerical 
result. The success of these calculations suggests investigation of the construc- 
tion of basis sets including off-atom basis functions in more general terms. 

A promising development is the distributed basis set[13] [14] in which the 
exponents and the distribution of the Gaussian functions are generated ac- 
cording to empirical prescriptions. It should be noted that Gaussian functions 
are particularly well suited for such a procedure since, unlike exponential basis 
functions, they do not introduce a cusp. This approach is distinct from the 
use Gaussian lobe functions[15] and the Floating Spherical Gaussian Orbital 
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(F.S.G.O.) model [16]-[18] in that there is no attempt to mimic higher har- 
monics directly and non-linear optimization is avoided. This allows the use 
of large basis sets resulting in high precision. However, a central problem in 
the distributed basis set approach is in deciding where the basis functions cen- 
tres should be placed. In previous work, both the position and the exponents 
for the functions comprising the distributed basis set have been determined 
by empirical prescriptions. The Gaussian cell model [19]-[22] , a distributed 
basis set in which s-type basis functions are arranged on a regular cubic lat- 
tice, has been reexamined and shown to support an accuracy approaching the 
1 /tHartree level for the total energy of one-electron diatomic and triatomic 
systems. The distribution of s-type basis functions based on a Laplace trans- 
form [23] relating elliptical functions and Gaussian functions has been shown to 
lead to systematic convergence for the hydrogen molecular ion. More recently, 
a stochastic variational approach has been applied to the nitrogen molecule 
[24]. 

The purpose of the present work is to investigate the optimal distribution 
and exponents for a sequence of Gaussian basis sets for the ground state of the 
hydrogen molecular ion at its equlibrium geometry by invoking the variation 
principle. The sequence of distributions and exponents thus obtained can then 
be used to devised empirical schemes for constructing distributed Gaussian ba- 
sis sets for larger systems for which the optimization of non-linear parameters 
would be computationally intractable. 

The Floating Spherical Gaussian Orbital (FSGO) method was pursued in- 
dependently in the late 1960s and early 1970s by Frost[16] [17] and by Hall and 
his collaborators[18]. The basis functions have the form 

and both the exponents, ~p, and the positions (Xp, yp, zp) are determined by 
invoking the variation principle. The total electronic energy is determined 
subject to the conditions 

OE OE - 0 , - - = 0 ,  vp (2) 

Details of the optimization procedures employed in the present study are given 
in [25] and [26]. 
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2 Variat ional ly  o p t i m i z e d  s - type  Gauss ian  ba- 
sis sets  for H + ground  state  

2.1 Tota l  e l ec t ron ic  e n e r g y  

The exact ground state electronic energy of the H + molecular ion at its equi- 
librium nuclear separation of 2 bohr is known to be -0.602 634 214 494 9 
Hartree [27] . We carefully optimized a sequence of distributed basis sets of 
Gaussian s-type functions for this one-electron system. The results are sum- 
marized in Table 1. In this Table, the basis sets are labelled 2 × n + 1. All 
basis functions are centred on points lying on the line passing through the 
nuclei (the z-axis). Basis sets contain an odd number of functions, have one 
function centred on the bond mid-point (z -- 0) and the remaining functions 
are distributed symmetrically. N denotes the total number of basis functions 
in a given basis set. Ig] is the reduced length defined by 

1 

where g~ denotes the gradients defined in (2) and M is the number of non-linear 
parameters. ]g] provides a measure of the quality of the optimization process. 
A records the difference between successive entries in Table 1 in #Hartree 
and ~ is the difference between a given entry and the exact energy, again in 
#Hartree. It can be seen that only 9 functions are required to support sub- 
milliHartree accuracy, 13 functions can support an accuracy of 100 #Hartree 
and 19 functions yield an energy which an accuracy below the 10 #Hartree 
level. A basis set of 25 functions is seen to be capable of supporting an accuracy 
at the sub-# Hartree level. 



Distributed Gaussmn Basis Sets Variat~onally Optimized s-Type Sets 

Table  1 
Total energies for the ground state of the H + molecular ion at 
R=2.0 bohr supported by a sequence of variationally optimized 
distributed Gaussian basis sets of s-type functions. 
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Basis set N E Ig] A 
2 x 3 + 1 7 -0.601 403 501 9.292 1230.713 
2 × 4+ 1 9 -0.602 318 718 3.891 915.217 315.496 
2 × 5 + 1 11 -0.602 512 544 7.358 193.826 121.670 
2 x 6-F 1 13 -0.602 552 422 1.082 39 .878  81.792 
2 × 7 + 1 15 -0.602 604 727 2.231 52 .305  29.487 
2 × 8 + 1 17 -0.602 623 991 0.782 19 .264  10.223 
2 × 94- 1 19 -0.602 629 211 0.783 5.220 5.003 
2 × 10 + 1 21 -0.602 630 565 0.065 1.354 3.649 
2 × 11+ 1 23 -0.602 632 233 0.351 1.675 1.982 
2 × 12 + 1 25 -0.602 633 514 0.055 1.281 0.701 
2 x 13 + I 27 -0.602 633 875 0.011 0.361 0.339 

Exact t -0.602 634 214 494 9 

Madsen and Peek[27] 

The energies reported in Table 1 should be compared with those reported 
by Wilson and Moncrieff [13] using an ad hoc distribution based on electric 
field variant basis sets associated with each of the nuclei, a subset located on 
the bond centre and another subset at off-centre positions beyond the nuclei. 
A near saturated set of s functions centred on each nucleus gives a total elec- 
tronic energy of -0.590 950 5 Hartree. Replacing these atom-centred sets by 
electric field variant sets lowers the energy to -0.602 274 4 Hartree, whilst 
adding bond centre functions gives -0.602 577 5 Hartree. The addition of 
off-centre subsets gives the lowest energy recorded in the study of Wilson and 
Moncrieff [13] -0.602 633 861 Hartree, which lies some 0.014 #Hartree above 
the lowest energy reported in Table 1. However, the distributed sets investi- 
gated by Wilson and Moncrieff were constructed from even-tempered subsets. 
No exponent optimization was undertaken. This ad hoc distributed basis set 
considered of a total of 150 basis functions (30 associated with each nucleus, 
30 located at the bond centre and 30 at each of the off-centre positions beyond 
the nuclei.) compared with the 27 basis functions in the largest of the sets 
employed in the present calculations. 

The difference, 6, between the energy calculated with a given basis set 2n+1 
and the exact energy is plotted as a function of n in Figure 1 on a logarithmic 
scale. It can be seen that 5 decreases monotonically with increasing n. The 
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Figure  1: Error in the  t o t a l  energy,  5, for the  basis  set  [2n + 1] p l o t t e d  as a 
f u n c t i o n  of  n.  
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curve is not entirely smooth and this is probably a reflection of the extent  to 
which the opt imizat ion procedure has achieved a minimum. 

2.2 Optimized distributions and exponents  

The  opt imized distributions and exponents for the eleven basis sets of s-type 
Gaussian considered in this work are collected in Tables 2, 3 and 4. In Table 
2, the results obta ined  for the smallest basis sets considered, the cases n = 
3, 4, 5 and 6, are presented. Because of symmetry,  there  are for the basis 
set designated 2n ÷ 1 only n + 1 unique exponents.  One basis functions must 
be centred on the bond  mid-point,  tha t  is (z = 0) and the remainder  are 
dis t r ibuted in pairs at  =t=Zp. The  basis function centred on the bond mid-point  
is given the index 1. The remaining functions are ordering according to their  
distance from the bond  mid-point.  

The  results obta ined for the cases n = 7, 8, 9 and 10, are collected in 
Table 3 whilst in Table 4 the optimal exponents  and basis function positions 
are given for the largest basis sets considered, the cases n = 11, 12 and 13. 

In Figure 2, the optimal  positions of the s- type Gaussian functions in the 
smallest basis sets considered, tha t  is n -- 3, 4, 5 and 6, are plot ted as a 
funct ion of the  basis function index. The  function with index 1 is restricted 
by symmet ry  to  be centred on the bond mid-point  and z = 1 corresponds to 
the nucleus. For the n -- 3 case, the remaining centres are roughly equidistant  
at z = 0.8, 0.9, 1.0. For the n = 4, 5,6 cases, n -  2 functions are located 
close to  the nucleus; obviously providing a description of the electron-nucleus 
cusp. The  remaining 2 functions lie at about  0.2 bohr from the nucleus, in the 
direction of the other  nucleus, and thus provide a description of polarization 
effects. 

The  optimal  positions of the s-type Gaussian functions in the basis sets for 
n = 7, 8, 9 and 10, are plot ted as a function of the basis function index in 
Figure 3. Here, in addit ion to the function at the bond mid-point,  a subset 
describing the electron-nucleus cusp and a polarizat ion subset, there is one 
function in each case which lies beyond the nucleus which could be interpreted 
as describing the depletion of the electron density from this region. For the 
sequence of basis sets considered in Figure 3, it is the number  of functions 
associated with the description of the region near the nuclei tha t  increases 
with n. 

In Figure 4, the optimal  positions of the s- type Gaussian functions in the 
largest basis sets considered, tha t  is n -- 11, 12 and 13, are plot ted as a 
funct ion of the basis function index. Here the single function lying beyond the 
nucleus observed in the cases considered in Figure 3 no longer arises. Somewhat  
more tha t  half  the functions in a given set are used to describe the wave 
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basis sets considered, tha t  is n = 3, 4, 5 and 6, plotted as a function of the 
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function in the region near the nuclei and the remainder are employed to 
describe polarization effects. 

In Figure 5, the optimal exponents of the s-type Gaussian functions in the 
smallest basis sets considered, that is n -- 3, 4, 5 and 6, are plotted as a 
function of the basis function index defined above on a logarithmic scale. For 
these smallest basis sets the plots are approximately linear and are reminiscent 
of the even-tempered sets. The basis function centred on the bond mid-point 
is the most diffuse, i.e. has the smallest exponent, whilst the function closest 
to the nucleus is the most contracted, i.e. has the largest exponent. 

Optimal exponents of the s-type Gaussian functions in the basis sets for 
n -- 7, 8, 9 and 10, are plotted as a function of the basis function index in 
Figure 6. Here the more diffuse function lying beyond the nucleus should again 
be noted. An approximately linear plot is observed for the more contracted 
functions in the region close to the nucleus. The function centred on the bond 
mid-point remains the most diffuse function in the set and the function located 
closest to the nucleus remains the most contracted. 

In Figure 7, optimal exponents of the s-type Gaussian functions in the 
largest basis sets considered, that is n -- 11, 12 and 13, are plotted as a 
function of the basis function index. Again, an approximately linear plot is 
observed for the most contracted functions in the region close to the nucleus. 
Furthermore, the function centred on the bond mid-point remains the most dif- 
fuse function in the set and the function located closest to the nucleus remains 
the most contracted. 
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Table  2 
A sequence of variationally optimized distributed Gaussian basis 
sets of s-type functions for the ground state of the H + molecular 
ion with n = 3, 4, ,5 and 6. 

Basis set N 

2×3+1 7 

2 × 4 + 1  9 

2 × 5 + 1  11 

2 × 6 + 1  13 

0.140 
0.430 
0.152 
0.852 

G zp 
711 3 (o) o 
208 1 (0) ±0.806 362 0 (0) 
571 8 (1) ±0.891 569 5 (0) 
346 3 (1) ±0.997 883 9 (0) 
~ z~ 

0.124 
0.349 
0.108 
0.462 
0.305 

6514  (0) 0 
759 9 (0) 4-0.793 591 9 (0) 
933 8 (1) t0 .854  232 2 (0) 
539 0 (1) +0.988 532 8 (0) 
893 5 (2) ±0.996 183 5 (0) 

0.114 
0.302 

0.864 
0.304 

0.133 

0.885 

729 9 (0) 0 
791 4 (0) ±0.789 042 5 (0) 
934 8 (0) ±0.825 382 3 (0) 
500 2 (1) ±0.979 979 0 (0) 
331 9 (2) +0.991 918 2 (0) 
739 4 (2) t0 .999 514 4 (0) 

0.113 
0.293 
0.807 
0.253 
0.889 
0.388 
0.259 

538 8 (0) 0 
355 9 (0) +0.792 675 3 (0) 
967 2 (0) +0.812 761 3 (0) 
104 0 (1) ±0.973 493 5 (0) 
358 9 (1) ±0.987 956 7 (0) 
951 8 (2) +0.998 914 5 (0) 
236 8 (3) ±0.999 599 9 (0) 
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Table  3 
A sequence of variationally optimized distributed Gaussian basis 
sets of s-type functions for the ground state of the H + molecular 
ion with n = 7, 8, , 9 and 10. 

Basis set N 

2×7+1 15 

2 × 8 + 1  17 

zp 
0.094 5658 (0) 0 
0.162 880 1 (1) 4-0.718 018 5 (0) 
0.229 128 5 (0) 4-0.760 686 2 (0) 
0.569 375 5 (0) =1=0.791 791 0 (0) 
0.561 555 2 (1) 4-0.984 175 1 (0) 
0.245 177 8 (2) 4-0.997 313 1 (0) 
0.163 368 1 (3) 4-0.999 399 7 (0) 
0.168 742 1 (1) 4-0.105 718 7 (1) 

zp 
0.087 159 4 (0) 0 
0.121 504 7 (1) +0.703 839 6 (0) 
0.201 304 2 (0) 4-0.753 815 9 (0) 
0.467 094 3 (0) 4-0.770 641 0 (0) 
0.358 854 2 (1) 4-0.975 336 5 (0) 
0.126 171 6 (2) 4-0.993 925 7 (0) 
0.553 799 2 (2) 4-0.998 600 0 (0) 
0.369 335 8 (3) 4-0.999 800 0 (0) 
0.123 937 2 (1) 4-0.108 982 2 (1) 
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Table  3 (continued) 
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Basis set N 

2 x 9 + 1  19 

2 × 1 0 + 1  21 

G z~ 

0.088 414 0 (0) 0 
0.109 195 9 (1) ±0.631 741 7 (0) 
0.438 794 3 (0) +0.751 322 4 (0) 
0.197 687 6 (0) -t-0.763 751 4 (0) 
0.260 480 7 (1) ±0.969 377 3 (0) 
0.724 464 4 (1) ±0.987 689 6 (0) 
0.222 955 2 (2) ±0.997 040 4 (0) 
0.790 382 9 (2) ±0.998 840 3 (0) 
0.348 065 7 (3) +0.999 844 7 (0) 
0.231 593 4 (4) &0.999 954 5 (0) 
0.102 231 2 (1) ±0.106 641 6 (1) 

0.086 599 5 (0) 0 
0.112 034 8 (1) ±0.663 952 5 (0) 
0.196 283 3 (0) ±0.756 381 6 (0) 
0.443 881 3 (0) ±0.760 684 7 (0) 
0.296 032 8 (1) ±0.971 248 1 (0) 
0.907 266 1 (1) ±0.990 947 9 (0) 
0.320 654 3 (2) ±0.997 801 4 (0) 
0.141 014 9 (3) ±0.999 400 0 (00 
0.941 305 8 (3) ±0.100 000 0 (1) 
0.110 002 9 (1) ±0.107 740 8 (1) 
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Table 4 
A sequence of variationally optimized distributed Gaussian basis 
sets of s-type functions for the ground state of the H + molecular 
ion with n = 11, 12 and 13. 

Basis set N 

2 x i i + 1  23 

2x12+1 21 

G 
0.083 083 0 (0) 0 
0.451 361 0 (0) 4-0.520 361 0 (0) 
0.121 124 5 (1) 4-0.524 986 2 (0) 
0.196 235 0 (0) 4-0.732 211 2 (0) 
0.272 272 0 (1) 4-0.972 007 3 (0) 
0.104 950 8 (1) 4-0.984 024 1 (0) 
0.447 486 0 (0) 4-0.988 004 9 (0) 
0.751 433 4 (1) 4-0.987 481 6 (0) 
0.227 496 0 (2) 4-0.997 366 6 (0) 
0.799 050 3 (2) 4-0.998 771 3 (0) 
0.349 957 7 (3) ±0.999 860 2 (0) 
0.232 779 6 (4) 4-0.999 953 0 (0) 

~p zp 
0.083 398 1 (0) 0 
0.784 841 0(0) +0.366 577 8 (0) 

0.358 978 0 (0) ±0.530 230 7 (0) 
0.223 742 9 (1) +0.568 555 5 (o) 
0.182 861 0 (0) 4-0.767 245 2 (0) 
0.105 959 2 (1) 4-0.947 901 8 (0) 
0.269 516 7 (1) +0.983 537 7 (0) 
0.728 696 4 (1) 4-0.987 070 8 (0) 
0.464 916 0 (0) 4-0.990 021 4 (0) 
0.222 145 4 (2) +0.997 098 6 (0) 
0.783 371 7 (2) 4-0.998 819 2 (0) 
0.344 075 5 (3) +0.999 844 4 (0) 
0.229 696 2 (4) 4-0.999 953 8 (0) 
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Basis set N 

2 × 13 + 1 23 

0.082 565 7 (0) 0 
0.761 678 0 (0) ±0.410 673 9 (0) 
0.345 619 0 (0) ±0.506 980 7 (0) 
0.211 070 6 (1) ±0.570 306 8 (0) 
0.178 753 2 (0) ±0.768 222 3 (0) 
0.100 487 6 (1) ±0.950 979 9 (0) 
0.243 218 1 (1) ±0.983 634 6 (0) 
0.614 265 8 (1) ±0.984 937 1 (0) 
0.446 132 9 (0) ±0.986 431 9 (0) 
0.170 160 4 (2) ±0.995 979 9 (0) 
0.522 443 2 (2) ±0.998 319 0 (0) 
0.184 642 3 (3) ±0.999 672 2 (0) 
0.811 832 6 (3) ±0.999 879 9 (0) 
0.542 254 8 (4) +0.999 991 4 (0) 

3 D i s c u s s i o n  a n d  c o n c l u s i o n s  

We have obtained a sequence of basis sets of increasing size for the hydrogen 
molecular ion containing only s-type Gaussian functions distributed along the 
axis passing through the nuclei. In each basis set both the exponents and 
the positions of the functions have been optimized by invoking the variation 
principle. A sub-#Hartree level of accuracy was achieved for the total electronic 
energy by using only 27 basis functions. 

The energy expectation values decreased monotonically with increasing size 
of basis set. The behaviour of the optimal exponents and positions has been 
analysed as a function of the basis set size. A qualitative explanation of the 
observed distributions of the basis functions and their exponents has been 
given in terms of the behavionr of the wave function in the regions close to the 
nuclei and in terms of polarization effects. The development of a quantitative 
explanation of the behaviour of the distributions and exponents as a function 
of basis set size requires further investigation. Progress in this direction will 
be reported. 
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Abstract 

In the present study of  the Rydberg spectra of  the methyl and silyl radicals, with 
the molecule-adapted Quantum Defect Orbital (QDO) method, we have sought 
and found important analogies between the spectral intensities of  analogous 
transitions in these isovalent molecules. Further similarities with the spectra of 
their isolated central atoms and their united atom limits has not only served the 
purpose of assessing the quality of  our calculations, but may also offer some 
relevant practical use. © 2001 by Academ,c Press 
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1. Introduct ion 

I Mar t in  et al 

Molecular Rydberg states are attracting increasing attention, partly due 
to their unusual electronic structure and spectroscopic behaviour. A number of 
molecules in specific Rydberg states have been detected as short-lived 
intermediates or transient species, in the mechanisms of  reactions that take 
place in terrestrial laboratories, in the atmosphere, and in different astronomical 
objects. The prediction of Rydberg spectra in molecules, as well as the 
interpretation of available observations, is constituting a challenge to the theory. 
Significant experimental advances have arisen in the last decade thanks to state- 
of-the-art laser spectroscopy techniques. Yet, there is great demand for 
theoretical data by the experimentalists. 

The methyl radical is one of the most important free radicals in chemical 
reactions. In the laboratory, CH3 has been confirmed to be a good reference to 
other transient species [1]. Evidence of its relevance in atmospheric and 
astrophysical chemistry is increasingly abundant, and its chemical and 
spectroscopic behaviour have been claimed to be of  great importance in the 
modelling of the interstellar molecular clouds [2]. Similarly, over the past 
decade, laser spectroscopic methods have placed the silyl radical among the 
best characterized transient polyatomic free radicals. Only the transient H 3 [3] 

and CH 3 radicals have yielded spectra that are more abundant with excited 
electronic states and are more accesible to rotational analysis [4]. 

The methyl and silyl radicals have been reported as playing an important 
role in deposition processes that take place in plasmas as well as in etching 
processes [5]. In plasmas for chemical vapor deposition (CVD) the densities of 
neutral radicals, such as CH 3 and SiH3, appear to be of  relevance in the thin film 
formation. Evidence indicates that the silyl radicals govern the growth of  silicon 
films during CVD processing of integrated circuit chips [6]. Information on the 
densities and temperatures of the plasmas are needed for the clarification of  the 
thin film formation mechanisms [7]. These may partly be obtained through the 
knowledge of transition probability data on the participating radicals. Sill3 may 
also exist in interstellar space, in view of the fact that silane has already been 
detected in the stellar atmosphere of a carbon-rich supergiant star IRC+10126 
[8]. It appears that the Si l l  3 radical should also be a candidate for astrophysical 
observation. 

The silyl radical is an isovalent analogue of the methyl radical and, like 
CH3, the S i l l  3 radical has been claimed to be a benchmark for determining the 
ability of theoretical calculations to analysing and/or predicting experimental 
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observations [9]. Both the methyl and silyl radicals possess low-lying electronic 
states that have been shown to be predominantly Rydberg in character [9- 12]. 

2. Molecular Rydberg states 

A very useful form in which to express a Rydberg series is: 

v, = T  - R / ( n - S t )  z (1) 

where v, is the frequency in cm -1 of  the transition, T is the convergence limit of 
the series, or ionization energy, R is the Rydberg constant, and n is a running 
integer identifying a particular member of  the Rydberg series. Written in this 
form, n may be taken as the true principal quantum number of  the excited 
orbital ("Rydberg orbital"). 5e is the "quantum defect", which typifies the entire 
series, although there are many cases in which the quantum defects of  the first 
few members of  a Rydberg series exhibit small variations before reaching a 
constant value. 

It has long been recognized that Eq. (1), which refers to transitions in the 
centrally symmetric field of an atom, can only be approximate for a polyatomic 
molecule of arbitrary nuclear configuration [13]. For sufficiently high members 
of  the Rydberg series the average radial electronic distance is many times 
greater than an average internuclear distance so that the nuclear field 
approximates a monopole rather well. It is, thus, to be expected that whilst Eq. 
(1) would predict the highest members of  the Rydberg series with sufficient 
accuracy, and give the ionization energy with the same accuracy, the lowest 
members might deviate, due to the finite extent of  the nuclear framework. 

The number of  Rydberg series which may be observed in a given 
molecule, and their intensity, is limited by the number and type of  atoms which 
make up the molecule, and the molecular symmetry. Consider a molecule of 
All, type. The degeneracy of  the atomic orbitals of  A in spherical symmetry 
will be removed, at least partly, in the lowered symmetry of  the molecular 
framework. This leads to Rydberg orbitals of  the same atomic symmetry but 
different molecular symmetry. Ryberg orbitals are often designated as n~F,), 
where n and ta re  the principal and angular momentum quantum numbers of  the 
orbital in atomic symmetry, and F 1 is the irreducible representation of the 
molecular point group to which the orbital belongs. 



148 

3. Selection rules for Rydberg transitions 

I. Mar t in  et al 

In the one-electron excitation picture of an A,H molecule, the strong 
transitions are expected to be those arising from the non-bonding orbitals on 
atom A to Rydberg orbitals centred on the same atom [14]. Of these transitions, 
the most intense will be those which obey the atomic selection rule A / =  ± 1 if  
they consist of  one-photon transitions, in addition to the selection rules of  
molecular symmetry and multiplicity. The requirement A / =  ± 1 has long been 
considered to be much less important than the latter. However, the differences 
between 2+1 and 3+1 resonance-enhanced multiphoton ionization spectroscopy 
(REMPI) spectra recently reported by Johnson and co-workers on the Sill 3 
radical [10-12] are explained by the A / =  ± 2, 0 for two-photon transitions and 
A l =  ± 3, ± 1 for three-photon transitions selection rule, as would one-photon 

transitions be explained by A / =  ± 1. Even though the t selection rules have 
been very seldom used, Johnson and Hudgens [12] claim that successful 
analyses of  both methyl and silyl radical spectra require that the electronic 
angular momenta, g, of  the initial and final electronic states be considered, since 
the initial and final states that produce Rydberg spectra have well-defined gs. 
These authors remark that the highest occupied orbital in the ground state and 
in each Rydberg state is comprised mostly of an atomic orbital of  the central 
atom, as Olbrich had predicted for both the methyl and silyl radicals, in an 
extensive configuration interaction calculation [9]. Johnson and Hudgens [12] 
expect the A/rule to govern the Rydberg spectra of  many other free radicals. In 
the ground state of  free radicals the highest occupied molecular orbital (HOMO) 
often consists primarily of  one atomic orbital which has a well-defined g. All 
lower MO's form a fully-occupied molecular core of  / = 0. The Rydberg states 
of  radicals are formed with this same molecular core and a Rydberg orbital of  
well-defined g. Thus, the Rydberg spectra of  these radicals should conform to 
the A•rule. 

4. Objectives of the present work 

It is the purpose of the present study to extend the available 
spectroscopic data on CH 3 and Sill 3 to higher Rydberg transitions . Our 
intensity and frequency predictions may aid in future experimental work. In 
order to assess the adequacy of our theoretical procedure, the Quantum Defect 
Orbital (QDO) method adapted to the treatment of  molecular Rydberg states 
[15], parallel results on the isovalent methyl and silyl radicals will be jointly 
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examined. In addition, the correctness of our results for C H  3 and Sill3 will be 
tested not only by a comparison of  the results for the two radicals but also by 
extending the comparative analysis to the calculated transition intensities for 
analogous n/- n ' g  transitions (that is, those with the same An and the same / 
and g values) in their respective central atoms, C and Si, and in the "united 
atom limits" of  C H  3 and Sill3, the flourine [16] and chlorine [17] atoms, 
respectively. 

Similarities in the intensities of analogous electronic transitions in all the 
six species might be anticipated on the following grounds. First, the methyl and 
silyl radicals are isovalent analogs. They possess the same outer electron 
structure in the ground state and, thereby, their Rydberg spectra may be 
expected to exhibit important resemblances [10, 12] (in the absence of 
accidental features such as the perturbation of  one or more states belonging to 
the same Rydberg series by a valence state of the same symmetry). Also, the 
electronic distribution of the Rydberg states in both the methyl atoms, 
respectively, in their excited states [10, 12]. In addition, over a decade ago, 
Herzberg suggested the existence of significant resemblances in the Rydberg 
spectrum of a molecule and that of  its united atom limit [18]. From here our 
interest in seeking further analogies in the spectra of C H  3 and F and Sill3 and 
C1, respectively. 

Not irrelevant to the above similarities are the ones we have recently 
reported [19] concerning the intensities of analogous transitions in homologous 
atoms, that is, atoms belonging to different rows of  the periodic table but falling 
in the same group. These similarities are based upon the compliance of  sum 
rules, whenever not very complex structures are involved and/or strong 
cancellation in the integrand of the transition integrals does not occur [20]. 

In other recent studies, such one involving a group of isoelectronic 
Rydberg radicals [21] we have also found that similarities in the spectral 
properties of analogous molecular systems can be established, and that those are 
of great usefulness. Not only for allowing the prediction of  the same type of 
properties in other molecular species analogous to the former, but also as a good 
tool for assessing the reliability of  our theoretical procedure. 

In the method that we have presently employed to calculate absorption 
oscillator strengths and Einstein emission coefficients for one-photon Rydberg 
transitions in the methyl and silyl radicals, the studied transitions have been 
restricted to those that not only comply with the symmetry and multiplicity 
constraints but also obey the A l =  4- 1 selection rule. This selection rule has 
obviously also been applied to our parallel calculations on the atoms. 
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5. M e t h o d  o f  calculat ion 

I Mar t in  et al 

The QDO formalism adapted to deal with molecular Rydberg transitions 
has been described in detail elsewhere [3] We shall, thus, only give here a very 
brief summary of  this method. 

The QDO radial wavefimctions are the analytical solutions of  a one- 
electron Schr6dinger equation that contains a model potential of  the form 

V(r)a_(C-cYaX2g+C-da+l) 1 (2) 
2r 2 r ' 

were a represents the set of  quantum numbers that define a given molecular 
state. Solutions of  this equation are related to Kummer functions. The parameter 
d~ is the quantum defect and c is an integer chosen to ensure the normalizability 
of  the orbitals and their correct nodal pattern; the number of  radial nodes is 

equal to n - g - c - 1 .  

The quantum defect, d, ,  corresponding to a given state, is related to the 
energy eigenvalue through the following equation (which is more specific for a 
given state a than Eq. (1) in Section 2), 

1 
E. = T -  2, n ___,2 , t  0-) (3) 

were T is the ionization energy. Both T and E~ are expressed here in Hartrees. 

The absorption oscillator strength for a transition between two states a 
and b may be expressed as 

2 ( E b _ E . ) Q { a  ---~b} [Rabl z f (a---~ b) =~ (4) 

were Q { a --~ b }, referred to as the angular factors, result from the angular 
integration, and the radial transition moment integrals are defined as 

= ( . (5) 

The detailed QDO algebraic expresions for the radial transition moments are 
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It is relevant to mention that with the quantum defect orbitals, all the 
radial transition integrals have closed-form analytical expressions, which offers, 
in our view, an important computational advantage. 

The values of  Q { a + b } for the symmetry group D3h , to which the 
Rydberg states of both methyl and silyl radicals belong are collected in Table I. 
In this and the remaining tables we are employing a notation for the molecular 
Rydberg states that is commonly found in the literature. The n lsymbol  of the 
atomic orbital to which the molecular Rydberg orbital can be correlated is 
followed by the symbol of the irreducible representation to which the Rydberg 
orbital belongs within the molecular symmetry group (in parenthesis), as 
indicated in Section 2. 

The Einstein probabilities for spontaneus emission, or Einstein emission 
coefficients, are related to the absorption oscillator strengths through the well- 
known expresion, 

Aba = 6.6702 x 1015 2-2 (ga / gb) f,b, (6) 

where the wavelength for the transition, 2, is in Angstroms, and Aba is expresed 
in seconds 4. ga and gb are, respectively, the statistical weights of the initial and 
final states in the absorption process. 

The energy data and quantum defects employed in the present 
calculations of intensities for vertical Rydberg transitions in the methyl and silyl 
radicals are discussed in the section that follows. 

Table I . Values of  non-zero angular factors 
Q{a+b} for D3h symmetry and for g= 0, 1, 2. 

Q{E'(p)  --~ A',(s)} = Q{A' , (s)  ~ A"2(p) } = 1/3 
Q{A' , (s )  --~ E'(p)} = 213 
Q{A"z(p) ~ A',(d)} = 4/15 

Q{A' , (d)  ~ E'(p)} = 2/15 
Q{E' (p)  --+ A',(d)} = 1/15 
Q{A"2(p) - +  E " ( d ) }  = Q{E'(p)  <-+ E'(d)} = 2/5 
Q{E"(d)  -+  A":(p)} = Q{E'(p)  ~ E,,(d)} = 1 / 5  
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6. Energy values and quantum defects 

I Martin etaL 

The methyl radical has been reported to be planar with a D3h geometry in 
its ground state and in all its Rydberg states, with an equilibrium bond length of  
107.95 pm [9, 22- 24]. The ground state o fCH 3 has the electron configuration: 

(la, ')  2 (2 al') 2 (le ')  4 (2 a,") '  ~," 2A2" 

The energy data chosen for our calculations have been the experimental 
values supplied by Herzberg [22, 23] and by Hudgens et al. [24]. For the 
ionization energy we have adopted the value of 79361.31 crn 4 measured by 
Houle and Beauchamp [25]. All these data are collected in Table II, where the 
same type of  data for Sill 3 has also been collected. For those Rydberg states for 
which no experimental energy values were found in the literature we have made 
use of  Eq.(1) with the quantum defects deduced from the spectral band 
assignments by Herzberg [22, 23] and those obtained by Olbrich in an extensive 
configuration interaction (CI) calculation [9]. 

The isovalent analog of  the methyl radical, the silyl radical, has been 
reported to have a pyramidal geometry in its ground state as well as in its 
conventional valence states, but planar, with a D3h geometry, in all its Rydberg 
states [9, 12, 26]. The bond lengths of Sill 3 in its ~" 2A 1 ground state are equal 

to 149.6 pm, with the H-Si-H angles being about 111.8 °. The Si-H bond length 
in the planar D3h geometry is equal to 148.2 pm. Johnson and Judgens measured 
an ionization energy of  65610 cm 4 [12]. The electronic structure of  the ground 
state of Sill 3 is the following 

(lal) 2 (2 al) 2 (3 a~) 2 ( l e )  4 (4 a,) 2 (2e) 4 (5 a~) ~ 2" 2A1 , 

where the molecular orbital and state notations correspond to a C3v symmetry, 
unlike that of  the D3h Rydberg states [12]. In both CH 3 and Sill 3 no substantial 
changes in bond length are expected for the different Rydberg states [12, 24]. In 
the present work we have always dealt with vertical electronic transitions. 

For Sill 3 we have adopted the experimental energy data supplied by 
Johnson and co-workers [11, 12], including the ionization energy. For those 
Rydberg states for which no experimental energies are available, we have 
followed the same procedure as for CH 3 and deduced energy values from 
reported quantum defects within a given Rydberg series. The energy data 
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Table II  . Rydberg excitation energies from the ground state and ionization 
energies for CH3 and Sill3. All values in cm -1. 

Rydberg state C H  3 Rydberg state Sill 3 

3s(aA]') 46200 4s(2Al') 38716 
3p(2E') 58770 3d(2E ') 41257 

3p(2A2 '' ) 59925 4p(2E ' ) 48052 
3d(2E ' ) 65639 4p(2A2 '') 48438 
4s(2Al') 65633 3d(2A~') 49787 
3d(ZE '') 66500 3d(2E '') 51602 
3d(2A~') 66799 5s(2A~') 53578 
4p(2E ') 69339 4d(2A~') 56253 

4p(2A2 '' ) 69736 5p(2E ' ) 56665 
5s(2Al ') 71872 5p(2A2 '') 56929 
4d(2E '') 72227 4d(2E '') 57726 
4d(2A~') 72349 6s(2Al') 58819 
5p(2A2 '') 73634 5d(2A1 ') 59615 
5p(2E ') 73452 6p(2A2 '') 60341 
6s(2At') 74655 6p(2E ') 60498 
5d(2E '') 74832 5d(2E '') 60705 
5d(2A~') 74895 7s(2A1') 61255 
6p(2E ' ) 75470 7p(2E ') 61986 

6p(2A2 '') 75567 7p(2A2 '') 62060 
IP 79364.31 IP 65610 

adopted in the present calculations for the methyl and silyl radicals are collected 
in Table II. 

Table III displays the quantum defects for six Rydberg series of C H  3 and 
Sil l3,  as  directly taken from the literature [9] or extracted from experimental 
energy data [11, 12, 22- 24]. The anomalously large quantum defects obtained 
by Olbrich [9] for the 3d (2E') state for both C H  3 (0.172) and Sill3 (0.88) are 
explained [9] in terms of a possible Rydberg-valence mixing. As no 
experimental data seem to be available for the 3d (2E') state or other members 
of the same Rydberg series, we have not thought it safe extrapolating higher 
energy levels in the same series with the same quantum defects. We have 
assigned to the higher members of five of the six Rydberg series of both 
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Table III. Quantum defects corresponding to the different Rydberg series 
studied in the present work for the radicals C H  3 and Sill3, their central atoms (C 
and Si) and their united atoms (F and C1). 

Rydberg state C CH~ F Si SiHa C1 
. . . . . . . . . . .  (n=n'=3) (n=4,n'=3) 

ns(2A1 ') 1.05 1.181 c 1.25 1.90 1.98 b 2.09 
(n+l)s(2A() 1.04 1.173 b 1.22 1.82 1.98 2.09 
(n+2)s(ZA() 1.173 1.98 
(n+3)s(2A() 1.173 1.98 

np(2E ') 0.62 0.6916 d 0.81 1.41 1.50 1.67 
(n+l)p(2E ') 0.60 0.6916 0.76 1.34 1.50 b 1.57 
(n+2)p(2E ') 0.6916 1.50 
(n+3)p(2E ') 0.6916 1.50 

np(2A2 '') 0.62 0.624 c 0.81 1.41 1.47 a 1.67 
(n+l)p(2Az '') 0.60 0.624 0.76 1.34 1.45" 1.57 
(n+2)p(ZAz '') 0.624 1.44 a 
(n+3)p(ZAz '') 0.624 1.44 

n'd(ZE ') 0.01 0.172 b 0.04 0.02 0.88 b 0.42 

n'd(ZE '') 0.01 0.079 c 0.04 0.02 0.22 b 0.42 
(n'+l)d(ZE '') 0.02 0.079 0.07 0.03 0.27" 
(n'+2)d(2E '') 0.079 0.27 

n'd(~A1 ') 0.01 0.045 ° 0.04 0.02 0.37" 0.42 
(n'+l)d(ZA~ ') 0.02 0.045 0.07 0.03 0.58 ~ 
(n'+2)d(ZA~') 0.045 0.72" 

"Deduced from assignments in the observed spectra [11, 12]. 
b As direetly reported from ab initio calculations [9]. 
c Deduced from assignments in the observed spectra [22, 23]. 
d Deduced from assignments in the observed spectra [24]. 

radicals a constant 5 value, as done in standard procedures [10]. In this form, we 
have been able to predict intensities for transitions which have not been 
observed experimentally yet, in the hope that this information may be useful for 
further spectroscopic assignments in CH 3 and Sill3 in the future. 
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Table III also contains the quantum defects for the central atoms of the 
methyl and silyl radicals, C and Si, as well as for the radicals' united atom 
limits, F and C1, respectively. The atoms' quantum defects have been extracted 
from their tabulated energy levels and ionization energies [27]. We may regard 
Table III as composed of  two groups of columns, one group comprising the 5 
values of  C, CH 3 and F, and the other group the quantum defects of  Si, Sill 3 and 
C1. The following remarks concern first the data displayed for each of  the two 
groups. Inspection of  the quantum defects of  any of the two groups reveals that 
in each Rydberg series (characterized by the value of  the well-defined [9, 12, 
24] orbital quantum number / and  by the irreducible representation F, to which 
the states belong), important similarities in the magnitude of  the quantum 
defects of  the three species (isolated central atom, molecule and united atom) 
occur. The value of fi is seen to increase along a horizontal line (a given 
Rydberg state) from left (isolated central atom) to right (united atom) in both 
the group of the methyl radical and that of the silyl radical. 

The lighter central atom (C or Si) exhibits the lowest quantum defect, 
the molecule an intermediate value, and the united atom (F or C1) the highest 
value of  the three. This feature helps to confirm the correctness of the 8 values 
adopted for CH 3 and Sill 3. As mentioned above, the Rydberg orbitals of  the two 
molecular species are essentially atomic orbitals centred on C or Si. Since C and 
Si are placed, within the radicals, in a more complex electronic environment 
than when they are isolated, their deviation from a hydrogenic behaviour is 
greater and, hence, their quantum defects are larger. However, not so large as 
those of  the united atoms, whose more complex internal structure leads to 
further deviations from a hydrogenic character and to larger quantum defects. 

Very similar comments can be made if one compares one of  the three 
species (the isolated central atom, the radical, or its united atom) from the group 
on the left- with the equivalent species from the group on the right-hand sides of 
Table III. For instance, the species in the middle of  each group, Sill 3 and CH 3. 
The two species possess the same outer electronic configuration, but Sill 3 has a 
more complex internal structure. From here its larger 5 value in an equivalent 
Rydberg state. 

7. Transition intensities. 

The transition intensities calculated with the molecule-adapted QDO 
methodology [15] for one-photon vertical Rydberg transitions in the methyl and 
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silyl radicals are presented in Tables IV and V both in the form of absorption 
oscillator strengths and as Einstein emission coefficients. In Table IV we have 
collected the transitions that involve the ground state of CH3, with ZA 1 (C3v) 
symmetry and that of Sill3, 2A2" (D3h). Both have been generally denoted as 
np(~,'). For the states belonging to the Rydberg series of CH 3 and Sill 3 the 

notation is consistent with that of  the D3h symmetry group, as they are all 
triangular planar [9, 10- 12, 22- 24]. 

The intensities of all the np(~ ' )  - n's(2A'0 transitions appear to be very 

close in magnitude for the two isovalent radicals, as happens with the intensities 
of the np(2Az ' ') - n's(2A'l) and np(ZE ') - n's(2A'0 transitions, which are 
displayed in Table IV. Very similar comments can be made as regards the 
intensity of each of the equivalent transitions for CH 3 and Sill3 of the two 
groups that involve n s  and n'p states and belong to different irreducible 
representations, collected in Table V. 

We have not performed calculations on transitions from, or to, the 
nd(2E ') Rydberg series of Sill 3 According to Johnson and Hudgens [12] the 
3d(2E ') state mixes with 3d(2E ' ') through a valence state of E' symmetry that 
lies close in energy. As a consequence, 3d(2E ') and 3d(2E ' ') are reported as not 
producing detectable REMPI spectra, and to be strongly dissociative [12]. From 
this anomalous behaviour may arise the large quantum defect predicted by 
Olbrich for the 3d(2E ') Rydberg state [9]. We have not dealt with other 
hypothetical states of either the nd(2E ') or nd(2E ' ') Rydberg series of Sill3, as 
their stability may also be questionable. However, transitions involving the 
above Rydberg series in CH3, which seem to be stable will be mentioned later. 

Up to this point we have only proved the existence of similarities in the 
intensities of analogous transitions for isovalent analogue radicals. We shall 
next refer to the oscillator strengths calculated for several multiplet transitions 
involving ns, np and nd orbitals in the respective united atom limits, F and C1. 
These are displayed in Table VI. The relativistic version of the Quantum Defect 
Orbital (RQDO) method [28, 29] has been used in the calculations. A rather 
good accord between the oscillator strengths for the analogous multiplet 
transitions of the homologous atoms F and C1 (that is, those which are written in 
the same row) is observed. This feature helps establishing the reliability of these 
data, on physical grounds [19, 20]. No f-values are assigned to the higher 
n'p - n'd doublet and quadruplet transitions of C1 because the involved energy 
levels have been found to follow a spin-orbit coupling scheme other than LS 
[16], unlike the lower levels with the same orbital angular momenta and, thus, 
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Table IV. QDO absorption oscillator strengths and Einstein emission 
coefficients for np(,~), np(2A"2), np(2E ') - n's(2A'l) transitions for CH3 and Sill3. 

Transition CH 3 (n=2) Sil l  3 (n=3) 

f,f 

np(,~,') - (n+l)s(ZA, ') 0.1568 

np(,~,') - (n+2)s(2A, ') 0.0170 

np(~, ')  - (n+3)s(2A~ ') 0.0055 

n p ( ~ ' ) -  (n+4)s(2A~') 0.0025 

(n+l)p(2A2") - (n+2)s(2Al ') 0.3106 
(n+l)p(ZA2") - (n+3)s(EA~ ') 0.0144 
(n+l)p(ZAz ") - (n+4)s(2Ai ') 0.0041 

(n+l)p(2E ') - (n+2)s(ZA~ ') 0.2989 
(n+l)p(ZE') - (n+3)s(2Al ') 0.0206 
(n+l)p(2E') - (n+4)s(EA1 ') 0.0062 

~(1 08S-~ ~f ifi(l~sTl) 

6.6969 0.1529 4.5861 

1.4656 0.0206 1.1833 

0.5686 0.0070 0.4846 

0.2788 0.0032 0.2403 

0.2027 0.3135 0.1657 
0.0411 0.0189 0.0408 
0.0178 0.0056 0.0184 

0.2818 0.3071 0.1877 
0.0708 0.0214 0.0496 
0.0313 0.0065 0.0227 

Table  V . Q D O  absorption oscillator strengths and Einstein emission 
coefficients for ns(ZA'0 - np(EE'), n'p(ZA"2) transitions for CH3 and Sill3. 

Transition CH3 (n=3) SiHz (n=4) 

flf 

ns(2A1 ') - np(EE ') 0.6034 
ns(ZA~ ') - (n+l)p(2E ') 0.0266 
ns(2A1 ') - (n+2)p(EE ' ) 0.0069 
ns(ZA~ ') - (n+3)p(ZE ') 0.0029 

ns(ZA~') - np(ZA2 '') 0.2994 
ns(ZA1 ') - (n+ 1)p(ZA2 '') 0.0199 
ns(2A~') - (n+Z)p(2A2 '') 0.0057 
ns(ZA~') - (n+3)p(ZA2 '') 0.0025 

A.(10Ss ' ) ~ f _  An(10Ss-l) 

0.2120 0.6629 0.1285 
0.0317 0.0254 0.0182 
0.0114 0.0063 0.0065 
0.0055 0.0026 0.0031 

0.1254 0.3338 0.0702 
0.0245 0.0185 0.0136 
0.0095 0.0053 0.0058 
0.0048 0.0022 0.0027 
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no direct comparison with the corresponding transitions in F can be made. 

In Table VII we have grouped the f-values for different sets of  
analogous transitions in the methyl radical, its isolated central atom and its 
united atom limit. Before comparing their magnitudes a few remarks are in 
order. Given that the atoms possess an infinite, higher symmetry than the 
molecule, the states described by a given ntnotation are symmetry-split in the 
radical. On the other hand, there may be several different terms and multiplets 
arising from a given outer nfatomic orbital if there are, as happens in both C 
and F, more than one electron in the outer n shell, whilst there is only one 
electron in each of  the n~(F,) Rydberg states of C H  3. The consequence of  the 
difference in the number of  analogous states in the atoms and the molecule is 
that a comparison in the transition intensities may only be made between the 
sum of the individual intensities in an n f -  n'/"supermultiplet" in the atoms and 
the sum of the intensities of  all the ng -  n'~" transitions that comprise all the 
different irreducible representations involved (if more than one) in the molecule 
(see the notation used in Tables VII-IX). A "supermultiplet" is [20] the group of  
multiplets with different L-value but the same spin multiplicity which arise 
from a given electron configuration in an atom. 

Therefore, the oscillator strengths that are shown in Tables VII to IX are 
the total ones for each group of  n / -  n ' l  transitions in the atoms and the 
molecules. These f-values exhibit very similar magnitudes in C, C H  3 and F 
(Table VII), Si, Sill3 and C1 (Table VIII) and the two groups of  homologous 
atomic and molecular species in the two precedent tables. It is apparent that all 
the f-values for the same nE- n ' l  transitions both in Table VII and Table VIII, 
in each of  which the two atoms and the molecule are homologous in the sense 
discussed above, conform generally very well. We have omitted most of  the 
np - n'd transitions from Table VIII because of the aforementioned deviation 
from LS coupling of the higher n'd levels of chlorine. These data are also 
omitted from Table IX where those of  Tables VII and VIII are jointly presented. 
The purpose of  building up Table IX is to show that similarities between the 
calculated f-values of C and Si, C H  3 and Sill3, and F and C1, respectively, are 
also apparent. This feature also confirms the correctness of  the present 
transition intensities, which rests on the physical grounds of  each pair of  species 
having the same outer electron structure. 
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Table VII. Oscillator strengths for analogous transitions in the methyl radical, 
its isolated central atom and its united atom limit. 

Transition C Transition CH3 Transltmn F 

2p 3P-3s 3p 0.1400 

3s 3p-3p 3(S,P,D) 1.0110 
3s 1P-3p 1(S,P,D) 1.0370 

3p 3P-3d3(p,D) 0.9310 
3p 3S-3d 3p 0.5430 

3p 3D-3d 3(P,D,F)0.8900 
3p tP-3d ~(P,D) 0.9630 

3p 1S-3d lp 0.3990 
3p ID-3d I(P,D,F) 0.8687 

3p 3P-4s 3p 0.2887 
3p 3S-4s 3p 0.2727 
3p 3D-4s 3p 0.2432 
3p IP-4s lp 0.2032 
3p IS-4s 1p 0.3166 
3p 1D-4s lp 0.3072 

2p 3p-3d 3(P,D) 0.1340 

2p(2A2")-3s(2Al ') 0.1568 2p 2p-3s2p 0.1519 

3s(ZAI")-3p(2A2",2E ") 0.9028 3s 2p-3p 2(S,P,D) 0.8673 
3s4p-3p4(S,P,D) 0.8377 

3p(ZAz")-3d(ZE",ZA1 ') 1.0045 3p ZP-3d 2(p,D) 1.1709 
3p(EE')-3d(ZE',2E',EAI') 0.9833 3p zS-3d Zp 1.2050 

3pZD-3dZ(P,D,F) 1.2010 
3p 4p-3d 4(p,D) 1.1620 

3p 4S-3d 4p 1.1749 
3p4D-3d4(p,D,F) 1.1789 

3p(ZAz")-4s(/A, ') 0.3107 3p ZP-4s 2p 0.2950 
3p(2E')-4s(ZA~ ') 0.2989 3p 2S-4s Zp 0.2858 

3p ZD-4s 2p 0.2690 
3p 4p-4s 4p 0.2582 
3p 4S-4s 4p 0.2984 
3p 4D-4s 4p 0.2776 

2p(2A2")-3d(2E '', 2A~') 0.1093 2p 2p-3d 2(p,D) 0.0415 

Table VIII. Oscillator strengths for analogous transitions in the silyl radical, 
its isolated central atom and its united atom limit. 

Transition S1 Transmon S1H 3 Transition C1 

3p 3p-4s 3p 0.1657 3p(ZA2")-4s(2A~ ') 0.1529 3p 2p-4s 2p 0.1603 

4s 3p-4p 3(S,P,D) 0.9646 4s(2At')-4p(2A2 ",2E') 1.0015 4s 2p-4p 2(S,P,D) 0.9362 
4s tP-4p ~(S,P,D) 0.9781 4s 4p-4p 4(S,P,D) 0.9033 

4p 3p-5s 3p 0.3035 4p(2A2")-5s(2A~ ') 0.3135 4p 2p-5s 2p 0.3026 
4p 3S-5s 3p 0.3098 4p(2E')-5s(2Al ') 0.3183 4p 2S-5s 2p 0.3097 
4p 3D-5s 3p 0.2741 4p 2D-5s 2p 0.2862 
4p Ip-5s Ip 0.2068 4p 4p-Ss 4p 0.2498 
4p 1S-5s tp 0.3219 4p 4S-5s 4p 0.3139 
4p ID-5s Ip 0.3131 4p 4D-5s 4p 0.2724 

3p 3P-3d 3(p,D) 0.2752 3p(2A2")-3d(2E '',2A~') 0.2884 3p 2p-3d z(P,D) 0.1448 
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8. Concluding remarks 

161 

The Quantum Defect Orbital method both in its non-relativistic 
molecule-adapted (QDO) and atomic relativistic (RQDO) formulations have 
been able to reproduce the expected similarities in the intensities of analogous 
Rydberg transitions in the isovalent molecules methyl and silyl radicals, as well 
as in those of  both their respective isolated central atoms and united atom 
limits. The same type of similarities have been reproduced for the homologous 
atoms C and Si, and F and C1, respectively, whenever the levels involved in the 
transitions comply with the same spin-orbit coupling scheme. We take these 
features as an assessment of the reliability of our theoretical procedures. 

Some practical consequences, such as the possibility of inter- or extra- 
polating data for other homologous atomic and molecular species, may be 
derived. 

It is hoped that some of the present data, and those of future 
calculations, may aid in spectroscopic measurements. 
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Abstract 

Ab - initio potential energy curves and coupling matrix elements of the 
2E÷molecular states involved in the collision of N 4÷ multicharged ion on helium 
have been determined by means of configuration interaction methods. The total 
and partial electron capture cross sections have been determined using a semi- 
classical approach in the 1 - 50 keV  laboratory energy range. The comparision 
with experiment shows the importance of the double capture channels. 
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I. ~TRODUCTION 

Electron capture by multiply charged ionic species on atomic and molecular 
targets have been shown to be important processes in astrophysics and controlled 
thermonuclear fusion research, in particular the study of reactions involving 
carbon, nitrogen and, more recently, boron has been stimulated by the need of 
precise data for diagnostics of fusion plasmas, Translational energy spectroscopy 
experiments have been carried out by McLaughlin et al. [ 1 ] on the state selective 
electron capture of N 4+ ions in collision with helium in the 4 - 28 keV impact 
energy range. They show evidence of a N3+(2p2/S dominant product channel, with 
contribution of other N3+(212l ') channels at higher energies which could not be 
interpreted by their MCLZ calculations [ 1 ]. This system has also been investigated 
experimentally by Okuno et al. [2], Hoekstra et al. [3] and Iwai et al. [4] who 
provided total cross sections for single and double electron capture but not 
accurate theoretical approach has been still performed. 
We have thus undertaken an ab - initio theoretical treatment of the N4+(2s) + 
He(ls 2) charge transfer process at keV impact energies, taking into account both 
single and double electron capture channels. From a theoretical point of  view, this 
is an extremely complex collisional system as we have to take into account, 
beyond the entry channel z~+{ N4+(2s) + He(is2)}, all the 2E+ and 21-I states 
correlated to the single N3+(2L21 ') + He(ls)} and {N3+(213l ') + He(ls)} levels, as 
well as those correlated to the {N2+(2s22p) + He 2+} and {N2+(2s2p 2) + He 2+} 
double electron capture channels. It seems thus reasonable in a first approach, to 
neglect the rotational coupling <~KI i Lyl ~tL> between Z and H states and consider 
only the transitions occurring by means of non-adiabatic radial couplings. The 
collision dynamics has been performed by means of semi-classical methods using 
EIKONXS algorithm. 

II- MOLECULAR CALCULATIONS 

The one-electron capture process has been shown experimentally [1] to be 
dominant on the {N3÷(2p2/S + He÷(ls)}capture channel contributions of 
N3÷(n=2) levels. From atomic data [5], this corresponds to very short range curve 
crossing interactions, far shorter than possible curve crossings between the entry 
channel and the N3+(213l) + He ÷ electron capture levels (Table 1). It seems thus 
reasonable for this problem to neglect the capture on the N3+(n=3) levels and 
calculate accurately the potential energy curves in the inner region mainly, then 
extrapolate the potentials for larger inter-nuclear distances taking into account the 
Coulomb repulsion term. 
The potential energy curves and the non-adiabatic radial coupling matrix elements 
have been calculated using the quantum-chemistry code MOLPRO [6]. 
The potential energy curves have thus been determined accurately for a large 
number of inter-atomic distances in the 1.2-5 a.u. range by means of a state- 
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average CASSCF/MRCI calculation using a direct algorithm [7,8] with 
configurat ion interaction. The calculation has been extended at the same level o f  
theory until R = 15.0 a.u. for the N3+(212l~ and N3÷(2s22p) and N3+(2s2p 2) levels. 
The basis o f  atomic functions used in to represent N and He xs the (16s, 10p, 5d, 
4fl6s, 2p, ld)  correlation-consistent polarized cc-pV6Z basis set o f  Dunning [9]. 
In order to obtain m a x i m um  flexibility, we have not  applied any contraction o f  the 
Gaussian primitives. 

Table 1. Asymptotic experimental energies [5] and crossing points for one-electron colhslon 
capture channels in the N4÷(2s)2S + He reactmn 

channel energy (a.u.) R~(a u.) 
I 

N4+(2s)2S + He 1.9428 
N3+(2s3d)3D + He + 1.9135 102.4 
N3+(2s3p)3p + He + 1.8495 32.1 
N3÷(2s3p)lP + He + 1.8431 30.1 
N3÷(2s3s)lS + He + 1.7718 17.5 
N3+(2s3s)3S + He + 1.7187 13.4 
N3÷(2p2)3P + He + 1.0724 3.4 
N3+(2p2)lD + He + 0.8606 2.8 
N3+(2p2)3p + He + 0.8001 2.6 
N3+(2s2p)lP + He + 0.5955 2.2 
N3+(2s3p)aP + He + 0.3065 1.8 
N3+(2s2)lS + He ÷ 0.0 1.5 

The asymptotic energy values extrapolated according to the Coulomb repulsion 
term are presented in Table 2 and are shown to be in relatively satisfactory 
agreement  with the experimental data [5]. The agreement  is somewhat  lower for 
N2+(2s22p)2p + He 2÷ and N2+(2s2)lS+ He ÷ levels, the difference energies between 
the N 2÷ levels being for their part correctly reproduced. The radial coupling matrix 
elements have been calculated b y  an analytic gradient program o f  the M O L P R O  
package.  Provided that a c o m m o n  set o f  molecular  orbitals is defined in a state- 

Table 2. Companslon with experimental data [5] of the 2~--~ states of (NHe) ~ 

channel experiment (a.u.) calculation (a.u.) 

N4+(2s)ZS + He 1.9428 1.9621 
N3+(2p 2) ~ S + H e + 1.0724 1.1006 
N3+(2p2)lD + He + 0.8606 0.8659 
N3+(2s2p2)lS + He 2÷ 1.0724 0.8855 
N2+(2s2p2)2D + He 2+ 0.7172 0.7341 
N3+(2s2p)lP + He + 0.5955 0.6040 
N3+(2s2p)3p + He + 0.3065 0.3040 
N2+(2s22p)2p + He 2+ 0.2574 0.2695 
N3+(2s2)lS + He + 0.0 0.0 
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average calculation for all the states involved, the required derivatives can be 
obtained by solving a set of coupled perturbed state-averaged CASSCF equations 
[10], the efficiency of the procedure arising from the use of analytic derivative 
methods [11]. The calculation has been performed with the parameter A -- 0.0012 
a.u. as previously tested [12] and with the origin of  the electronic 
coordinates at the center of mass of  the nuclei. We have not corrected the 
dependence with origin of  electronic coordinates of the radial coupling matrix 
elements by introducing electron translation factors, but we have imposed all 
couplings to be zero at R = 10 a.u. in order to avoid spurious couplings at long 
range. 
The 2Z+ potential energy curves and the radial coupling matrix elements are 
displayed respectively in figure 1 and figure 2. They show evidence of  a very 
sharp avoided crossing around R = 3.7 a.u. between the entry channel and the 
{N3+(2p2)Is + He +} capture level corresponding to the dominant product channel 
evidenced experimentally [1]. Broader avoided crossings are exhibited between 
the one-electron capture levels {N3+(2s2)lS + He +} and {N3+(2s2p)3P + He +} and 
between the double capture channel {N2+(2s22p)lS + He 2+} and the single charge 

-3+ 1 + exchange level {N (2s2p) P + He } around respectively 2.4 and 3.2 a.u.. 
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Figure I: Admbatic potenUal energy curves for the 2X states of NHe4÷.2Z smtes2dissoci+atmg to: l- 
{N3+(2~2)lS+He÷(ls)ZS}; 2-{NS+(2s2p)3p+He+(ls)2S}, 3-{N (2s .p) P+He }; 4- 

3+ 1 + 2 2+ 2 2  2+ 3+ 2 1  + 2 {N +(2s2p) P+He (Is) S}; 5-{N (2s2p+) D+He } ;+ 6- {N (2p) D+He (Is) S}; 7- 
2 2 2  2 3 2 1  2 4 2 2  2 {N (2s2p) S+He }; 8-{N (2s) S+He (Is) S}; 9-{N (2s) S+He(ls ) 

Furthermore, our calculation exhibits an intricate interaction region observable 
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for 3.44-3.6 a.u. inter-atomic distances corresponding to avoided crossings 
between the {N3+(2p2)lS + He+}, {N2+(2s2p2)2S + He 2+} and {Ne+(2s2p2)2D + 
He 2+} levels as well as the {N3+(2p2)lD + He+}channel by means of the long 
range crossing between {Ne+(2s2pe)2D + He 2+} and {N3+(2pe)lD + He +} which 
has been considered as quasi-adiabatic since it occurs at a relatively long range 
inter-nuclear distance. 
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Figure 2: Non-adiabaUc radial coupling matrix element between 2~ states of NHe 4+ 
(same labels as in figure I) 

Such potential energy curves show evidence of a very complex charge exchange 
mechanism, including both single and double capture channels, which might be 
described by an extensive collision treatment. Such a complete treatment appears 
difficult to handle, thus we have considered here only the main capture channels 
in order to be compared to the experimental results. 

III- COLLISION DYNAMICS 

The collision dynamics has been treated by a semi-classical method using the 
EIKONXS program [13] based on an efficient propagation method in the 1-50 keV 
laboratory energy range, in order to be compared to the experimental data, in 
particuler the state selective translation energy spectroscopy experiment of 
McLaughlin et a.1. [1]. The total and partial cross sections are presented in figure 
3. As far as the single electron capture process is concerned, our calculated values 
are in satisfactory agreement with the experimental results of Iwai et a.L [4], and 
to some extent, with those ofHoeksra et a.L [3] which are somewhat lower for all 
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collision energies. As the results of  McLaughlin et a.L [1]are calibrated on the 
total single capture cross sections of  Hoekstra [3], their partial cross sections 
should then be shifted to lower values. It is clear from our calculation, in 
accordance with the observation ofMcLaughlin et a.l. [1], that the single electron 
capture process is dominant on the {N3+(2p2)IS + He +} product channel. Our 
calculations show also in creasing partial cross sections on {N3÷(2pe)lD + 
He+}and {N3+(2sZ2p)IP + He+}channels with increasing collision energy. 
Nevertheless, our values are markedly lower than those of McLaughlin et a.l.[1] 
and could hardly account for the peaks B and C at 28 keV. 
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Figure 3: Total and parttal cross-secUons o f  single and double electron capture with respect  to 
laboratory energies. - -  SEC : total cross sectton o f  single electron capture; - -  DEC: total cross 
secuon o f  double electron capture; - -  - SECI:  total cross secUon on N3+(IS)+ He+; SEC2 . 
partial cross section on N3+(IS)+ He' ,  - -  SEC3: partial cross section on Na+(IP)+ He+; - - -  DEC I: 
partial cross secuon on N2+(2S)+ He"+; - -  DEC2: partial cross section on Nz+(ZD)+ He2+; o: total 
SEC (Iwal etal. [4]); +: total SEC (Hoekstra etaL [3]) ; *: total DEC (Hoekstra etal. [3]) 

The present figure exhibits also the importance of double electron capture levels, 
in particular the {N3+(2s22p)2S + He2+}channel which could not be neglected in 
the consideration of the N 4- + He charge transfer process. Our total double 
electron capture cross sections are necessarily significantly lower than the 
measured values of Hoekstra et al. [3] because, in this study, only the N2+(2s22p) 
and N2+(2s2p 2) double capture levels have been considered since we were 
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essentially interested in the single electron capture process in relation with the 
experiment of McLaughlin et aL[1]. The Ne+(2p 3) and even the N2+(2s231) or 

2 +  r r N" (21213l ') levels should be taken into account in a complete approach of the 
charge transfer reaction. Such a calculation might be considered as a first approach 
of this very complex collision system which provides however a first insight into 
the N 4÷ + He charge transfer mechanism and improves markedly the MLZ 
approach. A complete calculation has to take account of an even greater number of 
levels, in particular double capture channels which have been shown to be in tight 
interaction with the single capture channels and are necessary to have an accurate 
interpretation of both single and double electron capture mechanism, as well as 
excited He levels intervening in the single capture process with target excitation 
N 4+ + He ") N 3+ + He÷(2l) [3]. Further calculations are in progress. 
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Abst rac t  

An intermediate Hamiltonian Fock-space coupled cluster method is introduced, 
based on the formalism developed by Malrieu and coworkers in the context of 
perturbation theory. The method is designed to make possible the use of large 
P spaces while avoiding convergence problems traceable to intruder states, 
which often beset multi-reference coupled cluster approaches. The essence of 
the method is the partitioning of P into a main Pm and an intermediate P~ serv- 
ing as buffer, with concomitant definition of two types of wave and excitation 
operators While Malrieu's formulation eliminated P,~ ~ P, tranmtions up to 
third order only, the requirement introduced here that P,~ ~ Q amphtudes 
of the two excitation operators be equal makes posmble an all-order method 
without these dangerous transitions. This requirement is shown to be satis- 
fied for sufficiently large P,. Application to atomic barium and radmm yields 
converged results for a large number of states not accessible by traditional 
Fock-space coupled cluster. Moreover, states calculated by both methods ex- 
hibit better accuracy (by a factor of 2-5) in the intermediate Hamiltonian 
approach. Excellent agreement with experiment (better than 0.01 eV) is ob- 
tained for the electron amnities of alkali atoms, and excitation energies of Xe 
and Rn, not accessible by the traditional coupled-cluster Fock-space method, 
are calculated showing high accuracy. © 2001 by Academ,c P . . . .  
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1 I n t r o d u c t i o n  

The coupled-cluster (CC) method is one of the most powerful tools for atomic 
and molecular calculations [1]. The basic idea of the method [2] involves an 
exponential wave operator at, which takes the zero-order wave function ~0 into 
the exact wave function ~, 

f~[~0) = IgJ), t2 = expS, {1) 

where ,_q is the excitation operator. Intermediate normalization is usually as- 
sumed, 

= 1. (2) 

This formulation is adequate for single reference systems, which may be de- 
scribed approximately by one determinant. In other cases, such as most excited 
s t a t e s  or near curve crossings, a multireference method is required [3]. Mul- 
tireference schemes involve partitioning the eigenfunctions of the zero-order 
Hamiltonlan H0 are into a model space P and its complementary Q, 

P = Q = 1 - P .  ( 3 )  

c, E P  

The goal is to construct an effective Hamfltonian in P, the matrix elements 
of which include the approximate contribution of Q. The elgenvalues of the 
effective Hamiltonian give the energies of states with major components in P. 

The most successful multireference coupled cluster method has been the 
Fock-space (FSCC) approach [3], which provides highly accurate transition 
energies and other atomic and molecular properties [4, 5]. The Fock-space 
scheme starts from a reference determinant, usually closed-shell, and reaches 
the states of interest by adding and/or removing electrons to that determinant 
The method is valence universal, meaning that one S operator is used for a 
manifold of states with different numbers of valence electrons. Starting from 
the reference determinant, S is written as a sum of sector excitation operators 
S('~''~), describing states with n valence holes (electrons removed from the 
reference) and m valence particles (electrons added), 

s-- E Z (4) 
rL i n  

Haque and Mukherjee [6] showed that the partitioning allows for partial de- 
coupling of the Fock-space CC equations. The equations for S ("'m) involve 
only ,5 '(k'z) elements with k _< n and l _< m, so that the very large system of 
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nonlinear coupled equations separates into smaller subsystems, solved consec- 
utively. The equations for ,S '(°'°) are iterated to convergence, ,q '(1'°) and S (°'1/ 
are then solved using the known S (°'°), and so on. 

After the equations are solved in a particular sector, the effective Hamflto 
nian in that sector (assuming intermediate normalization) is constructed by 

Hdf  = P f ~ H P  (5) 

The elgenvalues of Herr give the correlated energies of states in that sectoi 
relative to the correlated energy of the reference determinant 

The coupled cluster equations in each sector are solved lteratively Con- 
vergence of the iterations is enhanced by having a large energy gap (and weak 
interaction) between the P and Q subspaces. A partitioning satisfying these 
conditions cannot always be affected, in particular if the simpler and more 
satisfactory complete model space method is employed, with P comprising 
all possible distributions of the valence electrons in a selected set of valence 
orbitals. This situation often leads to intruder states [7 11], Q-space states 
which couple strongly with P states and cause large excitation amphtudes 
and difficult or no convergence. The problem may sometimes be overcome 
by introducing an incomplete model space [8,9, 12 15], which includes only 
the most strongly interacting state functions and leaves out potential intrud- 
ers This is not always possible; in addition, an incomplete space makes the 
me~hod more complicated and is not always compatible with connechvity in 
the intermediate normalization formalism [13, 16-18]. 

Malrieu et al [11], working in the framework of low-order degenerate per- 
turbation theory, realized that convergence difficulties and intruder states ie- 
sult fl'om the strict requirements imposed on the effective Hamiltonian, namely 
that all its roots must approximate eigenvalues of the real Hamiltonian H, and 
its eigenvectors must be the projections on P of the corresponding elgenvec- 
tors of H. This observation led them to propose a method for the construction 
of an intermediate Hamiltonian, where only some eigenvalues are reqmred to 
approxnnate those of the real H. Instead of the traditional partitioning of 
the determinant space into P and Q subspaces, Malrieu introduced three sub- 
spaces: the main space P,~, the intermediate P,, and the complementa.ry Q 
The corresponding operators satisfy 

G ~ + £ = P ,  P + Q = I .  (6) 

The equations for tile wave operator are now solved in two steps. At first, only 
P,~ --+ Q excitations are included, which (for adequate P,) should be relatively 
easy, since P, serves as a buffer between P,~ and Q, assuring a comfortable en- 
ergy separation and avmding the occurrence of intruder states. Next, another 
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set of equations is solved, involving another (pseudo)wave operator describing 
all P --+ ('2 excitations. This is not an exact wave operator because it is re- 
quired to generate exact energies and P projections only for P,, states. The 
relevant equations include an arbitrary energy constant, which may be chosen 
so as to expedite convergence. This separation has been achieved by Malrieu 
et al. [11] up to third order only; P~ --+ P~ excitations appear in fourth and 
higher orders of the perturbation. 

The intermediate Hamiltonian method is extended here to the Fock-space 
coupled cluster scheme. While Malrieu et al. [11] assumed exact degeneracy 
of the model space, we allow more general spaces; and, more important, in- 
stead of the perturbation theory framework, the method presented here is 
an all-order intermediate Hamiltonian Fock-space coupled-cluster (IHFSCC) 
scheme. While the coupled cluster method may be regarded as an infinite- 
order summation of perturbation terms, an intermediate Hamiltonian coupled 
cluster scheme cannot be obtained as a straightforward extension of Malrieu's 
method, since the P~ -+ P, excitations appearing in fourth and higher orders 
would create divergences. The formalism derived below avoids these dangerous 
excitations altogether. As will be shown in the next section, the crucial step 
in avoiding these excitations involves the equality of the two wave operators 
discussed above for P,~ --+ Q excitations. Other intermediate Hamiltonian 
schemes have been described in the framework of coupled-cluster [19, 20] and 
configuration interaction [21] approaches. A similar scheme has been proposed 
by Heully et at. [22] m the framework of quasidegenerate perturbation theory. 
The self-consistent quasidegenerate coupled-cluster method of Hoffmann and 
Khait [23] uses similar partitioning of the function space. 

The aim of the IHFSCC method is to avoid intruder states, which slow 
or even prevent convergence, while employing large coruplete model spaces. 
Completeness of the model space allows the use of the simple and convement 
intermediate normalization, with finite expansion of the cluster equation and 
straightforward connectivity and energy extensivity The large model space 
improves the description of the wave function and is expected to yield more 
accurate energies and other properties; higher excitation energies, not accessi- 
ble by tra&tlonal CC methods, may be obtained. 

The basic coupled-cluster equations, following Lmdgren's approach, have 
the form [24] 

Q[S, Ho]P -~- Q (V~'~ - ~ P V ~ )  . . . .  P , (7) 

where the Hamiltonian is partitioned in the usual way, 

H = Ho + V, (8) 
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f ~ :  I + X =  {expS} (9) 

is the wave operator, S is the excitation or cluster operator, and the curly 
brackets indicate normal order with respect to the reference determinant. The 
left-hand-side of (7) gives rise to denominators of the type QHo - PHo,  which 
may be small if the P and Q spaces are not well separated, leading to con- 
vergence problems. The crux of the intermediate Hamiltonian method is the 
definition of the intermediate space P,, which serves as a buffer between P,~ 
and Q, ehminating small denominators. Correlation is treated m two stages 
dynamic correlation, due to Q-space determinants, is included by the wave 
operator; non-dynamic correlation, contributed by the P space, comes in by 
diagonalizing the intermediate Hamiltonian in the whole model space P, which 
includes both the main P,~ and intermediate P,. The cluster operators and the 
intermediate Hamiltonian (which plays the role of the effective Hamiltonian in 
FSCC) are connected if P,~ and P are complete model spaces, so that calcu- 
lated energies are size-extensive [18]. 

The IHFSCC method has been described briefly in a recent publication [25], 
together with a pilot application to excited states of Sc +. A full presentation 
is given m the next section, followed by applications to a variety of atomic 
systems, with comparisons to experimental and FSCC values. 

2 M e t h o d  

2.1 Wave operators and Bloch-type equations 

The complete model space P is partitioned into a main space P~ of dimension 
N,~ and an intermediate space P, of dimension N,. The orthogonal space 
is Q = 1 - P, with dimension Nq. The goal is to obtain an intermediate 
Hamiltonian HI in P with N,~ exact solutions of the real Hamiltonian [11], 

H I P [ ~ , ~ )  = E ~ P I g ~ )  , (10) 

where ~n~ are the eigenstates of the exact Hamiltonian with the largest com- 
ponents in P~, 

H[~) = E~I~ ) . (11) 

It should be noted that P[9,)  and the corresponding E~ are not required to 
be the exact eigenfunctions and eigenvalues of Hr; they are apprommatlons, 
which may be more or less accurate. The requirements on HI are thus less 
stringent than those of the FSCC effective Hamiltonian, which is expected to 
yield maximal information on all the states of P. This flexibility contributes 
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to an easier convergence of the CC iterations. The diagonalization of HI in 
the whole P is designed to include non-dynamic correlation coming from P,,~ 
as well as P~ states. 

Two wave-like operators are defined [11] and expanded in coupled-cluster 
normal-order exponential anzgtze [24]. f~ = 1 + ,y is a standard wave operator 
in Pm 

~2P~1¢~> = {exp S}Pml%~) = I%~), (12) 

satisfying the wave equation 

(0 + P~)aHf~Pm = (Q + P~)HaP.~. (13) 

Equation (13) act ua] ly represent s (N,  + Nq ) x Nm equations for the (Q + P, )f~ P~ 
amplitudes It should be noted that the effective Hamlltoman corresponding 
to f~, P,,~Hf~P~, yields the eigenvahes for gJ~ states only. The wave equation 
(13) leads upon projection by Q to the coupled cluster equation 

O,[s, Ho]f,~ = C2(V~ - x f ~ V f ~ ) P m ,  (14) 

where the bar indicates summation over connected terms only. 
Another operator, R = 1 +A,  is defined in the whole P. The corresponding 

coupled-cluster ansatz is 

/~PIO~) = {expT}P]¢ ~ )  = I ~ ) .  (15) 

It should be emphasized that the last equation, and therefore all equations 
below derived from it, apply when operating on I ~ )  but not necessarily on 
[k~). Thin feature distinguishes R from a bona fide wave operator. Using 
intermediate normalization we get 

a = aE,~ = P,,, + (Q + P,)xPm, a2 = a ,  (16) 

and 

R = R P  = P + Q A P ,  R 2 = R. (17) 

The intermediate Hamiltonian has the form 

HI = P H R P .  (18) 

Using (11) and (15), it is easily seen that / t i  of (18) satisfies (10): 

H z P I O m )  = P H R P I O m )  = P H ] ~ )  = E~PlgJm)  . (19) 
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To find the energies one has to determine the amplitudes of the cluster operator 
QTP. 

Operator relations between A and :g can be derived using equations (12,15) 

RPIcm) = RaP ,~ I% )  = I % )  = a P , ~ l ' ~ ) ,  (20) 

which leads to 

RaP~ =UPm. (21) 

Using (16,17) and left-projecting unto Q, we get 

QAP~xP.~ = Q(k - A)P.~. (22) 

The system (22) includes Nm x Nq equations The quantities to be determined 
are QAP, and QAP,~, with a total number of Nq × (Nm + N,). This leaves 
N, x Nq degrees of freedom, which may be used, for example, to choose QAP, 
at will, after which QAP,~, may be found from (22). This freedorn is used in a 
different way below. 

Starting fi'om the intermediate Hamiltonian equation (10) multiplied on 
the left by f~ and using (11,12,15), one gets 

a H ,  P I % )  = a E , ~ P l % )  = E , ~ a P . I % )  = Z ,~ l%)  = H I % )  = HRPICm), 

which together with (18) yields the wave equation 

Qf~HRPIqJ~) = QHRPIqJm). (23) 

Equation (23) is a system of dimension N,, × Nq. The N, x Nq degrees of 
freedom discussed above are now used to ensure that a similar equation is 
satisfied for [~,) states too, 

Q a H S P I ¢ , )  = QSRPI~ , ) .  (24) 

It is now possible to combine (23) and (24) in an operator relation [11] 

QFtHRP = QHRP. (25) 

This is a wave-like equation. A real wave equation would have R rather than 
f~ in (25). 
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2.2 Coupled cluster equations 

Using arguments similar to those of Lindgren [26], it is shown in appendix A 
that  equation (25) may be written in connected form 

Q H R P  = Q x H R P .  (26) 

The last equation may be generalized by introducing an arbitrary energy pa- 
rameter E, 

Q ( E  - H ) R P  = Q x ( E  - H ) R P .  (27) 

The solution R of (27) satisfies the basic equation (22). The partitioning (8) 
and the expressions (16) and (17) lead to 

Q ( ( E  - H o ) R ) P  - Q ( V R ) P  = QxP,~(E  - Ho - V ) ( P  + Q A P ) .  

Assuming that H0 is a one-body operator, and using the relation 

Q ( k P ~ ( E  - Ho)(P + QAP))  = Q S ( E  - H0)P,,,, 

the first cluster equation for the (n) sector of the Fock space is obtained, 

(E - Ho)QT('~)P = Q ( S ( E  - Ho)Pm + ( V R )  - (xPmVR))( '~)P. (28) 

Equation (26) yields 

Q H R P , ,  = Q ~ H R P m ,  

which may be rewritten as 

Q S H o P ~  - Q H o T P ~  = Q ( V R  - ~P,.Vf~)P.~. 

Starting again from (26), one gets 

QHRP,~P,n  = Q ~ H R P ,  xPm, 

whmh gives 

-QHo~rP,~ = Q ( V R P ,  x - x P m V R P ,  k)P,~, 

where cr is defined by 

(29) 

(30) 

Q~P~ -- QA-P~xP.~. (31) 
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Table 1: Dependence of Q(~P.~ on size of P~. Test on Mg atom, with a 
18s13p8d4f basis. Mg 2+ is the reference state, 2s2p electrons are correlated, 
P,~ includes all Mg determinants with 3s, 4s, 3p, 4p, and 3d electrons. 

P, orbitals @rP,~ amplitudes 
5-6s, 5p, 4d < 10 .3 
5-7s, 5-6p, 4-5d, 4 f  < 10 .4 
5-8s, 5-7p, 4-6d, 4 -5f  < 7 • 10 .6 

It is shown in appendix B that this definition, together with (22), gives 

Q~Pm = Q ( s  - T)P.~. (32) 

The two equations (29) and (30) together give Eq. (14), confirming the con- 
sistency of using the available degrees of freedom to derive equation (25). 

Relation (30) may be rewritten as the commutator relation 

Q[~,, Ho]P~ = Q(~Ho + v ~ P ~ x  - x P m V R P ~ x ) P ~  (33) 

The last equation shows that cr gets smaller as the intermediate space P, be- 
comes larger. The denominators coming from the left-hand side of the equation 
become large, because they involve energy differences between well-separated 
P~ and Q states, the interaction terms on the right-hand side are at least 
second-order in V, and always include products of P~ --+ P, and P, --+ Q inter- 
actions For a large P, separating P,~ and Q, both interactions cannot be large 
at the same time. P, may therefore be chosen so that cr virtually vanishes, as 
we indeed found in test calculations (see Table 1). For ~r -+ 0, (32) gives 

QSP.~ ~- QTPm. (34) 

QTP,~ in equation (29) may theiefore be ieplaced by QS'P,~, yielding the 
cluster equation for S, which in the (n) sector of the Fock space has the form 

Q[S (~), Ho]P~ = Q(VQ,f~ - ~PmVQ,f~)c~) P~, (3,~) 

where Q~ = 1 - P, = Q + P,,. It should be noted that f~ in (35) was obtained 
from R in (29) when QTP,~ was replaced by QSPm. No P~SP,~ elements will 
therefore appear in (35) 

Equations (28) and (35) are the working equations of the intermediate 
Hamiltoman Fock-space coupled cluster method. Eq. (35) has the same form 
(and, consequently, the same diagrammatic expansion) as the conventional 
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I v t-t 
b c 

t ' / t - t  
d e f" 

9 h 

Figure 1: Examples of diagrams encountered in the IHFSCC formalism. Lines 
with single arrows are summed over hole or particle lines, lines with double 
arrows - -  over valence orbitals belonging to P,~, lines with triple arrows - -  
over valence orbitals in P (P~ and P~). Diagrams a-c come from Eq. (35) and 
involve S amplitudes only, with P,, ~ Q excitations (one-body S is denoted 
by a full circle, two-body S by a horizontal line) The other diagrams come 
from Eq. (28), with d-f  involving T amplitudes only (denoted by an open circle 
and a double line for one-body and two-body amplitudes, respectively), while 
diagrams g and h mix S and T amplitudes. A wavy line represents the V 
interaction. 

FSCC equation (7); the difference is that only QSP,, amplitudes, correspond- 
ing to P,~ -+ Q excitations, are included m (35) (see Fig. l(a,b,c)). Note that 
P, SP,,~ terms, which appear in the initial equation (14) for f~, have been elim- 
inated. P, serves as a buffer between P~ and Q, so that no intruder states can 
occur After (35) is converged, Eq. (28) is solved to find @TP (Fig l(d,e,f)). 
Its diagrammatic structure is similar to that of (7) and (35), with some new 
diagrams coming from the QSPm term. Notice that the last term of Eq. (28) 
involves the three spaces P.,~, P, and Q, and care must be taken when evalu- 
ating the different terms (see examples in Fig. l(g,h)). 

The arbitrary energy E has to be chosen. It is conveniently expressed as 

O e C  

E : Z + C ,  
Z 

where e, are orbital energies, and the summation is carried over all occupied 
orbitals C may be selected so that no small denominators appear in the 
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expansion In princip]e, the results do not depend on the constant C; in 
truncated coupled-cluster calculations this dependence does occur Previous 
calculations [25] show very weak dependence of converged energies on C over a 
broad range of values, changing C by several hundred hartree modified transi- 
tion energies by a few wave numbers only. The major criterion for selecting C 
(or E) involves the convergence of the IHFSCC iterations The denominators 
in (28) are (E - H0)Q; E should therefore fall outside the range of Q-space 
zero-order energies. 

As mentioned above, the relations (28) and (35) are the working equations 
of the intermediate Hamiltonian coupled-cluster method. Since (28) includes ,q' 
on the right-hand side, (35) is solved first for S, followed by solving (28) for T 
There is an apparent redundancy at this stage, since the P,~ --+ Q excitations 
have already been evaluated at the first stage via QSP~ amplitudes, and are 
represented here again by the QTP,~ amplitudes. Equation (34) shows that 
these two sets of amplitudes should be equal for the method to be vahd, and 
the calculations provide an a posteriori check on this premise (see Table 1). 
Moreover, ~ may be estmaated from equation (31) by some low-ordel approach 
such as second-order perturbatmn theory, providing an a priori measure of 
the adequacy of the intermediate space P,. It is worthwhile to note that an 
equation similar to (28) inay be derived for the wave operator S in the usual 
CC method, 

( z  - Ho)QS(' )P = Q ( S ( E  - Ho)P,  + - (37) 

Some tests have shown that the value of this equation for promoting conver- 
gence is limited, since the E - H0 factor on the left-hand side which forms the 
denominators also multiplies S on the right-hand side. 

After (28) has been solved, the intermediate Hamiltonian (18) is diagonal- 
ized in P to obtain the energies. It should be noted that the diagonalization 
yields energies for all P levels, however, levels with major components in Po~ 
are expected to be calculated more accurately than levels heavily concentrated 
in P~. 

In common with many multireference methods, IHFSCC treats correlation 
in two stages: dynamm correlation is described by virtual excitation to Q-space 
determinants via the wave or cluster operator, while non-dynamic correlation 
comes in by diagonalizing the effective Hamiltonian. The distinction between 
the two kinds of correlation is, of course, somewhat arbitrary. The major ad- 
vantage of the intermediate Hamiltonian scheme is making possible the use 
of much larger P spaces than other high-order many-body methods, account- 
ing thereby for a larger part of correlation, and at the same time allowing 
convergence and avoiding intruders. 
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3 Applications 

All applications described here were carried out in the framework of the rela- 
tivistic four-component Dirac-Coulomb-Breit Hamiltonian. The self-consistent- 
field Dirac-Fock-Breit orbitMs are first calculated [27], and correlation is then 
included by relativistic Fock-space coupled cluster with single and double ex- 
citations [5], either in the traditional or in the intermediate Hamiltonian form. 
The first pilot application of the IHFSCC method has been described in a 
recent publication [25]. The average error of the ionization potential and first 
twelve excitation energies of Sc + calculated by the traditional FSCC was 80 
meV; IHFSCC gave an average error of 18 meV, four times smaller. Many 
states not obtainable by FSCC because of convergence difficulties, were read- 
ily available by the intermediate Hamiltonian method, with highly satisfactory 
results. The average error of the 32 energies of excitation to P,~ states was 20 
meV, with the largest error being 64 meV P, states, which are not required 
by theory to be highly accurate, turned out rather well, with an average error 
of 69 meV and maximum error of 111 meV for 21 P, states. 

More recently, ionization potentials and a large number of excitation en- 
ergies for the barium and radium atoms were calculated [28] and compared 
with previous FSCC work [29]. While convergence was difficult in the FSCC 
approach, requiring incomplete model spaces and yielding only a hmited num- 
ber of states, the intermediate Hamiltonian scheme gave many more states 
(including some low-lying radium states which have not been observed exper- 
imentally) and better accuracy, with an average error of 0.69% or 17 meV 
for 27 Ba excitation energies compared to 3.11% or 92 meV for FSCC, and a 
maximum error of 35 meV vs. 475 meV for FSCC. Similar levels of accuracy 
were obtained for radium [28]. In addition, many states which could not be 
calculated by the traditional FSCC method were obtained, including both P,~ 
and P~ states. As expected, P, energies were somewhat less accurate than P,~ 
values; thus, the 21 Ra P,~ states had an average error of 0.24% or 24 meV, 
whereas the average error for the seven P, states for which experimental re- 
sults [30, 31] are available was 1.34% or 52 meV. The predictions for low-lying 
states which have not yet been observed are expected to have siimlar accuracy. 

Another recent application involved an high-accuracy calculation of the 
electron affinities of the alkali atoms [32]. A large basis of 37s32p23d18f1097h6~ 
even-tempered Gaussian-type orbitMs [33] was used, and the positive M + ion 
served as reference. Traditional FSCC calculations for the M- anion converged 
only when ns was the sole valence orbital and the P space included just the 
nJ  determinant. IHFSCC calculations were carried out with Pm comprising 
all determinants with two electron added to M + in the lowest four unoccu- 
pied s, three p, three d orbitals, or one f orbitals; P, included, in addition, 
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Table 2 Electron affinities of alkali atoms (meV) 

Atom Expt. FSCC IHFSCC 
K 501 525 510 
Rb 486 519 494 
Cs 472 5t6 480 
Fr (492~2%) 542 495 

occupations in three more s, three p, three d and three ] orbltals 
The calculated electron affinities are compared with experiment [34] in 

Table 2 No experimental value is available for Fr, and we quote the recent 
semiemplrical result of Bahrim and Thumm [35]. Excellent agreement with 
experiment (better than 0.01 eV) is obtained by IHFSCC, which is again 3-5 
times more accurate than traditional FSCC. 

All the applications reported above are in the two-particle sector, revolv- 
ing the addition of two electrons to the closed-shell reference state. Other 
applications have been carried out in the one-hole one-particle sector, where 
an electron is excited from an occupied to a virtual orbital. Many excitation 
energies have thus been obtained for the xenon and radon atoms. The average 
error for 18 5p --+ 6s, 5p ~ 6p, and 5p --+ 5d excitation in Xe was 0 90% or 
90 meV, with similar accuracy obtained for Rn. These results are remarkable, 
since the traditional FSCC does not converge for any choice of valence holes 
and particles, so that no excitation energies can be obtained. 

4 S u m m a r y  and conclus ion 

An intermediate Hamiltonian Fock-space coupled-cluster method has been de- 
veloped. The crucial step in going from Malrieu's formulation, which had 
P,~ -+ P, transitions in fourth and higher orders, to an Ml-order method ehm- 
inating these dangerous small-denominator transitions altogether, is equation 
(34), requiring that P,~ --+ Q amplitudes of the two excitation operators S and 
T be equal. This requirement is satisfied for sufficiently large P,. The parti- 
tioning of the function space into a main space P~, an intermediate P, and 
a complementary Q allows convergence of the CC iterations for much larger 
model spaces than before. This makes possible calculations for states which 
were not accessible by CC methods, and improves the accuracy for states which 
were accessible. While FSCC calculations for the Ba and Ra atoms could be 
converged for a limited number of states only, and even that required resorting 
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to incomplete model spaces, IHFSCC yielded a very large number of states, 
including some low-lying levels which have not yet been observed experimen- 
tally. The accuracy for levels obtainable by FSCC was improved by a factor of 
2-5. Electron affimties of alkali atoms were reproduced to within 0.01 eV, and 
very good lesults were obtained for excitation energies of Xe and Rn, which 
are not accessible at all by the traditional FSCC approach. The intermediate 
Hamiltonian method shows promise of providing more and better results where 
other coupled cluster schemes are less successful. 
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A p p e n d i x  A 

Equation (25) may be written (ignoring projections) as 

H•  = a H R .  (1.1) 

Using Wick's theorem, the left-hand side of this equation may be written as [26] 

H R  = { H R  × -~}, (1.2)  

and the right-hand side is 

I [ I I I 
a H R  = { a H ~ }  + { X n ~ }  + (a / I5 , }  + {XHA) 

= {H × ~R} + {xH × a ~ }  + {HzX x ~R)  + {xH~X × ~R} 
: {aar~  × n ~ } ,  (1.3) 

where the notation in the first line describes contraction. The equations above 
yield 

{HR x R} = {f~HR x ftR}. (1.4) 

The different terms resulting from the multiplications in (1  4) are linearly 
independent, and the connected parts may therefore be compared, giving 

H R  = ~H/~, (A.5) 

confirming Eq. (26) 
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A p p e n d i x  B 

Equation (22) gives 

QAP.~ + QAP, xP.~ = QxP,,~ (B.1) 

Applying Wick's theorem and the exponential ansatz for the operators gives 
[26] 

I I 
QAP~xP.~ = {QAP, xP.~) + {QAP~xP,~} (B.2) 

J J p  1 , , 

m,n=l 

The contracted part may be separated into terms composed of products of one, 
two . . . .  , connected clusters, all multiplied by the same disconnected operator 
The term with one connected cluster is 

{ 1 (rT~) ( ~ )  } 

rrl , n = l  r , s = l  

f , 5 = 1  tTZ~n= 1 

{Q~L,(1 + QAP, xP,~)}, 

where the defimtion (31) is used. The terms with two connected clusters sum 
up in a similar way to {½(QcrP,~)2(1 + QAP~xP~)}, and all clusters finally give 

I I p ,  = {QAP,,~ ~} exp(Q~P~ I)(I+QAP~XP.,) 

Together with (B.1) and (B.2), we get 

QAP~ + {QAP~xP.~} + {e~p(Q~P~ - t) + exp(Q~P~)(@/XP, XP,~)} = QxP.~ 
(B.4) 

As m the derivation leading to (A.5), the connected terms of (B.4) must be 
equal, giving QcrP,~ = Q(s - T)P,~, which is equation (32). 
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1 I n t r o d u c t i o n  

The problem we address in this paper is the computation of second and 
third order properties, static and dynamic by solving, at the Full CI level, 
inhomogeneous equations of perturbation theory like the following: 

(H- Eo ± = (< ¢01 J¢o > (1) 

where ¢0 is an eigenstate of the molecular hamiltonian /:/ with energy Eo 
and 1/is a perturbation operator. 

Equation (1) arises e.g. from a perturbation theory treatment of a mo- 
lecule in an external alternating electric field of frequency w. The latter gives 
rise to a time dependent harmonic perturbation of the type: 

1 [e_Z~t + e,~t ] V(t) = - ~ r . E  (2) 

where the vectors r and E are the dipole operator of the molecule and 
the electric field, respectively. Eq. (2) also describes the interaction of the 
molecule with radiation in the dipole approximation [1], i.e. at optical frequen- 
cies, when the molecular dimensions are small compared to the wavelenght 
of the radiation. In this case the relevant molecular properties are the dy- 
namic polarizabilities and hyperpolarizabilities and other non linear optical 
properties [2], [3]. 

The solution of eq. (1) can be approximated by expanding both ¢0 and 
¢± in a linear space £. In case of ¢0 this procedure leads to the familiar 
eigenvalue problem for the matrix H of the hamiltonian in the chosen basis 
of the space, while eq. (1) becomes a system of linear equations (bold capital 
letters denote matrices, bold lowercase denote vectors)' 

Hv0 = Eovo (3) 

( H - E o + h w ) v l  = E l v 0 - w 0  (4) 

where v0, vl and w0, are, respectively, the vectors of the components of 
the eigenvector ¢o, of the first order function ¢+, and of the function 1?¢o. 

Here we choose £ to be the full CI space; this choice gives the best approx- 
imation for a given atomic basis and therefore the quantities computed can 
be considered as benchmarks. However, as it is well known, the dimensions 
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of full CI space grow factorially with the number of electrons and atomic 
orbitals, so our problem is how to deal with large dimensions. In the case 
of eigenvalue equation (3) a number of efficient algorithms have been imple- 
mented [4] [5] [6]. They combine the idea of iterative methods of Krylov type 
[7], like Lanczos [8] or Davidson [9], where the eigenvector is expressed as a 
polynomial in H applied to a guess x0, with the direct CI technique intro- 
duced by Roos [10]. In this context, the main operation one has to implement 
efficiently is the following: given ~ vector x in full CI space, compute the 
vector y = Hx,  resulting from the multiplication of the hamiltonian matrix 
H by vector x. In the direct CI technique, the hamiltonian matrix H is never 
computed, but y is obtained directly from the one and two electron integrals. 
These methods allow for the computation of very large full CI expansions 
(our largest amounts to nine billions symmetry adapted Slater determinants 
[11]). 

Systems of linear equations can be solved using similar methods, there 
exists a family of iterative methods for large sparse linear systems [12] ex- 
ploiting the fundamental operation y -- Hx; in quantum chemistry they have 
been used by several authors [13] [14] [15]. 

Compared to finite field calculations, the main advantages of the direct 
solution of perturbative equations are i)full exploitation of the symmetry of 
the molecule, avoiding computations with non totally symmetric hamiltonians 
including external fields ii) access to frequency dependent properties. The 
purpose of this work is to provide benchmark computations useful to study 
the effectiveness of approximate methods. For a recent review of the latter 
see [16]. 

In the following we describe our implementation of the Full CI solution 
of the perturbative equation (4) and present some calculations on the dipole 
polarizability and hyperpolarizability of lithium hydiidc. 

2 M e t h o d s  of  solution 

The right hand side b = Eiv0 - w o  of the system of linear equation eq. (4) is 
easily computed from the eigenvector v0 of a previous full CI computation. 
The perturbation operator ~7 of eq. (1) is usually a one-electron operator 
expressed in second quantized form as: 
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? = E~V~ja~a 3 (5) 

so its apphcation to v0 using the methods described in ref. ^[6] is a simple 
matter. The only feature to be pointed out is the following. V is in general 
non totally symmetrical, and IY¢0 and ¢+1 may belong to a symmetry class 
different from that of ¢0. This requires only minor modifications of the 
program. A similar application of I y to a first order perturbed function is 
needed to compute third order properties (see eq.s 29,30). 

We rewrite eq. (4) in the simplified form: 

A(~)x = b (6) 

where A(~7) = H - (E0 + ~)I and 7] = hw. We notice that the matrix 
A(0) is real symmetrical and has eigenvalues Ek - Eo corresponding to the 
excitation energies from state v0. It also has a null eigenvector v0; we will 
assume it is non degenerate. 

Equation (6) has solutions only if: 
i) either detA(~) # 0 or 
ii) b is orthogonal to the null space of A(~) 
Condition i) is fulfilled when 77 is different from an excitation energy Ek - E0 
and from zero. For real 7?, we restrict its range to ±the distance of the closest 
eigenvalue from E0; this limit is the same imposed by perturbation theory. 
In this case the solution is unique. Since the right hand side b of e.q. (6) is 
orthogonal to v0 by construction, so is the solution x. 

When ~ = 0, we fall under case ii), and eq. (6) has a linear manifold of 
solutions. In this manifold we will choose the solution of minimal norm, i.e. 
the one orthogonal to v0; this ensures continuity for 77 --+ 0. 

A compact notation for the solutions and other quantities is obtained by 
using the reduced resolvent [17] of the molecular hamiltonian defined accord- 
ing to: 

R(~)  = ( H -  E0 - 7])-1p0 (7) 

x = R ( ~ ) b  (S) 

where P0 is the projection on the eigenvector vo. 
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A unified presentation of the numerical methods to solve eq. (6) can be 
given in terms of variational principles. The solution of eq. (6) corresponds 
to a stationary point of the quadratic forms: 

1. Q~(x) = ½xTA(r/)x -- bTx (this is nothing but  Hylleraas variational 
principle in the linear space £); 

2. Q (x) =11 b - 112; 

The vector r = b - A(~)x  is known as the residual vector associated to 
x; when its norm is zero (or small enough), x is a solution; - r  is also the 
gradient of Q1. 

The stationary point is always a minimum in case of form Q2; in the other 
case it is a minimum only when the matrix A(~) is real and pomtive definite 

The methods of solution can be sketched as follows: 

• at iteration i-1 we are in point x~-i and the form has value Q~-I; 

• move to another point x, = x,-1 + a,p~, such that Q, < Q~_~; 

• a good direction Pi is the residual vector r ,_l  of previous iteration 
(steepest descent); a better one is the 'preconditioned' residual M-lr~_~. 

• choose a,  to minimize Q in the direction of pl. 

• stop when norm of residual is small enough; otherwise iterate. 

The preconditioner M is an easily invertable matr ix which corrects the 
direction of steepest descent and (hopefully) speeds up convergence. In prin- 
ciple, M -1 should be an approximaUon to A -1, as precondlUoner we always 
use M = Diag[A(7?)]. 

The time consuming operation is the 'multiplication' A(q)x,  which is 
needed at each iteration to determine the optimal a~ and the residual vec- 
tor r. When the form involved is Q1, we get the conjugate gradient method 
which is well documented in the literature [12]. This method requires the 
matr ix A(r~) to be positive definite; this condition is fulfilled when - E 0  - hw 
is greater than the minimum eigenvalue of H in the symmetry subspace of 
the product 1)¢0 (which can be different from that of the eigenvector). The 
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method is stable and has good convergence properties. The minimum of the 
form Q1 is equal to 

__lb*A-~ b 
2 

i.e. half the value of a second order property with a change of sign. 
In other cases when A(r]) is not positive definite, which is common when 

dealing with excited states, we use methods based on the minimisation of 
the residual norm Q2. The convergence is usually slower and the disk space 
requirements are greater. The computational cost per iteration is essentially 
the same for both methods for real matrices A. In Appendix 1 we describe 
in detail our implementation of the method using form Q2. 

For co = 0 the computed solution is not in general orthogonal to the 
eigenvector v0; this is due to the preconditioner which introduces components 
along the direction of Vo. In this case we add a Schmidt ortogonalization step. 

3 Applications to LiH 

In this section we present the results of some test calculations of dipole po- 
larizabilities oe and hyperpolarizabilities fl tensors of lithium hydride. These 
quantities are the first and second derivatives, respectively, of the dipole mo- 
ment with respect to the field strength; see eq. (15) in Appendix 1. 

We considered three AO basis sets. Our smallest basis B66 derives 
from one proposed by Sadlej [18] by uncontracting all the gaussians and 
amounts to 66 AO's. This basis was used to study a and fl as a func- 
tion of the internuclear separation, and originates Full CI spaces of the or- 
der of about one million Slater determinants in C2v symmetry. Our second 
basis B109 contains 109 contracted gaussians, (lls6p3d/11s6pld) on hydro- 
gen and (14s9p4d3f/14s9pldlf) on Lithium, both derived from the (11s6p) 
and (13s9p) sets of van Duijneveldt [19] by adding diffuse functions (see Ap- 
pendix). The dimensions of the Full CI space is about nine millions in this 
case. The last basis B83 is the Roos-Sadley basis of 83 contracted gaussians 
[20]; the Full CI space has dimension about three millions. 

In Table 1 we report a comparison of our results of static dipole polar- 
izability for the ground state with some of the most recent calculations at 
equilibrium geometry. The method used was the preconditioned conjugated 
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gradient; convergence to {] r {{< 10 -8 is achieved in 15 iterations for the 
ground state equation in the nine billion case. The dipole polarizability of 
the ground state is a sum of positive contributions, as can be seen from eq. 
(28) using the spectral resolution of the reduced resolvent R(0). Therefore 
larger values of polarizability are considered to mean better quality of the 
computation, even if, strictly speaking, the comparison should be performed 
between computations using the same unperturbed eigenvector v0 (compare 
Hylleraas' variational principle [21]). The Full CI values are indeed greater, 
as expected, than values computed with other methods using AO bases of 
comparable quality. Coupled cluster results closely approximate the Full CI 
value, as can be seen from the data computed by Lee et al. [22] and by us 
using the same AO basis (B83). From the values of c ~  reported in Table 
1 and according to this criterion our largest basis B109 seems to be poorer 
than expected in the A1 symmetry. 

In Table 2 we report similar results for the excited states AlE + and 
B1H, but at the equilibrium internuclear separation of the ground state, i.e. 
R~=3.015 bohr. The values are larger than those of the ground state, as ex- 
pected. In this case the conjugated gradient cannot be used, and one has 
to resort to method based on the minimization of the residual norm. The 
convergence is slower and for large size vectors restarts (see Appendix 1) are 
needed. This affects the convergence rate, which also depends upon the max- 
imum dimension allowed for the iterative subspace. In general it is better 
to set this limit on the dimension at the maximum value compatible with 
available disk space. 

Sometimes we found helpful to start from a guess generated in the follow- 
ing way. Prepare a modified system with a right hand side b orthogonalized 
not only to the eigenvector v0, but also to the lower lying eigenvectors of the 
appropiiate symmetry. Iterating on this system with the p~econditoned con- 
jugated gradient shows an oscillating behaviour of the residual norm, which 
goes through some minima and maxima before reaching a value less than 
threshold. However this does not mean real convergence, because in precon- 
ditioned conjugate gradient the residual norm is computed in the metric of 
the preconditioner, which is now not positive definite. We stop the procedure 
at the first minimum, take the solution, complete it with the contribution of 
the lower lying eigenvectors and use it as guess in the original system with 
method Q2. In this way, for the excited state A~E + we got convergence to 
11 r l{< 5.10 -8 in 10 iterations (restart after 6 iterations), starting from a 
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guess converged to 10 -3 in a dozen of conjugate gradient iterations. 
In Table 3 we display some results of frequency dependent polarizability 

of the ground state. The dynamic polarizability gives also the energy shift due 
to the quadratic Stark effect [23]; in this case hw = 0.1 hartree corresponds to 
a wavelenght of ~ 4557/~. The values at imaginary frequency are computed 
with the variant of method Q2 for complex systems and vectors. 

In Table 4 we collect our computed values of hyperpolarizabilities and 
compare them with data in the literature. The values are computed from 
the first order functions according to eq.s (29-30). The hyperpolarizability 
appears to be very much dependent from the method used; again coupled 
cluster provides values closer to Full CI, even if the agreement is poorer com- 
pared to polarizabilities. Excited state values are very large and most likely 
extremely sensitive to a number of factors (quality of AO basis, accuracy of 
the solution and so on). 

Table 1. Comparison of static dipole moments and polarizabihties for 
LiH X1E + at equilibrium R~=3.015 bohr. z is the internuclear axis; all 

quantities ,re in a.u. 
Authors # 

Tunega et al. 2.362 
[24] 2.236 

2.296 
2.294 

Papadopoulos 2.365 
et al. 2.335 
[25] 2.315 

Lee et al. + 2.363 
[22] 2.332 

2.301 
this work + 2.298 
this work 2.299 

this work 2.294 

expt. 2.314 

+: Re=3.0158 bohr. 

azz a== method AO basis 
21.88 25.41 SCF 14sSp6d5f/11sSp6d5f 
23.49 27.07 MP2 12sSp6d5f/9s8p6d5f 
25.78 29.60 CCSD 198 orb.s 
25.88 29.63 CCSD(T) 
21.66 25.21 SCF 13s7p3dlf/10sTp5d 
23.11 26.95 MP2 112 orb.s 
2.4.33 28.58 MP4 
21.92 25.28 SCF 13sSp6d2f/Ss5p3dlf 
23.90 27.06 MP2 12sSp5d/Ss5p3d 
25.73 29.52 CCD/BO 83 orb.s 
26.64 29.70 FCI 83 orb.s ~ 3 106 C2v det. 
26.58 29.48 FCI 10s6p3d/6s4p 

66 orb.s ~ 106 C2v det. 
26.15 29.70 FCI 14s9p4d3f/14s9pldlf 

l l s6p3d/ l ls6pld 
109 orb.s..~ 107 C2v det. 
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Table 2. Comparison of static dipole moments and polarizabilities for 
excited states of LiH at R~=3.015 bohr. z is the internuclear axis; all 

quantities are in a.u. 
State # C~z~ ~== method AO/CI basis 
A l E  + -2.011 74.94 213.59 FCI 14s9p4d3f/14s9pldlf 

l l s6p3d/ l l s6pld  
109 orb.s~ 107 C2v det. 

A~E + -2.011 75.37 211.40 FCI 10s6p3d/6s4p 
66 orb.s ~ 106 C2. det. 

B~I] -0.182 155.75 209.29 FCI 10s6p3d/6s4p 
66 orb.s ~ 106 C2v det. 

Table 3. Selected values of matrix elements and dynamic Full CI polariz- 
abilities of LiH ground state XIE + at real and imaginary frequency. R¢=3.015 
bohr, AO basis set 10s6p3d/6s4p (66 orb.s), z is the internuclear axis; all 
quantities are in a.u. 

hw (t) 

~ <  ( 2  - E I = ) ¢ 0 1 R ( ~ ) I ( 2  - E 1 = ) ¢ o  > 

~ <  (2 - El=)¢olR(c~)l(2 - E1=)¢o > 
~=(~)  

~ <  (~ - ElzD¢01R(~)l(~ - Elz)¢O > 
-~< (~ - E l ~ ) ¢ o L n ( ~ ) t ( ~  - E 1 ~ ) ¢ o  > 

~ ( ~ )  

-0.1 0.1 0.1i 
9.847 32.10 11.60 
0.000 0.00 5.782 

41.95 23.21 

8.785 38.33 10 13 
0.000 0.00 5.148 

47.11 20.26 

(t) the wavelenght corresponding to 0.1 hartree is 4557 A. 
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Table 4. Comparison of static hyperpolarizabilities for LiH at Re=3.015 
bohr. z is the internuclear axis all quantities are in a.u. 

Authors method AO basis State 
Tunega et al. XiE + 

[241 

Papadopoulos XiE + 
et al. [25] 
Lee et al. + XiE + 

[22] 

this work + X1E + 
this work X1E + 

this work AlE + 

]~ZZZ ~XXZ 
-426. -158. SCF 14s8p6d5f/lls8p6d5f 
-471. -175. MP2 12sSp6d5f/9s8p6d5f 
-514. -232. CCSD 198 orb.s 
-639. -237. CCSD(T) 

-1055. -358. MP4 13s7p3dlf/10s7p5d 
112 orb.s 

-308. -188. SCF 13sSp6d2f/Ss5p3dlf 
-742. -364. MP2 12sSp5d/Ss5p3d 
-635. -593. CCD/BO 83 orb.s 
-655. -345. FCI 83 orb.s ..~3 l0 s C2v det. 
-661. -350. FCI 14s9p4d3f/14s9pldlf 

l l s6p3d/ l ls6pld  
109 orb.s..~ 107 C2v det. 

-1885. 6417. FCI 14s9p4d3f/14s9pldlf 
l l s6p3d/ l ls6pld 

109 orb.s~ 107 C2v det. 

+: Re=3.0158 bohr. 

We have perfoirned computations with basis B66 foi a nunlbei of intel- 
nuclear separations, from near equilibrium (2.5 bohr) to a region of avoided 
crossings (10.0 bohr), in order to assess the sensitivity of the property values 
and of the computational procedure to the changes of molecular geometry. 

In Table 5 we report the values of some properties of the Full CI wavefunc- 
tions of the ground and first excited state of iE+ symmetry; these data show 
the change of the nature of the wavefunction with the internuclear separation. 
In particular from the values of the occupation numbers of 2a and 3a natural 
orbitals we seee that the ground state is essentially one-determinant in the 
equilibrium region and up to ~ 6.5 bohr, while the first excited state starts at 
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small R as two-determinant. In the avoided crossing region (6.5 to 10. bohr) 
the two states undergo a strong mixing. 

Modifications of the nature of the molecular wavefunction are reflected and 
amplified on the values of first, second and third order properties, in order of 
increasing sensitivity. This can be seeen from the values of polarizability and 
hyperpolarizability reported in Table 6, which show very large oscillations. 
We did not perform a detailed numerical analysis of the computation, so we 
do not really know the relative accuracy of the values reported. 

As previously mentioned, the rate of convergence is satisfactory at equilib- 
rium geometries, when the structure of the wavefunction is relatively simple. 
The convergence rate slows down at large R, and it worse for the excited state. 
At R = 9.5 bohr, 80 iterations of the Q2 method were needed to achieve a 
convergence of 5 10 -5 (restart after 6 iterations) 

Table 5. Properties of the LiH X1E + and AlE + wavefunctions as a function 
of the internuclear separation R (bohr): n2~ and n3~ are the occupation 
numbers of the frontier natural orbitals of a symmetry, # denotes dipole 

moment of the state, and #T is the transition dipole between the two states. 
AO basis set 10s6p3d/6s4p (66 orb.s), z is the internuclear axis; all 

quantities are in a.u. 

3.015 
3.5 
4.0 

4 494 
4.913 

5.0 
5.5 
6.5 
7.5 
8.5 
9.5 
10.0 

X I E  + AlE + 

n2a n3a 

.972328 .0127560 

.970089 .0149270 
:965900 .0195430 
.959030 .0272734 
948985 0384244 

.937090 .0514009 

.934133 .0545988 

.912931 .0773011 

.839997 .153823 

.730333 .266761 

.634929 .363836 

.556711 .442819 

2 096 0.765 -2.055 

2.299 0.951 -2.011 
2.508 1.143 -1.893 

2.718 1.371 -1.697 
2 888 1.638 -1.422 

2.976 1.904 -I.Ii0 

2.985 1.964 -i.034 
2.950 2.332 -0.511 

2.314 3.010 1.068 

1.216 3.090 2.937 
-.4846 2.722 4.070 

-.1787 4.118 
-.1082 2.371 3.721 

n2~ n3a 
.638506 .358590 
.649199 .347872 
.664566 .332412 
.685742 .311083 
.711928 284630 
.738035 .258135 
• 743864 .252203 
• 779474 .215811 
• 850359 .142535 
• 889646 .101295 
• 889204 .101812 

• 831467 .162424 
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Table 6. FCI polarizabilities and hyperpolarizabilities for LiH as a func- 
tion of the internuclear separation R. AO basis set 10s6p3d/6s4p (66 orb.s). 
z is the internuclear axis; all quantities are in a.u. 

Ground state X t E  + 

R ~zz 
2.500 18.98 
3.015 26.58 
3.500 37.42 
4.OOO 54.53 
4.494 81.37 
4.913 116.72 
5.000 126.02 
5.500 195.90 
6.500 395.84 
7.500 435.04 
8.500 312.52 
9.500 229.96 
10.000 208.08 

~xx ~ZZZ 
25.70 -309 
29.48 -694 
34.38 -1439 
40.79 -2995 
48.78 -6067 
57.22 -10721 
59.20 -11990 
72.34 -21039 
107.35 -18775 
141.09 45077 
158.28 45218 
164.37 22538 
165.66 14968 

Excited state AtE + 
 zxz  zzz  xxz 
-232 70.14 210.66 -2360 6486 
-355 75.37 211.40 -1720 6156 
-553 77.51 206.25 -681 5644 
-894 76.57 198.29 1193 5242 

-1453 70.47 188.87 4572 5081 
-2194 58.05 179.67 9394 5193 
-2386 54.27 177.59 1 0 6 7 1  5251 
-3779 22.16 164.40 19392 5838 
-6945 -61.67 132.13 11620 7199 
-5731 102.22 105.79 -74612 3851 
-2456 593.47 101.31 -121488 -2056 
-862 1294.46 112.24 -34777 -6130 
-512 1650.83 119.91 223860 -6649 

4 Conclusions  

The Full CI expansion technique can be applied to the perturbation theory 
equations as easily as to eigenvatue problem for the wavefunction. It has 
also a similar purpose, i.e. providing benchmark calculations to calibrate 
approximate methods of wider applicability. 
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5 Appendix  

5.1 Description of the algorithm 
Given the system of linear equations: 

Ax  -- b (9) 

where the matrix A = A t, we look for a (pseudo)solution fulfilling 

II b -  Ax  t1< c 2 (10) 

and expressed at iteration n, as a linear combination of n vectors hk: 

xn = a l h l  +a2h2  + . . . + a ~ h ~  (11) 

where the coefficients Ok are chosen in such a way to minimize the quad- 
ratic form (10). At each iteration a new h~ is generated according to the 
prescription: h~ = Diag(A)-lr~_l. 

The vectors hk generate a subspace 27\ called the 'iterative subspace', 
growing at each iteration. This vector x~ is such that Ax~ has the minimal 
distance from b, i.e. it is the projection of b in the subspace AE\ spanned 
by 

Ahl ,  A h 2 , . . . ,  Ah~ 
It is desirable to have an orthogonal base of AZf ,  since this simplifies the 

formalism. Indeed, if Apk is such a base, the projection of b in A Z f  is given 
by: 

Ap~b 
Axn = Ap~__A~-pk Apk ---- ~kApk (12) 

k=0 

In this way the expansion coefficients/~k are independent from n, i e. once 
computed,they keep their values in the following iterations. This feature also 
simplifies the computation of the residual vector: 

rn = b -  Ax~ (13) 

r~ - r~-i  = A(x~ - x~-l) = fl~Ap~ (14) 

The residual is simply updated at each iteration according to eq.(14). 
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In other words, we need a basis of the 'iterative subspace' Z\ orthogonal 
in the metric AtA,  while the prescription to enlarge the iterative subspace 
generates a vector not having this property. This requires the introduction of 
an orthogonalization step in the algorithm, which, in its final form, looks like 
that: 

1. choose a guess x0, compute r0 -- b - Ax0; a null guess is a possible 
choice; set k = 0 

2. set k = k + l  

3. compute hk = Dzag(A)-lrk_l. and write it to disk; 

4. compute Ahk 

5. compute all scalar products 7~k = p3AtAhk and Schmidt-orthogonalize 
Ahk to all previous Ap3 for j = 1, 2 , . . . ,  k - 1; 

6. the Schmidt orthogonalized vector is Apk; write it on disk; 

7. compute the square norm of Apk and the coefficient flk according to eq. 
(12); 

8. update residual according to e.q. (14); 

9. check convergence; if not converged, go to (2); 

10. compute the expansion coefficients of the solution in the basis hk by 
inverting the triangular matrix %k; 

11. compute solution by linear combination with coefficients j3k, of the vec- 
tors hk previously saved on disk; 

12. Schmidt orthogonalize to eigenvector v0 if needed and exit 

The disk requirements are two vectors for each iteration step. For this 
reason one puts a limit on the dimension of the iterative subspace and restarts 
the procedure from the beginning using as a guess the non converged solution 
obtained. 

In case of a complex matrix A, the scheme is essentially the same from the 
mathematical point of view. However the computer implementation is slightly 
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different, because now all the vectors (but b) are complex and require twice as 
much disk space. In our implementation we organized the code by separating 
real and imaginary parts of vectors. The computational cost per iteration is 
also doubled. 

5 .2  F o r m u l a e  f o r  s e c o n d  a n d  t h i r d  o r d e r  p r o p e r t i e s  

The time dependent perturbation theory is a well known subject since long 
time; here we quote only two references [2], [3]. For the reader's conveni- 
ence we report here the explicit formulae, taken from [3], of the dynamic 
polarizabilities and hyperpolarizabilities used in this work. 

Under the action of the alternating field, eq. (2), the molecule acquires an 
induced dipole moment given by: 

#(t) = Po + ag cos(wt) + flogg + -~2gg cos(2wt) + . . .  (15) 

where a and /? are 2nd and 3rd rank tensors known as polarizability 
and hyperpolarizabilities, respectively. These quantities can be computed by 
solving the perturbation theory equations. Due to the vectorial nature of the 
perturbation, first order quantities are vectors, second order quantities are 2- 
tensors and so on. If we denote the cartesian components of the perturbation 
operator as 0?, ?), ~, and label cartesian components of tensors with indexes 
x, y, z, the equations to be solved are: 

[ / ~ - E 0 ] ¢ 0  : 0 (16) 

[ / ~ - E 0 i w ] ¢ + x  : (Elz-:?)¢o (17) 

[/~ - E0 =1= 2w] ¢±2xy = E2xy¢O -t- (El= - :c) ¢±y (18) 

E0] = + ( E l x  - 1 - ~ (¢+~  + ¢_~)  (19) 

EIx : < ¢01~1¢0 > (20) 
1 

E2=y = ~ < ¢01~1(¢+y + C - y )  > (21) 

< I > being the usual scalar product in the space-spin coordinates. Notice 
that the E ..'s are defined in such a way to ensure the ortogonality of the right 
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hand side of the equations to ¢0. This guarantees the existence of solutions 
for w = 0. In this case we choose the solution orthogonal to ¢o; in this way 
we have continuity for w --+ O: 

l ime+= = l ime_= (22) 
w--+O w-+O 

1 lim ¢0~=y (23) lim ¢+2=y = lim ¢-2~y = ~ ~-,o 
w-+0 w-~0 

Using the reduced resolvent notation: 

~)4-x = - R ( - + - h c o ) ( ~  - E l x ) ¢ 0  (24)  

¢i2xy = -R(-t-2hco)(:~- E~x)R(=khco)(~- E,y)¢o (25) 

¢=t=Oxy - -  R(0)(:~ - -  Elz)R(hw)(~l - -  Ely)C0 (26) 

The expression of the polarizability tensor in terms of the solutions of the 
previous equations is: 

a=,y(w) = < ¢ o ( ~ -  El=)l¢+y > + < ¢ - y ( 9 -  E,y)l¢o > (27) 
ax,y(0) = 2 < ¢o(X - Etx)IR(0)[(~)- Ely)Co > static limit (28) 

For the hyperpolarizability one may fulfill eq. (15) by writing: 

1 
Zoxy~(~) = ~ [ <  ¢01(~ - E l x ) ¢ 0 ~ z  > + < ¢02x~1(~ - E l J ¢ 0  > + 

+ < ¢+1x[(~) -- Ely)C+z > + < ¢-1=[(~) - Elu)¢-z >] (29) 

+ < ¢-1=1(?)- E~y)¢+z > (30) 

but, from the physical point of view it is desirable to require the tensor 
/3 to be symmetrical in all its indexes [2]. Therefore we replace the previous 
definitions with their symmetrized forms: 

flzzz +-- flzzz (31) 
1 ~=z +- ~(~=~ + ~=~ + ~=~) (32) 

/3~yz +- ~(~yz + fl=~y +/?y=~ +/3u~x + fizzy + ~y=) (33) 
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Since in the static limit f lo,yz(O) = j32xy~(0), and given the symmetry of 
the molecule LiH, the reported values of the static hyperpolarizability were 
computed according to" 

5.3 

Each 
ak is 

~zzz = 6 < g'o(~ - E t z ) R ( O ) ( 2  - E t~ )R(O) (~ .  - Etz)¢0 > (34) 
flxx~ = 4 < ¢0(~ - E t x ) R ( O ) ( ] c  - E t x ) R ( O ) ( ~  - E1~)¢o  > + 

+ 2 < ¢0(x - E l x ) R ( O ) ( 2 .  - E t~ )R(O) (Yc  - E1~)90 > (35) 

Specification of B109 AO basis 

contracted gaussian is specified in the form: (at ,  ct II a2, c2 II . . . )  where 
an exponent and ck its contraction coefficient. 

• Hydrogen s functions: 
( 188.614450, 1.0 ), ( 28.276596, 1.0 ), ( 6.424830, 1.0 ), 
( 1.815041, 1.0 ), ( .591063, 1.0 ), ( .212149,  1.0 ), ( .079891 , i 0 ), 
( .027962 , 1.0 ), ( .009787, 1.0 ), ( .003425, 1.0 ), ( .001199, 1.0 ) 

• Hydrogen p functions: 
( 2.305000, 1.0 ), ( .806750, 1.0 ), ( .282362 , 1.0 ), ( .098827, 1.0 ), 
( .054590 , 1.0 ), ( .012107, 1.0 ) 

• Hydrogen d functions: 
(1.819000, .270513 II .727600, .551013 N .291040, .331087) 

• Lithium s functions: 
(9497.934400, 1.0 ), (1416.811200, 1.0 ), ( 321.459940, 1.0 ), 
( 91.124163, 1.0 ), ( 29.999891, 1.0 ), ( 11 017631, 1.0 ), 
( 4.372801, 1.0 ), ( 1.831256, 1.0 ), (.802261, 1.0 ), 
(.362648, 1.0 ), (.113995, 1.0 ), (.051237, 1.0 ), 
(.022468, 1.0 ), (.007860, 1.0 ) 

• Lithium p functions: 
( 13.119504, 1.0 ), ( 3.077424, 1.0 ), ( 1.098800, 1.0 ), 
( .435778, 1.0 ), ( .180243, 1.0 ), (.076133, 1.0 ), 
( .032546, 1.0 ), (.014018, 1.0 ), (.004906, 1.0 ) 
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• Lithium d functions: 
(.450000,.176679 II .157500,.994472 il .055125,-1.55262111 .019294,.878690) 

• Lithium f functions: 
(.240000,.38777811.096000,.40161011 038400,.446150) 
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1. Introduction 

There is renewed interest [1]- [12] in the use of Brlllouin-Wigner 
perturbation theory in the study of the many-body molecular 
electronic structure problem. This interest is fuelled by the 
need to develop robust techniques for describing dynamic elec- 
tron correlation effects based on multireference functions. Such 
techniques are an essential ingredient of the theoretical descrip- 
tion of many molecular processes and especially those involving 
dissociation. Wenzel and Steiner [5] have emphasized that "the 
reference energy in Brillouin-Wigner perturbation theory is the 
fully dressed energy" and that further "[thin] feature guarantees 
the existence of a natural gap and thereby rapid convergence 
of the perturbation series." However, it is well known that the 
perturbation series originally developed by Lennard-Jones [13] 
Brillouin [14] and Wigner [15] m not a many-body theory [16] 
- [19] in that the energy components do not scale linearly with 
the number of electrons [20]- [25]. 

Recently, we have critically re-examined [12] the single root 
Brillouin-Wigner perturbation theory and its application to many- 
body systems. In this work, we consider the application of 
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generalized Brillouin-Wigner perturbation theory to the many- 
body problem. This theory was introduced by L5wdin in Part 
XII of a series of papers[26]-[38] devoted to perturbation the- 
ory. We again concentrate on the single reference formalism 
for simplicity. Like the familiar Brillouin-Wigner perturbation 
theory, the generalized theory does not scale linearly with the 
number of electrons in the system and it cannot be regarded 
as a "many-body" theory. Two solutions to this problem can 
be identified: (~) "many-body" corrections can be derived; (u) 
the theory can be applied to an ansatz which is intrinsically 
suited to "many-body" systems. In this paper, we explore both 
of these avenues. In section 2, we re-examined the generalized 
Brillouin-Wigner perturbation theory deriving both the Bloch 
equation and the corresponding Lippmann-Schwinger equation. 
The "many-body" corrections for finite-order genralized Brillouin- 
Wigner perturbation theory are deduced and discussed in sec- 
tion 3. In section 4, the application of the generalized Bnllouin- 
Wigner perturbation theory to the coupled cluster expansion is 
considered and the generalized Brillouin-Wigner coupled clus- 
ter theory obtained. Section 5 contains a summary and a brief 
discussion of future prospects. 

. G e n e r a l i z e d  B r i l l o u i n - W i g n e r  p e r t u r b a t i o n  

t h e o r y  

For quantum problems defined by the time-independent SchrSdinger 
equation 

~ = (Go + ~ 1 )  • = E~,  ~ = G0 + ~ 1  (1) 

perturbation theory may be developed from the effective eigenequa- 
tion 

H~ffg)o -- E~o (2) 

with 
H~II = [P~P + PT-IQ (E - QTIQ) -1QUP] (3) 
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where P is the projector onto the model function, q)0, which is 
an eigenfunction of ~o, 

P = 1690) ((I)01 (4) 

and Q is its orthogonal complement 

Q = I - P  

= EI~>~> <~I. 

The exact energy, E, is given by 

(5) 

E = (,~o IH~::I ~0) (6) 

with 
<~0 I~0> = 1. (7) 

Various types of perturbation expansion can be obtained by 
expanding the inverse operator in (3). Using the operator iden- 
tity 

oo 
( X -  y ) - i  _.~ E X - 1  ( y x - 1 )  n 

n=O 
= X -1  + X - 1 Y X  -1  + X - 1 Y X - 1 Y X  -1  + ...(8) 

or  
(X -- y)-I  -~ X - 1  _4_ x - l z  ( X  - y) - i  (9) 

the widely used Rayleigh-Schrodinger perturbation theory is de- 
veloped by putting 

X - Eo  - Q ~ o Q  and Y - Q T l l Q  - (E  - Eo) ,  (10) 

whereas the usual Brillouin-Wigner perturbation theory is ob- 
tained by taking 

X = - E - Q ~ o Q  and Y--QT/1Q. (11) 
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In thin paper, we consider an alternative choice for the operators 
X and Y; namely, 

X=E and Y-QT-/Q. (12) 

This leads to what LSwdin [36] has called generalized Brillouin- 
Wigner perturbation theory. 

We can write 

1 G=~Q=~ I¢k)(¢~1 (13) 
k#O 

Using (3) and (6), (8) and (12) together with (13) gives the 
following expansion for the energy 

E = <¢o 17-/I ¢o> + <¢o 1~6~1 ¢o> + <¢o 1~6~6~1  ¢o> +...  (14) 

We can then introduce the reaction operator 

V = ~67- /+  7-/67-/67-/+ ... (15) 

so that the energy may be written 

E = (¢o Inl ¢o) + (¢o IVl ¢o) (16) 

Equation (15) may be written 

V = ?-/67-/+ ~ 6 V  (17) 

Equation (17) is the Lippmann-Schwmger equation [39] 
Defining the wave operator[40]-[42] by 

I~) = t~ I~) (18) 

we write 

with 

g = (~o 17-/I ~) (19) 

(~o [~o) = 1 (20) 
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and 

(¢o 1¢) = 1 

in the form 

£ = (¢o lUal ¢o) 
Comparing (16)and (22) gives 

(21) 

(22) 

which upon substituting m (17) and rearranging yields 

a = z + G u n  (23) 

(23) is the Bloch equation[43]. Together with (22) it provides 
the fundamental equation of the generalized Brillouin-Wigner 
perturbation theory. 

Iteration of the equation (23) and substitution in (22) gen- 
erates the generahzed Brillouin-Wigner perturbation expansion 
for the energy 

£ = £1 "4- £2 ~- £3 "-~ £4 ~- "" (24) 

where the energy coefficients, Ck, have the general form 

~ ' k :  (~)k- -1  /(I)o ,~ ((~,]..~)k-1 (I)0 > (25) 

The denominator m simply the exact energy raised to the power 
k - 1 in order k. 

The energy through second order, for example, is 

1 
£ = <¢o 1~1¢4 + ~ ~ <¢o1~ Ick> <¢klU 1¢4 (26) 

k#o 

which, if we define 

w~ = (¢o I~l ¢ 4  

w2 = ~ (¢4 u Ick) (¢kl ~ I¢0), 
k#0 

(27) 

(28) 
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can be written 

or 

so that 

1 
g =W1 + ~W2 

E 2 _  EW1  - W2 = 0 

1 [~/V1 q- ~/(1/V1)2 + 4~V2] 

Through third order we have 

1 1 

where 

oo 

k¢o,t¢o 

so that  
E a - E2W, - 8W2 - }433 = 0 

In general, the energy through order k may be wri t ten 

(29) 

(3o) 

(31) 

(32) 

(33) 

(34) 

-L-lw (35) g = ~ gp-1 v 
p=l  

where 

w~= ~ .  ~ (¢o1~1¢</ (¢~,1~1¢k=/ ... /%-, ~1¢o/ 
kl~O k2~O kp-l¢O 

(36) 
The evaluation of the Wp is non-iterative The determination 
of the generalized Brillouin-Wigner perturbation theory energy 
in order k requires the determination of the lowest root of the k 
order polynomial 

k 

E k - ~ Ek-P}/Vp ---- O. (37) 
p=l  
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3 .  M a n y - b o d y  c o r r e c t i o n s  t o  f i n i t e - o r d e r  g e n -  

e r a l i z e d  B r i l l o u i n - W i g n e r  p e r t u r b a t i o n  t h e -  

o r y  

Although the generalized Brillouin-Wigner perturbation theory 
has a very simple form it does not scale linearly with the number 
of electrons in the system and therefore does not provide a true 
"many-body" theory. However, we can introduce corrections. 

The exact energy may be written 

E = Eo + A E  (38) 

where E0 is the ground state eigenvalue of 7-/0 and AE is the 
level shift. We can then expand the generalized Brillouin-Wigner 
perturbation theory denominator in (26) as 

E -1 = E0 -1 ~- E0 -1 ( - - m E )  E-1 (39) 

or 
$-1 + E0-i (AE) $-1 = E0-i (40) 

= 

and 

1 OO 

((iT) 1"7-'~] (I)) -]- ~ E (ff~[ "~"~1 I(I)k) (ff~k[ "~)] (I)} 
k#O 

C/TJ 0 
(41) 

OO 

p~o 
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. G e n e r a l i z e d  B r i l l o u i n - W i g n e r  c o u p l e d  c l u s -  

t e r  t h e o r y  

The Brfllouin-Wigner perturbation theory can be applied to an 
ansatz which is intrinsically suited to the description of "many- 
body" systems and a valid many-body theory thus obtained. 
Consider, as an example, the application of generalized Brillouin- 
Wigner perturbation theory to the coupled cluster expansion 
[44], [45], [46]. 

In the cluster ansatz the wave operator is written 

f~ = e 8 (43) 

so that  equation (22) for the energy becomes 

E = (¢o1~t~1¢0/  

= (~o 1-le S ¢0}. (44) 

The wave operator satisfies equation (23) which now becomes 

e s = I + 61-le S. (45) 

In general, for an N-electron system, the cluster operator, S, is 
a sum of one-body ($1), two-body ( $ 2 ) , . ,  N-body (SN) cluster 
components defined with respect to a single reference function. 
In the simplest case we make the apprommation 

S ~ 22 (46) 

Using equation (44) together w,th (1) 

g' = ((I)o I'H [1 + S=]l¢o> 
= <¢o ¢o> + <¢o In S=l ¢o> (47) 

We take the N[...] product form of the hamiltonian 

1 
= (¢o lUl ¢o) + -i ~ (A Iv[ B) N[X+X.]  + 

A,B 

(AB Ifl CD) N[X+X+XDXc]  (48) 
A,B,C,D 
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The correlation energy is then 

A~ = (Oo 17-tlS21 ~o) (49) 

Using equation (45) the amplitudes are given by 

8(O,~:1S2]~0} = {~,~ b 7- / [1+$2+1S~] Oo). (50) 

Defining 

I Huba(~ and S Wilson 

s:~ b = (~,? Is~L +o} (51) 

this becomes 

1 

(5e) 
where the subscripts denote whether the terms are connected or 
disconnected. 

1 

Substituting (53)into (52) 

es;~ = (%~ n~2 ~O}co~,od + ~es ;  ~ (54) 

E = E0 + AE (55) 

and therefore 

(Zo+Ae)s:;~=(~,? ~e 8~ ~O}~oo~o~, +~es;b (56) 

which is 

~oS,; ~ = (%~ n ~  ®O)cooooc,. (57) 

giving a manifestly connected scheme. 
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5 .  S u m m a r y  a n d  p r o s p e c t s  

In this work, we have consider the application of generalized 
Brillouin-Wigner perturbation theory to the many-body prob- 
lem. We have concentrated on the single reference formalism 
because of its simplicity. In section 2, we re-examined the gen- 
erahzed Brilloum-Wigner perturbation theory deriving both the 
Bloch equation and the corresponding Lippmann-Schwinger equa- 
tion. Lke the famlhar Brilloum-Wigner perturbation theory, 
the generalized theory does not scale linearly with the num- 
ber of electrons m the system and it cannot be regarded as a 
"many-body" theory. Two solutions to this problem were identi- 
fled' (~) "many-body" corrections to the finite order generalized 
Brillouin-Wigner perturbation theory were derived in sectmn 3, 
(u) the theory can be applied to an ansatz which is mtrinsmally 
suited to "many-body" systems and, in section 4, the application 
of the generahzed Bnlloum-Wigner perturbation theory to the 
coupled cluster expansion was considered and the generalized 
Brillouin-Wigner coupled cluster theory obtained. 
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A b s t r a c t  

Brillouin-Wigner perturbation theory has a number of advantages 
over the much more widely used Rayleigh-SchrSdinger perturbation the- 
ory in studies of the electron correlation problem in atoms and mole- 
cules. This article briefly reviews some historical background, the per- 
ceived advantages and disadvantages of the Brillouln-Wigner perturba- 
tion theory. The convergence difficulties of the Rayleigh-Schr~dinger 
perturbation theory when appfied to problems demanding the use of 
multireference formalism is described. The problems created by the ap- 
pearance of intruder states, of both the "physical" and the "backdoor" 
variety, in the multireference Rayleigh-SchrSdinger formalism are out- 
lined. Recent progress in the formulation and application of Brillouin- 
Wigner methods to the atomic and molecular many-body problem is 
then described. The use of Brillouin-Wigner theory in solving the equa- 
tions associated with many-body theories, such as coupled cluster the- 
ory, is described as well as in the development of a posteriori  correc- 
tions to theories which contain terms which scale non-linearly with par- 
ticle number, such as limited configuration interaction or finite-order 
Brillouin-Wigner perturbation theory. Particular attention is given to 
multireference Brillouin-Wigner methods. © 2001 by Acadetmc Press 
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1 I n t r o d u c t i o n  

For almost thirty years Rayleigh-SchrSdinger perturbation theory in its "many- 
body" form has been regarded as the method of choice in describing elec- 
tron correlation effects in atoms and molecules. The linear proportionality of 
the calculated energy or other expectation values with respect to the number 
of electrons in a given system - also known as "size-consistency" or "size- 
extensivity" - is seen as one the principal advantages of the many-body per- 
turbation theory approach; a property that  is rendered most transparent in its 
diagrammatic formulation. 

The method which is most usually designated "MP2" (second order many- 
body perturbation theory developed with respect to a Moeller-Plesset reference 
hamiltonian) is nowadays the most intensively used ab ,nitw molecular elec- 
tronic structure technique for describing electron correlation effects in molecu- 
lar systems [1]. It is regarded as one of the most important components of the 
arsenal of electronic structure methods available to the contemporary quantum 
chemist combining computational efficiency with ease of interpretability. Its 
computational efficiency, especially in so-called 'direct' algorithms [2], facili- 
tates application both to large molecules and in calculations of high accuracy 
for small molecular systems using extended basis sets. It is well suited to 
parallel computation enabling the effective exploitation of modern computing 
machines. 

The "MP2" method is robust for systems for which a single reference func- 
tion is appropriate, such as the ground state of the neon atom or the water 
molecule at its equilibrium geometry. However, for systems where such a sim- 
ple reference function is unsuitable the method becomes fragile as applications 
which are best regarded as cases of "deliberate stupidity" have demonstrated. 
For example, the unreliability of the "MP2" method for the ground state of 
the water molecule with symmetrically stretched bonds is well documented in 
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the literature. Even when multireference functions are employed the Rayleigh- 
Schrbdinger perturbation theory can exhibit convergence difficulties. These 
difficulties are associated with the so-called "intruder state problem". 

Interest in Brillouin-Wigner perturbation theory has been rekindled over 
the past few years since it does possess some features which suggest that  it 
may provide a robust and efficient approach for the theoretical description 
of correlation effects in systems demanding the use of multireference function 
formalism. Brillouin-Wigner perturbation theory has not been widely used in 
quantum chemistry over recent decades principally because it is not seen as 
a valid many-body theory. We, therefore, present some historical background 
to Brillouin-Wigner methods in section 2. In particular, we compare the ba- 
sic structure of the Brillouin-Wigner perturbation theory with the Rayleigh- 
Schrbdinger expansion. We list the known advantages of the Brillouin-Wigner 
approach as well as its disadvantages. In section 3, we briefly describe the 
convergence difficulties assoicated with intruder states which can arise in the 
Rayleigh-Schrbdinger perturbation theory in applications to problems demand- 
ing the use of multireference formalisms. In section 4, we give an overview of 
recent work on the application of Brillouin-Wigner methods to many-body 
systems and solving the problems described in section 3. Section 5 contains a 
summary and indicates the prospects for this approach. 

2 S o m e  h i s t o r i c a l  b a c k g r o u n d  

The theory which is today called "Brillouin-Wigner perturbation theory" was 
introduced in three seminal papers published in the 1930s. The first of these 
was published in 1930 by Lennard-Jones [3]. [Some authors [4], [5] refer to 
the method as "Lennard-Jones-Brillouin-Wigner perturbation theory".] Sub- 
sequently, Brillouin published his contribution in 1932 [6] and Wigner's paper 
appear two year later [7]. 

Brillouin-Wigner perturbation theory has a number of advantages over the 
Rayleigh-Schrbdinger perturbation theory. It also has significant disadvan- 
tages. Before describing these let us recall the basic structure of these two 
theories. 

We seek to develop approximate solutions of the time-independent Schrbdinger 
equation 

~ ¢ ~  = E , ¢ ~ ,  ~ = 0 , 1 , 2 ,  ... (1) 

starting from some reference or model defined by the equation 

?-/o<I>k = EkCk, k = 0, 1,2, ... (2) 
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for which the solutions are known. We write the total hamiltonian in the form 

= 7-lo + ,~ /~  (3) 

where the parameter A is used to interpolate between the unperturbed problem 
(A = 0) and the perturbed problem (A ---- t). Perturbation theories are devel- 
oped by making expansions for the exact eigenvalue, g, and the corresponding 
eigenfunction, ~. 

In Brillouin-Wigner perturbation theory, we obtain the following expansion 
for the ground state energy of the perturbed systems 

5'0 ---- So q - e l  -F e2 q- e3 + ... (4) 

where the energy coefficients are given by 

~, -- <~ol ~1 ( G . w ~ 1 7  -1 I¢o> (5) 

and GBW is the Brillouin-Wigner resolvent 

G.w-- ~ I¢)') (~,1 (6) 
,¢:o g - E, 

In Rayleigh-Schrbdinger perturbation theory, the expansion for the ground 
state energy of the perturbed system can be written 

E0 : So q- E (1) q- E (2) q- E (3) q-... (7') 

where the energy coefficients have a more complicated structure and the first 
few terms take the form 

So = <~ol ~ o  I~o> (8) 

E(1) = <~ol ~1 I~o> (9) 

E(d ) = <~ot ~ l G . s ~ ,  I~0> (to) 
So(3) = <¢OI,~.~I~RS,].~I~RSU 1 i~]~0)_ /~(1)<~)01Ul(~RS)2"~I t~I~0) (11) 

((~OI "~IGRS'~IGRS']-[1GRS']-~I I fJ~O > 
-Eo (') ('I'ol ~ (GRs)~ iGRs~i  I'I'o> 
-Eo °) <'I'ol "/'fiGRs~(GRs)2~i I%> 
q- (E(1)) 2 <~ol 7-/l(gas)37-/1 I®o> 

-E(2) (¢ol Ul  (aRs)27-/1 I¢o> (12) 
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In these expressions, GRs is the Rayleigh-SchrOdinger resolvent 

I~,) (¢,1 
r#0 

(13) 

Let us now turn to the advantages of the Brillouin-Wigner perturbation 
theory. Brillouin-Wigner perturbation theory has five main advantages over 
the Rayleigh-Schrhdinger perturbation theory. These are:- 

(i) Rayleigh-SchrOdinger theory can be regarded as a approximation to 
Brillouin-Wigner theory [3], [4]. Consider, for example, the second order en- 
ergy, s2, in the Brillouin-Wigner expansion. This may be written in sum-over- 
states form as 

~2 = ~ (¢ol ~1 I'~,) (¢,1 ~1 I¢o) (14) 
,#o g - E,  

If we make the approximation 
E ~ E0 (15) 

then we are led immediately to the Rayleigh-Schr6dinger second order energy 
component 

E0(2) = ~ (@ol 7/1 I¢,> (@,'1 ?/1 l¢o) (16) 
,#o Eo - E,  

If we write 
E = E0+AE0 

then the denominator in (14) becomes 

1 1 
E - E ,  Eo-  E, + AEo 

1 [ 1 
- Eo-~-------~ + Eo - E ,  

and 

1 
(-AEo) E0 - E, + AEo] 

(17) 

(18) 

1 1 
E - 6 ,  ~ Eo  - E ,  (19)  

if AE0 is small and the second term on the right hand side of (18) is negligible. 
(ii) Brillouin-Wigner theory is formally much simpler than the Rayleigh- 

SchrOdinger theory [4],[7]. This is evident from a comparison of equations (4), 
(5) and (6) defining Brillouin-Wigner perturbation theory with (7), (12) and 
(13) for the Rayleigh-Schr'ddinger theory. In fact, equations (4), (5) and (6) 
provide a complete definition of Brillouin-Wigner perturbation theory through 
all orders. The Brillouin-Wigner perturbation series is a simple geometric 
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series whereas in every order beyond second order in the energy the Rayleigh- 
Schr6dinger perturbation theory gives rise to a very much more complicated 
structure. In every order there is a principle term of the form 

~ = (~ol "~"/1 (gRS~-[1) p-1 I~o> , p = 1, 2, ... ( 2 0 )  

which is analogous to the Brillouin-Wigner term sp defined in (5) together with 
other terms in third and higher orders which are often called 'renormalization' 
terms for reasons that will be elaborated below. There is only one 'renormal- 
ization' term in third order, four in fourth order, thirteen in fifth order, rising 
to, for example, 4,861 in tenth order of perturbation [8]. 

(hi) Convergence of the Brillouin-Wigner perturbation theory is often more 
rapid than that of the Rayleigh-SchrSdinger theory for a given problem [3], [4], 
[6], [9]. For example, it is well known that energy eigenvalue for a two-state 
problem is given exactly by second order Brillouin-Wigner perturbation theory. 
However, the Rayleigh-Schr6dinger perturbation expansion, in general, has to 
be taken to infinite order to solve this simple problem. Specifically, taking a 
zero order matrix 

H°=[ O0 o~0 ], (21) 
and a perturbation 

[0 ° I22/ H1---- ~ 
and then solving the secular problem 

o r  

gives an exact solution 

~2 _ ae  - f~2 = 0 (24) 

• /25) 

The BriUouin-Wigner perturbation expansion through second order for this 
problem is 

= ~ ( 2 6 )  

which is seen to be equivalent to equation (24) and thus the exact solu- 
tion, equation(25). For the two-state problem defined above second order 
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Brillouin-Wigaer perturbation theory provides an exact result. The Rayleigh- 
Schr6dinger perturbation series for this problem can be obtained by writing 
(25) in the form 

a [  ~ ]  4/3 s (27) 
~ = - ~  1 +  , x =  a s  

and using the identity 

1 2 1 5 4 7 5 21 6 
+ x : l + ~ - x  ~x + - v x 3 -  - (28) - l ~ X  + - ~ x  1026 x ... 

The Rayleigh-Schrbdinger expansion therefore has the form 

/~2 j34 2 ~  
= - - - +  - - - +  ( 2 9 )  

OL ~-~  O~ 5 " '" 

and summation to all orders is required to obtained the exact energy eigen- 
v a l u e .  

(zv) Brillouin-Wigner perturbation theory may converge for problems for 
which the Rayleigh-Schrbdinger theory does not [4], [7]. An example is again 
provided by the two-state problem defined by (21) and (22). The Brillouin- 
Wigner perturbation expansion leads to an exact solution by second order 
irrespective of the particular values of the parameters defining the zero-order 
problem and the perturbation, i.e. a and/~. For this problem the Brillouin- 
Wigner perturbation expansion has an infinite radius of convergence. Let us 
explicitly introduce the perturbation parameter, A, and determine the radius 
of convergence of the Rayleigh-Schrbdinger perturbation expansion. We write 
the hamiltonian matrix for the perturbed problem as 

i0 0'] H 0  + ~ H 1  = 0 ~ p 

which has exact solutions 

l [ a  ± ~/(as + 4/~s),s)] (31) ~ = ~  

The Rayleigh-Schrbdinger perturbation expansion now takes the form 

= + _ + ( 3 2 )  
O~ C~ 3 O/5 """ 

The radius of convergence may be obtained directly by setting the discrim- 
inant in (31) to zero, i.e. a s + 4~2A 2 = 0. We are thus led to the result 
that the Rayleigh-Schrbdinger perturbation expansion for the two-state model 
converges for values of A satisfying 

1 
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For values of A which do not satisfy (33) the expansion (32) will diverge. 
However, it is important to note that it is usually possible to obtain valuable 

estimates of the energy eigenvalue by employing Pad6 approximants in cases 
where the Rayleigh-Schr6dinger perturbation theory diverges because such ap- 
proximants are able to handle a wider class of functions than the power series 
usually assumed in perturbation theory. 

(v) Brillouin-Wigner perturbation theory is often more convenient to use 
for degenerate problems. This is one of the properties of the method which 
were emphasized by Wigner [7] in his orginal paper. Indeed the Brillouin- 
Wigner perturbation theory can be formally applied to degenerate problems 
without modification. 

For example, setting ~ = 0 in the two-state problem defined by (21) and 
(22) above so as to generate a degenerate problem leads immediately from (23) 
and (24) to the exact solution 62 = f12. The Brillouin-Wigner second order 
energy (26) becomes ~ = fl2/g which clearly agrees with the exact solution. On 
the other hand, the non-degenerateRayleigh-Schrbdinger perturbation theory 
breaks down because the radius of convergence (33) is now zero. 

However, in spite of the five advantages listed above, the Brillouin-Wigner 
perturbation theory also has some disadvantages. Specifically, Brillouin-Wigner 
perturbation theory has two disadvantages in comparison with the Rayleigh- 
Schrbdinger perturbation theory. These are:- 

(z) Brillouin-Wigner perturbation theory is iterative, since the exact energy 
is contained in the denominators arising in the expressions for the energy 
components. 

Consider, for example, the Brillouin-Wigner perturbation through second 
order:- 

= ({I)01 ~-~0 I~T)0) "~ (~01 "7-/1 le0) q- E ((])01 ']"/1 ]~I)r) ((])rl "]-~1 I(])0> (34) 
~#0 E - E~ 

Equation (34) is solved iteratively. The right-hand-side of this equation may 
be written f(2)(E) and equation(34) itself can then be put in the form 

El2) = f(2)($(~)) (35) +1 

Taking an initial value g(2) successive application of (35) defines a sequence of 

approximations £(2),i = 0, 1, 2, ... which, if they are convergent, converge to 
the second order Brillouin-Wigner energy, which we denote EO). In general, of 
course, E(2) is not necessarily equal to the exact energy, E. 

In third order Brillouin-Wigner perturbation theory, we have 

$ ~-- ((~90[ nO I(I)o) -~- ((I)o I n l  [(I)o) -{- E (OOI 7"/1 I(~)r) ((I)r[ ~/1 ](I)0) (36) 
.#o E - E~ 
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~ (~)01 ~'~1 I~)r) (~)rl ~'~1 I~)s> (~)s I 7"~1 [<DO> (37) 
r 0s 0 (E - S t )  (E - Es )  

The right-hand-side of this equation may be written f(a)($) and equation(37) 
itself can then be put in the form 

~(3),+1 : f(a)(g(a)) (38) 

As for the second order energy we take an initial value $(3) and generate 
successive application of (38) defines a sequence of approximations g(3)i  = 
0, 1, 2, ... which, if they are convergent, converge to the third order Brillouin- 
Wigner energy, which we denote $(a). Again, in general, g(3) is not necessarily 
equal to the exact energy, g. 

In contrast to the Brillouin-Wigner approach, the Rayleigh-Schrtidinger 
perturbation theory is manifestly non-iterative. 

(ii) Brillouin-Wigner perturbation theory is not explicitly a many-body 
theory in that the energy expressions in each order do not scale linearly with 
particle number. This property of the Brillouin-Wigner expansion which was 
first pointed out by Brueckner in the mid-1950s is the main reason for the 
paucity of applications to the atomic and molecular electronic structure prob- 
lem until recent years. In their treatise on the many-body problem in quantum 
mechanics, March, Young and Sampanthar write that "the grzllouzn-Wzgner 
form of the [many-body] theory ~s completely inappropriate". They explicitly 
show that 

"... the first term N and that all succeeding terms [are] indz- 
wdually negligible compared to the first term, whatever the strength 
of the perturbation. However, zt would be wrong to conclude that 
the above argument proves that the BriUouin- W~gner series ~s con- 
vergent and that only the first term need by considered. Among 
other reasons, we know that [the first order term] does not include 
dynamical correlatwns between particles and these must be impor- 
tant (on physzcal grounds) for a strongly interacting system. The 
s~tuatzon therefore must be that many (N) of the small terms be- 
yond the first are of roughly comparable size, and add up to change 
the energy~particle by a finite amount. Thus it will be completely 
mzsleading to apply many-body perturbation theory in the BriUoum- 
Wigner form, short of conszdering an infinzte number of terms in 
the limit of large N . "  

In contract to the Brillouin-Wigner perturbation theory, it is well known 
that Rayleigh-SchrSdinger perturbation theory in its "many-body" form does 
afford a theoretical basis for the description of many-body systems. Again 
March, Young and Sampanthar [10] write 
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"the Rayleigh-SchrSdinger perturbatzon theory ... if carefully 
and systematically used, can yield and energy/particle proportzonal 
to N as requzred, in spite of the appearance of spurious terms pro- 
portional to N 2, etc., zn any given order. In fact, Brueckner showed 
that the non-physieal terms cancel up to fourth order, and the gen- 
eralizatwn to all orders was effected by Goldstone." 

They continue 

"To third order (and to any h~gher order) one can zn fact verzfy 
that the terms of the Raylezgh-SchrSdinger perturbatzon expansion 
ezther vanish or increase as N zn the hmzt N ,  the non-physzcal 
terms proportzonal to N 2, N 3, etc., all neatly cancelhng each other." 

and then conclude 

"... the Rayleigh-SchrSdinger seines zs more useful than the 
Brillouin-Wigner form in that it yzelds an expansion leading to the 
energy per particle as independent of the s,ze of the system for large 
g .  ~ 

It is for these reasons coupled with the efficiency of the corresponding computer 
algorithms in low-order that Rayleigh-Schr6dinger perturbation theory has 
been regarded as the method of choice in describing electron correlation effects 
in atoms and molecules for almost thir ty years. 

3 Rayleigh-Schr6dinger perturbation theory and 
the intruder state problem 

The convergence difficulties of the Rayleigh-SchrSdinger theory when applied 
to pioblems demanding the use of multireference formalisms has rekindled in- 
terest in the Brillouin-Wigner theory. The appearance of intruder states in the 
Rayleigh-SchrSdinger theory can render it useless in, for example, applications 
to molecular dissociative problems which required the use of a multireference 
function. The renewed interest in Brillouin-Wigaer theory is fuelled by the 
need to develop a robust and efficient apparatus for the theoretical description 
of such systems. 

The development of a multireference perturbation theory requires the selec- 
tion of a reference space or model space with respect to which a perturbation 
expansion is made. This selection is based on the physics of the problem in 
hand and most often involves the identification of those functions required 
to accurately describe molecular dissociation. The definition of the reference 
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space usually begins with the partition of the single particle states or orbitals 
into three subsets as follows:- 

virtual orbitals 

active orbitals 

core orbitals 

The core subset is fully occupied in all reference functions. The active subset 
of state functions is occupied in some of the reference functions. The virtual 
subset is unoccupied in all reference functions. 

For the unperturbed problem the energies associated with the reference 
functions should lie below the energies associated with other functions. The 
situation can be represented pictorially as follows:- 

virtual space 

~=0 

reference space 

Now for some values of the perturbation parameter, A, in the range of val- 
ues of interest, i.e. 0 ~_ IA[ _~ I, the energies associated with some functions 

which are not in the reference space may lie below the energies of functions in 

the reference space. These states axe termed intruder states. Their presence 

can impair or even completely destroy the convergence of multireference per- 

turbation expansions. Intruder states can be divided into two types:- (i) those 
satisfying 

0 < ~ < +1 (39) 

and which might be termed physical intruder states since their occurrence usu- 

ally has some physical origin, which, once recognized, can be used to eliminate 
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them; (**) those satisfying 
0 > _> -1 (40) 

which are unphysical and are termed backdoor intruder states. Such states are 
both more difficult to identify and more difficult to eliminate. 

Most formulations of many-body multireference theories require the use of a 
complete active space. The reference space must consist of functions generated 
by considering all possible occupancies of the active orbitals. Failure the satisfy 
this requirement often destroys the linear scaling properties of the theory with 
particle number. On the other hand, the imposition of this requirement can 
easily lead to a situation in which functions which are not in the reference space 
have an energy significantly below the energies associated with the highest 
state included in the model space. Over the years a number of solutions to 
this intruder state problem have been advanced but none of these are wholly 
satisfactory failing to provide a robust and general framework for handling 
problems which demand a multireference formulation. 

4 R e c e n t  p r o g r e s s  in B r i l l o u i n - W i g n e r  m e t h -  

o d s  for t h e  m a n y - b o d y  p r o b l e m  

Recent years have witnessed [11]-[22] a revival of interest in Brillouin-Wigner 
perturbation theory principally because it is seen as a possible remedy to the 
intruder state problem. Wenzel and Steiner [15] write (p. 4714) 

"... the reference energy in Brilloum-Wigner perturbation the- 
ory zs the fully dressed energy ... Thzs feature guarantees the exis- 
tence of a natural gap and thereby rapid convergence of the pertur- 
bation series." 

We consider the application of multireference Brillouin-Wigner methods to 
many-body systems. Two distinct approaches can be taken:- 

(,) the Brillouin-Wigner perturbation theory can be employed to solve the 
equations associated with an explicitly many-body method. For example, the 
full configuration interaction problem can be solved in this way as can the 
coupled cluster equations [23]-[25]. 

Huba5 and his coworkers [11] have explored the use of Brillouin-Wigner 
perturbation theory in solving the equations of coupled cluster theory. By 
adopting an exponential expansion for the wave operator they obtain the 
Brillouin-Wigner coupled cluster theory [11]- [14] which is entirely equivalent 
to other many-body formulations for the case of a single reference function 
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since the perturbation expansion is summed through all orders. The applica- 
tion of the Brillouin-Wigner coupled cluster approach to the multi-reference 
function problem has given some useful insights [26]-[27]. 

Multireference generalized Brillouin-Wigner coupled cluster theory, in par- 
ticular, has been shown to have considerable potential [29, 30]. 

(ii) a posteriori corrections can be obtained to the Brillouin-Wigner pertur- 
bation theory itself and to methods such as limited configuration interaction. 
These a posteriori corrections are based on a very simple idea. We compare the 
Brillouin-Wigner resolvent (6) with the Rayleigh-SchrSdinger resolvent (13). 
We see that they differ in denominators. Using identity relation [28] 

( e  - Ek)  -1  = (Eo - E k )  -1 J- (E0 --/~k) -1 ( - -AE)  (e - Ek)  -1  (4]) 

where the exact energy is written as 

g =  E o + A E  (42) 

and where E0 is the ground state eigenvalue of i/-/0 and A E  is the level shift, 
we can find a posteriori size extensivity corrections to Brillouin-Wigner series. 
If we adopt the fact that Rayleigh-Schr6dinger perturbation theory series em- 
ploying the linked cluster theorem use the (E0 - Ek) -1 as denominator (the 
theory is fully size extensive) the second term on right-hand-side of eq.(41) 
can be viewed as extensivity correction term for Brillouin-Wigner series. This 
simple idea was used to find a posteriom correction for limited configuration 
interaction method [31] as well as for state specific multireference Brillouin- 
Wiguer coupled cluster theory [26],[27]. 

5 Summary and prospects 

In this article we discussed some advantages of Brillouin-Wigner perturbation 
theory over standardly in quantum chemistry used Rayleigh-Schr6dinger per- 
turbation theory. Beside the fact that Brillouin-Wigner perturbation theory is 
not often used in quantum chemistry we believe that  it has perspective to be 
a many-body method. We studied the use of Brillouin-Wigner perturbation 
theory for limited configuration interaction calculations as well as for coupled 
cluster theory (both single reference and multireference versions). We were 
able to develop a posteriori corrections to both limited configuration interac- 
tion method and MRBWCC theory by comparing Brillouin-Wiguer perturba- 
tion theory and Rayleigh-SchrSdinger perturbation theory series. We demon- 
strated that these a posteriori corrections works well. This gives perspective 
to MRBWCC theory because as we demonstrated this theory is simple and 
its extension to more than 2 state problem makes this theory very interesting. 
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By comparing both Rayleigh-Schrhdinger perturbation theory and Brillouin- 
Wigner perturbation theory series and their advantages and disadvantages 
we believe that the method which will employ the advantages of both meth- 
ods(something in between) can be developed which will be suitable for studying 
"difficult molecules" which are generally of multireference character. 
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1 I n t r o d u c t i o n  

During the 1980s, it was conclusively demonstrated that the solutions of the 
Dirac equation and the Dirac-Hartree-Fock equations could be successfully 
approximated within the algebraic approximation or finite basis set expan- 
sion technique [1]-[14]. This approximation has been routinely employed in 
non-relativistic molecular electronic structure studies since the work of Hall 
[15]and of Roothaan [16], [17] in the early 1950s. Attempts[18], [19] to use 
this approximation in relativistic problem during the 1960s exposed certain 
difficulties which were termed "the finite basis set disease". It was not un- 
til the early 1980s that the "disease" was cured [1]-[6]. Today, in studies of 
the relativistic atomic and molecular electronic structure problem, it is recog- 
nized that the algebraic approximation affords a representation of not only the 
positive energy branch but also the negative energy branch of the relativistic 
spectrum[9]. It is, therefore, a powerful tool since it facilitates the study of 
not only a relativistic many-body perturbation theory but also the covering 
theory, quantum electrodynamics[12]. 

Systematic implementation of the algebraic approximation has allowed, 
for example, the Dirac-Hartree-Fock energies of atoms to be determined to an 
accuracy which matches that achieved in finite difference calculations; typically 
10 -s - 10 -9 Hartree [13], [14]. A systematic approach to basis set construction 
can be developed in relativistic many-body perturbation theory. Recent work 
by Moncrieff and Wilson[20] on the non-relativistic neon ground state has 
made a detailed comparison of many-body perturbation theory calculations 
using finite basis set and finite element approximations. 
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The situation is far less satisfactory for molecular systems than for atoms 
[10]. Even in non-relativistic molecular structure calculations, the basis set 
truncation error is often seen as the largest source of error[21]. The magnitude 
of this error in molecular Dirac-Hartree-Fock calculations can be illustrated by 
comparing the recently reported finite element study of the ground state of the 
HCl molecule by Kullie et al [23] with the previously reported finite basis set 
results of Laaksonen et al [10] and of Parpia and Mohanty [24]. For a nuclear 
separation of 2.400 bohr, Kullie et al [23] used a grid of 6561 points and 5th 
order polynomials to obtain a relativistic ground state energy of -461.569181 
Hartree. This energy is compared with values obtained from finite basis set 
studies in Table 1. In this Table, ~ denotes the difference between the energy 
supported by a given basis set and the reference energy which for the Dirac- 
Hartree-Fock calculations is the finite element result of Kullie et al [23]. For 
the non-relativistic calculation reported in Table 1 the reference is the fimte 
difference Hartree-Fock energy reported by Laaksonen et al [10]. The matrix 
Hartree-Fock and matrix Dirac-Hartree-Fock calculations of Laaksonen et al 
employed what could today be described as "rather modest" basis sets. Specif- 
ically, they used a basis set due to Roos and Siegbahn [25] centred on the Cl 
atom containing functions of s and p symmetry only and an even-tempered 
set centred on the H atom. It can be seen from Table 1 that  an error of about 
50 milliHartree is associated with this basis set. However, the difference be- 
tween the Hartree-Fock and Dirac-Hartree-Fock calculations carried out with 
this modest basis set is 1.465 Hartree which should be compared with the 
difference of 1.456 Hartree between the finite element Dirac-Hartree-Fock and 
the finite difference Hartree-Fock energies. The difference between these two 
relativistic corrections is only 8.7 milliHartree, which is almost an order of 
magnitude smaller than the basis set truncation errors associated with the 
corresponding total energies. The molecular basis set employed by Parpia and 
Mohanty [24] could be described as a one composed of large, atom-centred 
even-tempered subsets. The error associated with this basis set is of the order 
of 2 milliHartree. 
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T a b l e  1 
Some Hartree-Fock and Dirac-Hartree-Fock calculations for the 
ground state of the HCl molecule with a nuclear separation of 2.400 
bohr.. 

Energy E / Hartree ~ /mHartree Reference 
Emily --460.06054 52.51 Laaksonen et al (1988) [10] 
EfdHF --460.11305 Laaksonen et al (1988) [10] 
EmDHF --461.52538 43.80 Laaksonen et al (1988) [10] 
~JmDHF --461.5670806 2.100 Parpia and Mohanty (1995) [24] 
E~eDHF --461.569181 gullie et al (1999) [23] 

If high precision is to be supported, molecular basis sets constructed from 
atom-centred subsets necessitate the use of functions of higher angular quan- 
turn number, £, particularly in electron correlation studies. This has prompted 
a recent renewal of interest in the use of off-atom functions of lower symmetry. 
Atom-centred basis sets have been most widely used in molecular calculations 
but, in calculations designed to match the accuracy achieved in numerical 
Hartree-Fock studies of diatomic molecules, it has recently been shown that 
they can be usefully supplemented by off-centre sets [26]-[29]. Indeed, by in- 
cluding bond centred functions in a systematically constructed basis set for the 
ground state of the nitrogen molecule it has been possible to obtain an energy 
that is within a few #Hartree of the numerical result. The success of these 
calculations suggests investigation of the construction of basis sets including 
off-atom basis functions in more general terms. 

The distributed basis set [30] [31] is a development which shows some 
promise. In such basis sets the exponents and the distribution of the Gaussian 
functions are generated according to empirical prescriptions. Gaussian func- 
tions are particularly well suited for such a procedure since, unlike exponential 
basis functions, they do not introduce a cusp. This approach is distinct from 
the use Gaussian lobe functions[32] and the Floating Spherical Gaussian Or- 
bital (F.S.G.O.) model[33]-[35] in that there is no attempt to mimic higher 
harmonics directly and non-linear optimization is avoided. This allows the use 
of large basis sets resulting in high precision. However, a central problem in 
the distributed basis set approach is in deciding where the basis functions cen- 
tres should be placed. In previous work, both the position and the exponents 
for the functions comprising the distributed basis set have been determined by 
empirical prescriptions. The Gaussian cell model [36], a distributed basis set in 
which s-type basis functions are arranged on a regular cubic lattice, has been 
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reexamined [37] and shown to support an accuracy approaching the 1 #Hartree 
level for the total energy of one-electron diatomic [38] and triatomic systems 
[39]. The distribution of s-type basis functions based on a Laplace transform 
relating elliptical functions and Gaussian functions has been shown [40] to lead 
to systematic convergence for the hydrogen molecular ion. More recently, a 
stochastic variational approach has been applied to the nitrogen molecule [41]. 
In very recent work published in this volume, Glushkov and Wilson [42] have 
investigated the optimal distribution and exponents for a sequence of Gaussian 
basis sets for the ground state of the hydrogen molecular ion at its equlibrium 
geometry by invoking the variation principle. The sequence of distributions 
and exponents thus obtained will be used to devised empirical schemes for 
constructing distributed Gaussian basis sets for larger systems for which the 
optimization of non-linear parameters would be computationally intractable. 

The purpose of the present work is to explore the use of a distributed 
Gaussian basis set in an application to the Dirac equation for the ground 
state of the H + molecular ion. At the equilibrium nuclear separation of 2 
bohr the non-relativistic energy is known to an accuracy of 10 -13 Hartree 
from the work of Madsen and Peek [43] whilst Sundholm et el [44] record 
the relativistic energy to an accuracy of 10 -l° Hartree. Specificially, we used 
the 27s basis set of distributed s-type Gaussian basis functions obtained by 
Glushkov and Wilson [42] which supports a non-relativistic ground state energy 
of sub-#Hartree accuracy to approximation the solution of the Dirac equation 
for the ground state of the hydrogen molecular ion. 

2 T h e  m o l e c u l a r  D irac  e q u a t i o n  in t h e  alge-  
braic  a p p r o x i m a t i o n  for d i s t r i b u t e d  G a u s s i a n  
bas is  s e t s  o f  s - t y p e  f u n c t i o n s  

For a system involving a time-independent scalar potential the Dirac equation 
may be written 

hDCk = ~kCk (1) 

where ¢k (X) is a four-component function of position 

¢~(x) L : Ck (x) 
¢~(x): ¢~(x) ¢~(x) (2) 

¢~(x) 
and 5k is the corresponding eigenvalue. The Dirac hamiltonian takes the form 

hD = c a .  p + Y(r) + ~ m c  2 (3) 
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where c is the speed of light, a and fl are the 4 × 4 Dirac matrices 

= ~ ~y ~z ~ , =  (4) 
O-v, 0 

o - I  (5) 

The a ,  are the Pauli matrices 

# = =  1 0 a y =  z 0 #~=  0 - 1  (6) 

and I is the 2 × 2 unit matrix, p is the momentum vector 

p .  = - ~ V .  (7) 

and m is the mass. 
For the hydrogenic molecular ions the potential V(r) takes the form 

Y(r) = VA(r) + YB(r) (8) 

where 
ZA ZB 

VA(r)= rA' VB(r)= rB (9) 

in which Zp is the charge associated with nucleus P and rp is the distance 
between the electron and nucleus P; P = A, B. 

Now to recover the non-relativistic limit of the Dirac equation (1) we must 
have 

(a.p) (or.p) = p2I (10) 

The operator a .  p has the explicit form in cartesian co-ordinates 

~ . p  
P= + ~Pu -Pz 

~ O z  (ii) 

When the problem is formulated in the algebraic approximation by expanding 
the components of Ck(x) in a finite basis set, the requirement (10) leads to 
what is now known as the 'kinetic balance condition'. The matrix representa- 
tion of (10) necessitates that the basis sets employed in the parametrization of 
the large and small components of the relativistic eigenfnnctions are matched. 
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Failure to recognize this restriction was the underlying cause of the 'finite ba- 
sis set diease' which undermined early attempts to solve the Dirac equation 
and the Dirac-Hartree-Fock equations in the algebraic approximation. One 
of the most damaging symptoms of this 'disease' was the appearance of in- 
truder states destroying the clean separation of the positive and negative en- 
ergy branches of the spectrum which must be seen as an essential prerequisite 
of a sound treatment of many-body eiTects in a relativistic formalism. 

Given a basis set of scalar functions Xk, k = 1,2, ..., N the large component, 
eL (x), is expanded in the basis set 

X~ = Xk 0 + Xk 1 

The kinetic balance condition requires that  the small component basra set be 
generated from (12) according to the prescription 

S L 

where Nk S is a normalization constant. The relation (13) implies that if X L 
contains an angular dependence ~ then X~ will be a fixed linear combination 
of two functions; one with angular dependence g - 1 and the other g + 1. 
So a large component function of d-symmetry will lead to a matched small 
component function which is a fixed linear combination of functions of p- and f -  
symmetry. (Some workers employ a small component basis set which contains 
these functions with angular dependence £ - 1 and ~ + 1 as distinct entities 
rather than as fixed linear combinations. This has been term extended kinetic 
balance. The calculation reported in this work employ stmct kinetic balance 
to construct the small component basis set.) 

In the present approach, the large component basis set is a distributed set 
of s-type Gaussian functions 

which are centred on the point (Xk, Yk, Zk) with exponent ~k. The small compo- 
nent basis set is defined by the kinetic balance condition (13) and is constructed 
from the primitive p-type Gaussians 

(X--Xk)  exp{--~k [(X--Xk)2 ~ - ( y - -yk )2+  (Z -- Zk)2] } 

+ + / z -  } 

centred on the same point as the corresponding large component basis func- 
tion and with the same exponent. When the large component basis set is a 



248 H M Qumey et al 

distributed set of s-type Gaussian functions then kinetic balance prescription 
for the small component set assumes a particular simple form. 

3 D i s t r i b u t e d  s - type  Gauss ian  basis  sets  for 
H + ground  s ta te  

3.1 T h e  non- re la t i v i s t i c  t o ta l  e l ec tron ic  e n e r g y  

The exact non-relativistic ground state electronic energy of the H + molecular 
ion at its equilibrium nuclear separation of 2 bohr is known to be [43] 

-1.102 634 214 494 9 Hartree. 

In previous work [42], we have carefully optimized a sequence of distributed 
basis sets of Gaussian s-type functions for this one-electron system. The basis 
sets, which are labelled 2n + 1, contain an odd number of functions. All basis 
functions are centred on points lying on the line passing through the nuclei 
(the z-axis) and one function centred on the bond mid-point (z = 0) and 
the remaining functions are distributed symmetrically. N denotes the total 
number of basis functions in a given basis set. 5 is the difference between a 
given entry and the exact energy, again in pHartree. It was found that  only 9 
functions are required to support sub-milliHartree accuracy, 13 functions can 
support an accuracy of 100 #Hartree and 19 functions yield an energy which 
an accuracy below the 10 #Hartree level. A basis set of 25 functions was found 
to be capable of supporting an accuracy at the sub-# Hartree level. 

Some of the energies reported in Table 2 are those reported by Wilson and 
Moncrieff [30] using an ad hoc distribution based on electric field variant basis 
sets associated with each of the nuclei, a subset located on the bond centre 
and another subset at off-centre positions beyond the nuclei. A near saturated 
set of s functions centred on each nucleus is designated 30s. Replacing these 
atom-centred sets by electric field variant sets gives a basis set which is labelled 
30s(efv), whilst adding bond centre functions gives -0.602 577 5 Hartree. The 
addition of off-centre subsets gives the lowest energy recorded in the study of 
Wilson and Moncrieff using a basis set designated 30s(efv) : 30s bc; 30s oc, 
which lies some 0.014 #Hartree above the lowest energy reported in Table 
1. However, the distributed sets investigated by Wilson and Moncrieff[30] 
were constructed from even-tempered subsets. No exponent optimization was 
undertaken. This ad hoc distributed basis set considered of a total of 150 basis 
functions (30 associated with each nucleus, 30 located at the bond centre and 
30 at each of the off-centre positions beyond the nuclei.) 
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Table  2 
Total non-relativistic energies for the ground state of the H2 + mole- 
cular ion at R=2.0 bohr supported by various distributed Gaussian 
basis sets of s-type functions. 

Basis set N E 3 Reference 
2 x 1 3 + 1  

30s 
30s(efv) 

30s(efv); 30s bc 

5 x 5 x 7  
Laplace transform 

Exact 

27 -1.102 633 875 0.339 (a) 
60 -1.090 950 5 11683.7 (b) 
60 -1.102 274 4 359.8 (b) 
90 -1.102 577 5 56.7 (b) 
150 -1.102 633 861 0.353 (b) 

1588 -1.102 631 3.2 (c) 
312 -1.102 631 3 (d) 

-1.102 634 214 494 9 (e) 

(a) Glushkov and Wilson 
(b) Wilson and Moncrieff 
(c) Wilson [38l 
(d) Wilson[39] 
(e) Madsen and Peek [43] 

[42] 
[3o] 

3.2 The optimized distributed Gaussian basis set  

The optimized distributed Gaussian basis set of s-type functions employed 
in the present work was obtained in a previous non-relativistic study[42] of 
the H + ground state. The basis functions were taken to have the form (14) 
and both the exponents, ~k, and the positions (xk, Yk, Zk) are determined by 
invoking the variation principle. The total electronic energy is determined 
subject to the conditions 

OE OE 
=0,  =0,  # = x , y , z ,  Vk (16) 

0(k 0#k 

Details of the optimization procedures followed are given in [45] and [46]. 

3.2.1 O p t i m a l  e x p o n e n t s  

The optimal values of the exponents for a basis set of 27 s-type Gaussian 
functions distributed along the line passing through both nuclei are collected 
in Table 3. The exponents, ~p, are arranged in increasing order of magnitude. 
The index p defines this order. 
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The optimal exponents of the s-type Gaussian functions in the (2 x 13 + 1) 
basis set plotted as a function of the basis function index, p, in Figure 1 on a 
logarithmic scale. We recall that  for an even-tempered basis set the exponents 
form a geometric series and the plot of the logarithms of the exponents against 
the index, p, is linear. 

T a b l e  3 
Exponents for a variationally optimized distributed Gaussian basis 
set of 27 s-type functions for the ground state of the H + molecular 
ion with a nuclear separation of 2.000 bohr. 

p 

1 0.825 657 9 × 10 -~ 
2 0.178 753 2 
3 0.345 619 0 
4 O.446 132 9 
5 0.761678 0 
6 0.100 487 6 x 10 +1 
7 0.211 070 6 × 10 +1 
8 0.243 218 1 x 10 +1 
9 0.614 265 8 x 10 +i 
10 0.170 160 4 x 10 +~ 
11 0.522 443 2 x 10 +2 
12 0.184 642 3 x 10 +3 
13 0.811 832 6 x 10 +3 
14 0.542 254 8 x 10 +4 

3.2.2 O p t i m a l  d i s t r i b u t i o n  

The optimal positions of the 27 s-type Gaussian functions centred on points 
along the internuclear axis are given in Table 4. The first function is located 
at the mid-point between the nuclei and the remaining functions are arranged 
in pairs on either side of the first. In Table 4, the values of zq are ordered 
according to their dzstance from the m,d-point of the bond. It should be noted 
that  the order of the optimal positions given in Table 4 does not correspond 
to that of the optimal exponents given in Table 3. We have employed different 
orderings of the exponents and positions so as to display the dependence on 
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E x p o n e n t  

1 0 0 0  

1 O0  

10 

0.1 

0.01 I ~ _ J ~ i I _ l  i l i i ~ ~  

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

Basis function index 

° 2 x 1 3 + 1  

Figure 1: Optimal positions of the s-type Gaussian functions in the (2 x 13 + 1) 
basis set plotted as a function of the basis function index, p. 
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the basis function indices, p and q, more clearly. 
The optimal positions of the s-type Gaussian functions in the (2 × 13 + 1) 

basis set plotted as a function of the basis function index, q, in Figure 2. The 
function corresponding to q = 1 is constrained by symmetry to be centred on 
the bond mid-point. The functions corresponding to q = 2, 3, 4 could be said 
to describe polarization effects. The remaining functions, q = 5, ..., 14 describe 
the wave function in the nuclear region. 

Let us denote by P the permutation operator which Ielates the order of 
the optimal exponents in Table 3 with that of the optimal positions in Table 
4. For a basis set designated [2n + 1] this permutation takes the form 
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Position 
1.2 

0.8 

0.6 

0.4 

0.2 

0 $ J I I I I I I [ I I I I I _ _  

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

Basis function index 

" 2x13+1 

Figure 2: Optimal positions of the s-type Gaussian functions in the (2 × 13 + 1) 
basis set plotted as a function of the basis function index, q. 
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Table 4 
Positions for a variationally optimized distributed Gaussian basis 
set of 27 s-type functions for the ground state of the H + molecular 
ion with a nuclear separation of 2.000 bohr 

q Zq 
1 0 

2 +0.410 673 9 

3 +0.506 9807 
4 I0.5703068 

5 I0.768 222 3 

6 ±0.950 979 9 
7 J:0.983634 6 

8 +0.984 937 1 
9 I0.986431 9 

I0 ~:0.995 979 9 

11 ~=0.998 319 0 
12 ~=0.999 672 2 
13 ~0.999 879 9 
14 +0.999 9914 

4 M a t r i x  D i r a c  e n e r g y  for t h e  H + m o l e c u l a r  

ion 

Using the distributed Gaussian basis set defined in Tables 3 and 4 approxi- 
mate solutions of the matrix Dirac equation for the H + molecular ion were 
obtained. The calculations were carried out using subroutines extracted from 
the BERTHA computer program of Quiney et al [47]. The approximate eigen- 
value of the matrix Dirac equation, which is designated EmDE, was found to 
be -1.102 641 239 0 Hartree. 

In Table 5, a comparison of finite basis set and finite difference electronic 
structure calculations for the ground state of the H + molecular ion for a nu- 
clear separation of 2.0 bohr is made. In this Table, Ems~ denotes the energy 
resulting from the solution of the matrix Schr5dinger equation reported by 
Glushkov and Wilson [42], EIdSE is the energy obtained by the finite differ- 
ence solution of the SchrSdinger equation reported by Sundholm et al [44], 
EroDE denotes the energy obtained by solving the matrix Dirac equation ac- 
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cording to the procedure defined in the present work, and ESdDE is the finite 
difference solution of the Dirac equation reported by Sundholm et a1144]. 

The energy difference 

A EIr:I. = EraSE -- EroDE 

is based on the present work and that of Glushkov and Wilson[42], whilst the 
difference 

AE[ . = E1ds  - EId E 

is determined from the work of Sundholm et a1144]. 
In Table 5, ¢ denotes the basis set truncation error in energies resulting 

from calculations with finite basis sets in #Hartree. It can be seen that the 
error in Erase is identical to that in EroDE tO an accuracy of 0.1 nHartree. 
Furthermore, the energy difference AEI~z. agrees with AE[ d. to this level of 
accuracy. 

Table  5 
A comparison of finite basis set and finite difference electronic struc- 
ture calculations for the ground state of the H + molecular ion for 
a nuclear separation of 2.0 bohr. 

Energy E/Hartree e/#Hartree Reference 
Emss -1.102 633 873 6 0.340 9 (a) 
EIdSE --1.102 634 214 5 (b) 
EroDE --1.102 641 239 0 0.340 9 (C) 
EfdDE -1.102 641 579 9 (b) 
A E ~  --7.365 5 × 10 -6 0.000 0 (c) 
AE[~. -7.365 5 × 10 -6 (b) 

(a) Glushkov and Wilson [42] 
(b) Sundholm et al (1987) [44] 
(c) Present work 

5 D i s c u s s i o n  a n d  c o n c l u s i o n s  

We have demonstrated that the total relativistic energy of the ground state of 
the H2 + molecular ion at its equilibrium nuclear separation of 2.0 bohr can be 
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determined to a sub-#Hartree level of accuracy by using a basis set developed 
according to the (stmct) kinetic balance prescription from a distributed set 
of s-type Gaussian functions optimized for the corresponding non-relativistic 
problem. 

According to the kinetic balance prescription, a large component basis set 
containing only s-type functions distributed along the axis passing through the 
nuclei gives rise to a small component basis set consisting of p-type Gaussian 
functions also distributed along this axis. Relativistic electronic structure cal- 
culations using distributed Gaussian basis sets can therefore avoid the need 
to include higher harmonics which are essentially if high precision is to be 
achieved using the more widely used atom-centred expansions. 

The calculation reported in this paper has cleary demonstrated that  the 
techniques developed in recent years for designing molecular basis sets which 
are capable of supporting the approach to the Hartree-Fock limit at the sub- 
#Hartree level [26]-[29] can also be exploited in the approximate solution of the 
corresponding relativistic molecular electronic structure problem. Formally, 
this approach can be applied to arbitrary many-electron molecules, including 
polyatomic systems and to calculations which take account of electron corre- 
lation effects. Progress in this direction will be reported in due course. 

Acknowledgments 
HMQ wishes to acknowledge the hospitality of the School of Chemistry at 

the University of Melbourne and the facilities made available by Prof. F.P. Larkins. 
SW acknowledges the support of the UK Engineering and Physical Sciences 
Research Council under Grant GR/M74627. 

R e f e r e n c e s  

[1] Y. Ishikawa, R.C. Binning and K.M. Sando, Chem. Phys. Lett. 101,111 
(1983) 

[2] K.G. Dyall, I.P. Grant and S. Wilson, J. Phys. B: At. Mol. Opt. Phys. 
IT, 493 (1984) 

[3] K.G. Dyall, I.P. Grant and S. Wilson, J. Phys. B: At. Mol. Opt. Phys. 
17, L45 (1984) 

[4] K.G. Dyall, I.P. Grant and S. Wilson, J. Phys. B: At. Mol. Opt. Phys. 
17, 1201 (1984) 

[5] R. Stanton and S. Havriliak, J. Chem. Phys. 81, 1910 (1984) 



The D,rac Equation in the Algebraic Approx,matlon 257 

[6] P. Aerts and W.C. Nieuwpoort, Chem. Phys. Lett. 113, 165 (1985) 

[7] H.M. Quiney, I.P. Grant and S. Wilson, J. Phys. B: At. Mot. Opt. Phys. 
18, 2805 (1985) 

[8] H.M. Quiney, I.P. Grant and S. Wilson, J. Phys. B: At. Mol. Opt. Phys. 
20, 1413 (1987) 

[9] H.M. Quiney, I.P. Grant and S. Wilson, Physica Scripta 36, 460 (1987) 

[10] L. Laaksonen, I.P. Grant and S. Wilson, J. Phys. B: At. Mol. Opt. Phys. 
21, 1969 (1988) 

[11] H.M. Quiney, I.P. Grant and S. Wilson, 1989, J. Phys. B: At. Mol. Opt. 
Phys. 22, L15 (1989) 

[12] H.M. Quiney, I.P. Grant and S. Wilson, in Many-Body Methods in Quan- 
tum Chemistry, Lecture Notes in Chemistry 52,307, edited by U. Kaldor, 
Springer-Verlag, Berlin (1989) 

[13] H.M. Quiney, I.P. Grant and S. Wilson, J. Phys. B: At. Mol. Opt. Phys 
23, L271 (1990) 

[14] S. Wilson, in The Effects of Relativity in Atoms, Molecules and the Solid 
State, edited by S. Wilson, I.P. Grant and B.L. Gyorffy, Plenum Press, 
New York (1991) 

[15] G.G. Hall, Proc. Roy. Soc. (London) A205, 541 (1951) 

[16] C.C.J. Roothaan, J. Chem. Phys. 59, 5956 (1951) 

[17] C.C.J. Roothaan, Rev. Mod. Phys. 23, 69 (1961) 

[18] M. Synek, Phys. Rev. 136, 1556 (1964) 

[19] Y.-K. Kim, Phys. Rev. 154, 17 (1967); 159, 190 (1968) 

[20] D. MoncrieiT and S. Wilson, J. Phys. B: At. Mol. Opt. Phys. 32, 5379 
(1999) 

[21] S. Wilson, in Methods in Computational Molecular Physics, ed. G.H.F. 
Diercksen and S. Wilson, Reidel, Dordrecht (1983) 

[22] S. Wilson, Adv. Chem. Phys. 67, 439 (1987) 

[23] O. Kullie, C. Diisterhhft and D. Kolb, Chem. Phys. Lett. 314, 307 (1999) 



258 H. M Quiney et al 

[24] F.A. Parpia and A.K. Mohanty, Phys. Rev. A52, 2 (1995) 

[25] P.O. Roos and P.E.M. Siegbahn, Theor. chim. Acta 17, 209 (1970) 

[26] D. MoncrieiT and S. Wilson, J. Phys. B: At. Mol. Opt. Phys. 26, 1605 
(1993) 

[27] D. Moncrieff and S. Wilson, Chem. Phys. Lett. 209, 423 (1993) 

[28] J. Kobus, D. Moncrieff and S. Wilson, J. Phys. B: At. Mol. Opt. Phys. 
27, 2867 (1994) 

[29] J. Kobus, D. Moncrieff and S. Wilson, J. Phys. B: At. Mol. Opt. Phys. 
27, 5139 (1994) 

[30] S. Wilson and D. Moncrieff, Molec. Phys. 80, 461 (1993) 

[31] D. Moncrieff and S. Wilson, Molec. Phys. 82, 523 (1994) 

[32] H. Preuss, Z. Naturforsch. l l a ,  823 (1956); H. Preuss, Z. Naturforsch. 
19a, 1335 (1964); ibid. 20a, 17, 21 (1965); J.L. Whitten, J. Chem. Phys. 
39, 349 (1963); F. Driessler and R. Ahlrichs, Chem. Phys. Lett. 23, 571 
(1973); V.R. Saunders, in Methods in Computational Molecular Physics, 
edited by G.H.F. Diercksen and S. Wilson, Reidel, Dordrecht 

[33] A.A. Frost, J. Chem. Phys. 47, 3707 (1967) 

[34] A.A. Frost, J. Chem. Phys. 47, 3714 (1967) 

[35] B. Ford, G.G. Hall and J.C. Packer, Intern. J. Quantum Chem. 4, 533 
(1970) 

[36] L.M. Haines, J.N. Murrell, B.J. Raltson and D.J. Woodnutt, J. Chem. 
Soc., Faraday Trans. 2, 70, 1794 (1974) 

[37] B.J. Ralston and S. Wilson, J. Mol. Struct. (Theochem) 341,115 (1995) 

[38] S. Wilson, J. Mol. Struct. (Wheochem) 357, 37 (1995) 

[39] S. Wilson, Intern. J. Quantum Chem. 60, 47 (1996) 

[40] S. Wilson, J. Phys. B: At. Mol. Opt. Phys. 28, L495 (1995) 

[41] S. Wilson, Intern. J. Quantum Chem. 74, 547 (1999) 

[42] V.N. Glushkov and S. Wilson, Adv. Quantum Chem. (th~s volume) 



The Dirac Equahon sn the Algebra,c Approxlmahon 259 

[43] M.M.Madsen and J.M. Peek, At. Data 2, 171 (1971) 

[44] D. Sundholm, P. Pyykk5 and L. Laaksonen, Physica Scripta, 36, 400 
(1987) 

[45] V.I. Karliichuk, V.N. Glushkov, A.I. Aprasyukhin, A.Y. Tsaune, J 
Structural Chem. 24, 914 (1983) 

[46] A.Y. Tsaune, V.N. Glushkov and A.I. Aprasyukhin, Teoreticheskaya i 
Eksperimentalnaya Khimiya 24, 215 (1988) 

[47] H.M. Quiney, H. Skaane and I.P. Grant, in Quantum Systems m Chem- 
istry and Physics. II, ed. S. Wilson et al, Adv. Quantum Chem. 32, 1 
(1998) 



Relativist ic  multireference M¢ller-Plesset  

perturbation theory calculations for the term 

energies and transition probabil it ies of ions in 

the nitrogen isoelectronic sequence 

by 
Marius Jonas Vilkas, Yasuyuki Ishikawa, 

Department of Chemistry, University of Puerto Rico, 
P.O. Box 23346, San Juan, PR 00931-3346, USA 

Abst rac t  

Highly accurate relativistic multireference M¢ller-Plesset perturba- 
tion calculations are performed on the energy levels, transition proba- 
bilities, and lifetimes of ions in the nitrogen moelectronic sequence 

© 2001 by Academm Press 

Contents  

1. Introduction 
2. Theory 

(a) The relativistic no-pair Dirac-Coulomb-Breit Hamiltonian 

(b) The matrix multiconfiguration Dirac-Fock SCF method 

(c) Relativistic multireference many-body perturbation theory 

(d) Transition probabilities 

3. Computational 
4. Results and Discussion 

(a) Energy levels 

(b) Spin-forbidden 2s22p 3 transitions 

(e) E1 transition probabilities and lifetimes 

References 

ADVANCES IN QUAmUM CHEM~SVRY VOLUME 39 
Copyright © 2001 by Academic Pres~ All rlght~ of 
reproduction in any form reserved 
0065-3276/01 $35 00 

261 



262 Marius Jonas ViIkas and Yasuyuka Ishlkawa 

1 I N T R O D U C T I O N  

There has been considerable interest in the excited state energies and transition 
rates of opensheU ions [1, 2, 3, 4]. Accurate estimates of radiative transition 
probabilities among multiplet states are important for diagnosing astrophysical 
and laboratory plasmas as they provide a major source for successful exper- 
imental identifications of the spectra. Of particular interest are the electric 
dipole-allowed and -forbidden transition probabilities, which are important in 
interpreting decay curves of the observed spectral lines. However, accurate 
calculations of transition energies, fine structure (FS) splittings, and transi- 
tion probabilities of nitrogen and nitrogenlike ions are particularly difficult 
for three reasons. First, the ions possess significant nondynamical correlation 
due to near-degeneracy of the multiplet states that arise from the five open 

l m n (1 + m + n=5) configurations, mandating a shell electrons in 2s1/22P1/22P3/2 
multiconfigurational treatment. Second, relativistic effects, which are small 
for low Z (Z-  nuclear charge) and may be treated by perturbation theory [5], 
become large enough to cause a breakdown of LS coupling with increasing 
Z, and the accuracy achieved in low-Z ions by use of the Breit-Pauli Hamil- 
tonian quickly deteriorates for intermediate and large Z. Last, both relativity 
and electron correlation must simultaneously be accurately accounted for to 
obtain the relative positions of the multiplet states. 

In the present study, we employ recently developed relativistic multirefer- 
ence M~ller-Plesset (MR-MP) perturbation theory [6, 7, 8] to calculate accu- 
rately the energies of seven odd-parity and eight even-parity states, FS split- 
tings, 2s22p 3 2 o 2s22p3 4 o D3/2,~/2 - S~/2 magnetic dipole (M1), 2s22p 3 2D~/2,5/2 - 

2s22p 3 4S~/2 electric quadrupole (E2) and the sixteen strongest electric dipole 
(El) transition probabilities of nitrogen and nitrogenlike ions. This is a suc- 
cessful i m p l e m e n t a t i o n  and application of relativistic MR many-body pertur- 
bation theory to multiple openshell systems that exhibit the near degeneracy 
characteristic of a manifold of strongly interacting configurations. Relativis- 
tic MR-MP perturbation theory accounts for relativistic, nondynamical and 
dynamical Dirac-Coulomb (DC) and Breit correlation corrections in addition 
to Lamb shifts, providing accurate term energies and FS splittings. The DC 
and Breit correlation corrections include the relativistic many-body shift, the 
nonadditive interplay of relativity and electron correlation [9, 10]. Contribu- 
tions to the term energy separations and FS splittings from relativity, DC and 
Breit correlation corrections and the Lamb shift are analyzed. The forbidden 
(M1 and E2) transitions, which appear at longer wavelengths, provide a useful 
diagnostic tool for high-n ions [1] because the M1 and E2 decay rates scale at 
higher powers of Z than do E1 decay rates. The implementation of the rela- 
tivistic MR-MP procedure, using G spinors, and the procedure for calculating 
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transition probabilities with relativistic MR-MP wavefunctions axe outlined in 
the next section. In section 4, relativistic MR-MP calculations of term energy 
separations and transition probabilities are presented. 

2 T H E O R Y  

2.1 The  relativist ic  no-pair Dirac-Coulomb-Bre i t  Hamil-  
tonian 

The effective N-electron Hamiltonian (in atomic units) for the development of 
our MR-MP algorithm is taken to be the relativistic "no-pair" Dirac-Coulomb 
(DC) Hamiltonian [11, 12], 

H+DC = ~ hD(i) + f~+ ~ C~. (1) 
z ~>O 

£+ = L+(1)L+(2). . .  L+(N), where L+(i) is the projection operator onto the 
space D (+) spanned by the positive-energy eigenfunctions of the matrix DF 
SCF equation [12]. £+ is the projection operator onto the positive-energy 
space ~(+) spanned by the N-electron configuration-state functions (CSFs) 
constructed from the positive-energy eigenfunctions (E D (+)) of the matrix 
DF SCF. It takes into account the field-theoretic condition that the negative- 
energy states are filled and causes the projected DC Hamiltonian to have nor- 
realizable bound-state solutions. This approach is called the no-pair approx- 
imation [11] because virtual electron-positron pairs are not permitted in the 
intermediate states. The eigenfunctions of the matrix DF SCF equation clearly 
separate into two discrete manifolds, D (+) and D(-), respectively, of positive- 
energy and negative-energy states. As a result, the positive-energy projection 
operators can be accommodated easily in many-body calculations. The for- 
real conditions on the projection are automatically satisfied when only the 
positive-energy spinors (C D (+)) are employed, hD is the Dirac one-electron 
Hamiltonian (in a.u.) 

hD(i) : c (~ .  p~) + (fl~ -- 1)c 2 + Vn~(r~). (2) 

Here a and /3 are the 4×4 Dirac vector and scalar matrices, respectively. 
Vn,c(r) is the nuclear potential, which for each nucleus takes the form 

r > R, 
T ~ y uc(r) = { --2Rz ( 3 -  < R r 2  _ (3) 
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The nuclei axe modeled as spheres of uniform proton-charge distribution; Z is 
the nuclear charge. R (Bohr) is the radius of that nucleus and is related to 
the atomic mass, A (ainu), by R= 2.2677.10-SA 1/3. Adding the frequency- 
independent Breit interaction, 

1 
B12 = -~[c~l .  a2 -F (Otl. r12)(o~2, r12)/r22]/? '12,  (4) 

to the electron-electron Coulomb interaction, in Coulomb gauge, results in the 
Coulomb-Breit potential which is correct to order a 2 (a being the fine structure 
constant ) [11]. Addition of the Breit term yields the no-pair Dirac-Coulornb- 
Breit (DCB) Hamiltonian [11, 12] 

(s) 

which is covariant to first order and increases the accuracy of calculated fine- 
structure splittings and inner-electron binding energies. Higher-order QED 
effects appear first in order c~ 3. 

2.2  T h e  m a t r i x  m u l t i c o n f i g u r a t i o n  D i r a c - F o c k  S C F  m e t h o d  

N-electron eigenfunctions of the no-pair DC Harniltonian are approximated 
by a linear combination of M configuration-state functions, {~+)(71JTr); I = 
1, 2 , . . . ,  M}, constructed from positive-energy eigenfunctions of the matrix 
DF SCF equation. The M configuration-state functions form a subspace g3 (+) 
of the positive-energy space ~(+). 

M 

¢ . (~s~ )  = Z c I ~  +)(~'s~). (6) 
I 

Here the MC DF SCF wave function eg(3'KJTr) is an eigenfunction of the 
angular momentum and parity operators with total angular momentum J and 
parity 7r. 7 denotes a set of quantum numbers other than J and 7r necessary 
to specify the state uniquely. The total DC energy of the general MC DF state 
IeK(TKJZC) > can be expressed as 

g~ MC(~KJ=) --< ¢K(TKJ=)Ig~c IeK(TKJ~) >---- 

v(+) 

= E CIKCjK < ~2~*)(~/iJTr)lH+DClg2(*)(~/jJTr) > .  
1,J=l 

(7) 
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Here it is assumed that ¢g(TKJTr) and ¢~+)(TzJTr) are normalized. 
Given a trial orthonormal set of one-particle radial spinors {¢~)~,(r)}(C 

D (+) U D(-)), the optimum occupied electronic radial spinors {¢(+)~(r)}(C 
D (+)) can be found by a unitary transformation U = 1 + T via 

¢(+) (r)=l ( p~e~¢(r) ) 2N,~ 
~h(o) (r~U, 

no-o, - ; Qno~o(r) Wnpt~p \ ] pe 

p c D ( + ) U D ( - )  

2N~ 

= + ( s )  ~np~p  k ] k P¢ 

P 

Here, the summation extends over both N~ negative and N~ positive energy 
spinors. Phi(r) and Q~(r) are the large and small radial components and 
axe expanded in N~ G spinors, {xL,} and {xL,}, that satisfy the boundary 
conditions associated with the finite nucleus [13], 

N~ N~ 
L L S S P~(r) = E X.,~,~,,,~, and Q~(r)= E Z,~,~,,,~,. (9) 

' t  ?, 

Here {~L} and { ~ , }  are linear variation coefficients. Second-order variation 
of the MC DF energy (Eq. 7) with respect to the parameters {Tp¢} and 
configuration mixing coefficients {CzK} leads to the Newton-Raphson (NR) 
equations for second-order MC DF SCF, 

(o) (oo ) ( ) ( )  
= ( 1 0 )  ~ + E hP~'ql h°c Tq, 0 

q f T "  h~°,qf h~,,7,, By,, 0 " 

Here g~e, g~, hp°e,qf, etc. are those defined in previous work [14]. Intermedi- 
ate coupling is built in through the MC DF SCF process. For the ground 
electronic state, the Hessian matrix possesses N~ positive and N~ negative 
eigenvalues corresponding to a minimum and a maximum, respectively, in 
the space of large and small component parameters. Therefore, the energy 
functional is minimized with respect to spinor rotations between the occupied 
electronic spinors and the positive energy virtual spinors. The functional is 
maximized with respect to spinor rotations between the occupied electronic 
spinors and the negative energy spinors. By maximazing the vacuum charge- 
current density polarization contribution, the MC DF mean-field potential 
defines its dressed vacuum [15]. Quiney recently gave a comprehensive account 
on the participation of the negative-energy states from the point of view of 
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quantum electrodynamics to illustrate how they enter into relativistic mean- 
field theory [16]. The quadratically convergent NR algorithm for relativistic 
MC DF SCF calculations has been discussed in detail in previous work [14] and 
is not discussed further. To remove the arbitrariness of the MC SCF spinors 
and density weighting, the canonical SCF spinors are transformed into nat- 

(+) 
ural spinors {w~p~p} for subsequent perturbation calculations [17]. The key to 
successful implementation of the subsequent MR-MP perturbation theory cal- 
culations is rapid convergence of our quadratically convergent matrix MC DF 
SCF method [14] for a general class of MC DF wave functions for open-shell 
quasidegenerate systems. 

2.3 R e l a t i v i s t i c  m u l t i r e f e r e n c e  m a n y - b o d y  p e r t u r b a t i o n  
t h e o r y  

The no-pair DC Hamiltonian HD+C is partitioned into an unperturbed Hamil- 
tonian and a perturbation term following Mcller and Plesset [18], 

H +c = H0 + V, (11) 

where the unperturbed model Hamiltonian H0 is a sum of "average" DF op- 
erators Fay , 

N N 

Ho = E F~(i) and V = H+DC- E F~,~(i). (12) 

(+) 
Here, the one-body operator F~  diagonal in lw~p~j may be defined by, 

F~  = E '(+) ,.,(+) r ,.,(+) ,(+) ~ n p ~  v > <  > <  ~np~pl  = ~np~p J av ~np~p 

reD(+) 

where 

= E w(+) > + <  '(~) ' (13) np~p ~p t'~np~p 

peD(+) 

o c t  

+=<, . , (+)  r ,.,(+) > and f ,~v=ho+E~v(Jp-Kp) (14) ~p ~'~tpNp J a~ ~nptCp 
p 

The generalized fractional occupation ~p is related to diagonal matrix elements 
of the first-order reduced density matrix constructed in natural spinors by, 

~P = DvP = E C, gClirnnp,~p[I], (15) 
v 
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where nnp~p [I] is the occupation number of the x-symmetry shell in the CSF 
~s(Vs,YTr). Jp and Kp are the usual Coulomb and exchange operators con- 
structed in natural spinors. 

The unperturbed Hamiltonian H0 may be given in second quantized form, 

+ + 

BED(+) 

where {a +ap } is a normal product of creation and annihilation operators, ap + 
and ap, respectively. The zero-order Hamiltonian, H0, is arbitrary but should 
be chosen as close to the full Hamiltonian H+c as possible so that the per- 
turbation series converges rapidly in low order. The zero-order Hamiltonian is 
usually chosen to be a sum of effective one-electron operators (M¢ller-Plesset 
partitioning [18]). For closed-shell systems, the best results have been obtained 
with M¢ller-Plesset partitioning, i.e. with the sum of closed-shell Fock oper- 
ators as H0. An effective one-body operator for general MC DF SCF closely 
related to the closed-shell Fock operator is the "average" DF operator Fay , 
a relativistic generalization of a nonrelativistic average Fock operator [17, 19]. 
The theory provides a hierarchy of well-defined algorithms that allow one to 
calculate relativistic correlation corrections in non-iterative steps and, in low 
order, yields a large fraction of the dynamical correlation. In this form of 
partitioning, perturbation corrections describe relativistic electron correlation, 
including cross contributions between relativistic and correlation effects. 

Many-electron wave functions correct to a2 may be expanded in a set of 
CSFs that spans the entire N-electron positive-energy space ~(+), { ~)~+)('yiJTr)}, 
constructed in terms of Dirac one-electron spinors. Individual CSFs are eigen- 
functions of the total angular momentum and parity operators and are linear 
combinations of antisymmetrized products of positive-energy spinors (E D(+)). 

The one-electron spinors are mutually orthogonal so the CSFs {~+)(VsJw)} 
are mutually orthogonal. The unperturbed Hamiltonian is diagonal in this 
space; 

~(+) 

H0 = E Iq~+)(~zY~r) > ETSF < @~+)(~zJ~)l, (17) 
I 

so that 

H01q~+)(VsJ~r) > =  EcsFI~?)("/sJTc ) > (1 = 1,2 , . . .  ). (18) 

Since the zero-order Hamiltonian is defined as a sum of one-electron operators 
Fay (Eq. 12), E cSe  is a sum of the products of one-electron energies defined 
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by e + and an occupation number n~q~q [I] of the ~q-symmetry shell in the CSF 

D(+)  

EcsF= E eq+n~,~q [I]. (19) 
q 

The subset, {qs~+)(7iffTr); I = 1, 2 , . . .  , M}, with which we expand the MC DF 
SCF function CK(TKffTr) (Eq. 6) also defines an active subspace q3 (+) spanned 
by ~bK("/K,Y'~r) and its M-1 orthogonal complements, { ¢K("/Kff ZC); K = 1, 2,. . .  , M}. 
The matrix of H+c in this subspace is diagonal 

: 5 K ~ - ~ ( z ~ j ~ ) ,  (2o) 

where 

M occ 

E ~  ) = <  Cg(~/gJ~)[Ho]Cg(~/gJ~r) >---- ~ ~g" ~',K'~'CSF --_ ~ e+G 
1 p 

and 

The residual space in the positive-energy subspace is 2 (+) = ~(+) - q3 (+), 
which is spanned by CSFs {q)~+)(3qffTr); I = M + I ,  M + 2 , . . .  }. Application of 
Rayleigh-SchrSdinger perturbation theory provides order-by-order expressions 
of the perturbation series for the state approximated by the wavefunetion 

ICK(WKJ~r) >, 

~:~(o'~Y~) = E : ~ ( z , ~ Y ~ )  + E~ ) + E~ ) + . . - ,  (21) 

where 

(22) 

and 

E~ ) = <  CK('~KJ~)IVn(Uo -- E~))nVlCK(0 'KJ~)  > .  (2a) 
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Here, T¢ is the resolvent operator, 

6(+) ~(+) 
T¢ - E(K °) -- H0 with 6 (+) = ~ ±  [~+)('),±ffTr) > <  ~+)(~kffTr)l. (24) 

The projection operator Q(+) projects onto the subspace £~(+) spanned by 
CSFs {~+)(7iJTr);  I = M + 1, M + 2 , . . .  }. Using the spectral resolution of 
the resolvent operator acting on Y l ~  +)(7I:77r) >, the second-order correction 
may be expressed as, 

(+) 7r E~)= ~ C, KC.,K < ~+)( .y , ,Z~) lvnv l~  ('~j,Z ) > =  
I J  

~(+) ~(+) e ' * ) " y , - ~ " v ' e ' * ) ' ~ L - ~  " i  (, ,.:,' )l I z ~, ,:,' ) > 

L~M+I I ,J=l 

(2s) 

In this form, all perturbation corrections beyond first order describe relativistic 
electron correlation for the state approximated by the MC DF SCF wavefunc- 
tion ]¢g(~'KJTr) >. When the effective electron-electron interaction is ap- 
proximated by the instantaneous Coulomb interaction ! relativistic electron 

7"~3 ' 

correlation is termed Dirac-Coulomb (DC) correlation [20]. Inclusion of the 
frequency-independent Breit interaction in the effective electron-electron inter- 
action yields the no-pair DCB Hamiltonian (Eq. 5), and relativistic electron 
correlation arising from the DCB Hamiltonian is the DCB correlation [20]. 

Summations over the CSFs in Eqs. 17 through 25 are restricted to CSFs 
(E ~(+)) constructed from the positive-energy branch (D (+)) of the spinors, ef- 
fectively incorporating into the computational scheme the "no-pair" projection 
operator L+ contained in the DC and DCB Hamiltonians. Further, the CSFs 
~(L+)(~/LJTr) (e 2 (+)) generated by excitations higher than double, relative to 
the reference CSFs ¢~+)(TxJTr) (C q3(+)), do not contribute to the second- 
and third-order because for them < (#~+)(fflJTr)l Y ]O(L+)(TLJTr) > =  0 and 

~(+)~ < ~+)(~'~JTr)l H+c I L ~/LJ~) >= o. 
Neglecting interactions with the filled negative-energy sea, i.e. neglect- 

ing virtual electron-positron pairs in summing the MBPT diagrams, we have 
a straightforward extension of nonrelativistic MBPT. Negative energy states 
(C D(+)), as part of the complete set of states, do play a role in higher-order 
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QED corrections. Studies have appeared which go beyond the "no-pair" ap- 
proximation where negative-energy states are needed to evaluate the higher- 
order QED effects [21, 22, 23, 24, 25]. Contributions from the negative energy 
states due to creation of virtual electron-positron pairs are of the order a3, and 
estimations of the radiative corrections are necessary in order to achieve spec- 
troscopic accuracy for higher Z. In the present study, the lowest-order radiative 
corrections were estimated for each state to achieve better accuracy. 

2.4 Transition probabilities 

The interaction of a single electron with the electromagnetic field is described 
by the interaction Hamiltonian h~t as 

h,,t(r, w) = e(-eo~. A(r,  w) + ¢(r, w)). (26) 

Here the four-component potential is expressed in terms of the vector potential 
A(r ,  w) and scalar potential ¢(r, w), and e is the electron charge. It is assumed 
that the interaction Hamiltonian has incoming photon field time dependence 
e -~t. Using a multipole expansion of the vector potential A(r ,  w) and scalar 
potential ¢(r ,w) [26], the multipole interaction Hamiltonian (h,~t(r,w))jM 
can be expressed in terms of multipole transition operators t~M(r , W) for the 
magnetic multipoles (0 = M) and electric multipoles (0 = E) as follows 

(h,~t(r,w))ju = - i e c i ( 2 J  +47rj1)(J + 1) tOgM(r,w). (27) 

The one-electron reduced matrix elements < t~ >,~ for transition between the 
single-particle states i and j are given (see [27, 28] for details) in the length 
form as 

/ n, +n~ 
< t M > , j = <  -~,][C(J)lln, > j-~ ~ jj(kr)(P,(r)Q~(r) + P~(r)Q,(r))dr 

(2s) 

< t E > ~ = <  n, lIc(J)lla ~ >/{j j(kr)(P,(r)P~(r)  + Q,(r)Q,(r)) + 3a+l(kr) × 

×[--f-~(P,(r)Q3(r ) + Pj(r)Q~(r)) + (P,(r)Q3(r) - P,(r)Q,(r))]}dr (29) 
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and in velocity form as 

f 
/~ -]- /~j . . . .  

< tjM >'3=< > J + 1 2j(kr)(P~(r)Qj(r) + P3(r)Q,(r))dr 

( 3 0 )  

- , + 

P~(r)Q,(r)) + + J ~ ] ( P ~ ( r ) Q ~ ( r )  - Pj(r)Q,(r))}dr (31) 

where 2j(kr) is a spherical Bessel function, k is photon wave vector and k 
=] k ]. C (g) is an irreducible tensor of rank J with components related to the 

spherical harmonics as C~ J) ~ Y(J) = V 2-777" q " The electromagnetic interaction 

H~nt of a many-electron system is the sum of the interactions of all electrons 

H,.t = E < h,,~t >v a+aa • (32) 
,a 

as well as multipole transition operator Ta~M 

T2M = E < tOgM > "  a+aa" (33) 
z3 

The absorption probability < B >g___+g t per unit t ime of transition between 
states Ieg(q'gJTr) > and ]¢K,(TK, fl ' lr ') > with transit ion energy A E  = hw = 
E K ,  - -  EK is equal to the spontaneous emission probability < A >K'-~K and is 
expressed as 

In the lowest-order of Rayleigh-Schr6dinger perturbat ion theory, the multipole 
transition ampli tude between states K and K ~ is 

< T~ - (0) ~ g g  ,=~- eK(~KJ~)IT~MICK,(~K,J'~') > =  

E , (+) ~ '(+) ~ = CIKCLK < #21 (~,J~)IT3MI~L (~LJ~r)  > .  
I L  

(35 )  
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and using the order-by-order expressions of the perturbation series for the 
state approximated by MCDF SCF wavefunction ¢/((TKJTr) of Eq. 6, the 
next-order transition amplitude is 

< TjO ...(1) __,f ~)(K 1) IT3MICK,(~/K,S ~ ) > + - ~ K , - -  (TK,71r) '~ ' '  

(1) ! ! 

+ < ¢K('~KY~)ITYMImK , (TK'Y ~ ) > +. . .  (36) 

where the first-order wavefunction is defined as 

I¢(~ ) ( T K J ~ )  > :  n v l ¢ ~ : ( ~ : s ~ )  > .  (37) 

As with the second-order energy (Eqs. 22 and 25), the first-order transition 
amplitude can be expressed in terms of CSFs in the following way 

a(+) v(+) 
± J M  " v i i  

-- E f  SF + 

L=M+I I , I ' : 1  

m(+) me a~(+) in(+) v m(+) >]. 
_[ E c s F  ~ L ~ ~ I '  _ Ef~ (3s) 

One-electron reduced matrix elements < t~ >ia given in Eqs. 28 - 31 are 
frequency-dependent through the spherical Bessel functions jj(kr). The cor- 
rections arising from approximate photon frequency may be eliminated semi- 
empirically using experimental transition energies. In the present study, transi- 
tion energies (and photon frequencies co (°+1+2)) calculated by MR-MP second- 
order perturbation theory are dose to the experimental values, and the terms 
arising from corrections to the photon frequency 6x = co ~=p - w (°+]+2) in both 
zero- and first-order transition amplitudes are significantly smaller and may 
be neglected. When the first-order corrections to transition probabilities (Eq. 
38) are calculated using second-order MR-MP transition energies, however, the 
zero-order transition amplitude (Eq. 35) must also be recalculated using the 
frequency w (°÷1+2). 

3 C O M P U T A T I O N A L  

The large radial component is expanded in a set of Gaussian-type functions 
(GTF) [29] 
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L L n[a]  X,,(r) = A,,r exp( -¢ , , r  2) (39) 

with n[t~] = -t~ for n < 0, and n[~] = t~+ 1 for n > 0. A~ L is the normalization 
constant. The small component basis set, {X~,(r)} is constructed to satisfy the 
boundary condition associated with the finite nucleus with a uniform proton 
charge distribution [29]. With the finite nucleus, GTFs of integer power of r 
are especially appropriate basis functions because the finite nuclear boundary 
results in a solution which is Gaussian at the origin [29]. Basis functions which 
satisfy the nuclear boundary conditions are also automatically kinetically bal- 
anced. Imposition of the boundary conditions results in particularly simple 
forms with spherical G spinors [29]. 

For all the nitrogen-like systems studied, even-tempered basis sets [30] 
of 24s22p Gaussian-type were used for MC DF SCF. In basis sets of even- 
tempered Gaussians [30], the exponents, { ~ }  are given in terms of the para- 
meters, a and/3, according to the geometric series; 

C~, = a/3'-1; i = 1, 2 , . . .  , N~. (40) 

In MC DF SCF calculations on nitrogen-like species, the parameters a and/3 
are optimized until a minimum in the DF total energy is found. The optimal 
a and/3  values thus determined for, e.g., nitrogen-like neon (Z=10) are, re- 
spectively, 0.148055 and 2.11. The radial functions that possess a different t~ 
quantum number but the same quantum number ~ are expanded in the same 
set of basis functions (e.g., the radial functions of p1~2 and P3/2 symmetries are 
expanded in the same set of p-type radial Gaussian-type functions). The nuclei 
were again modeled as spheres of uniform proton charge in every calculation. 
The nuclear model has been discussed in detail in Ref. [29]. 

Virtual spinors used in the MR-MP perturbation calculations were gener- 
ated in the field of the nucleus and all electrons (V N potential) by employing 
the "average" DF operator Fay (Eq. 13). The order of the partial-wave ex- 
pansion, Lm~x, the highest angular momentum of the spinors included in the 
virtual space, is Lm~x - 7 (a 24s22p20d18f16g16h14i14j G spinor basis set) 
throughout this study. All-electron MR-MP perturbation calculations includ- 
ing the frequency-independent Breit interaction in the first and second orders 
of perturbation theory are based on the no-pair Dirac-Coulomb-Breit Hamil- 
tonian, H+DOB. The speed of light was taken to be 137.0359895 a.u. Radia- 
tive corrections, or Lamb shifts, were estimated for each state by evaluating 
the electron self-energy and vacuum polarization following an approximation 
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scheme discussed by Indelicato, Gorceix, and Desclaux [25]. The code de- 
scribed in Refs. [25] and [31] was adapted to our basis set expansion calcu- 
lations for this purpose. In this scheme [31], the screening of the self energy 
is estimated by employing the charge density of a spinor integrated to a short 
distance from the origin, typically 0.3 Compton wavelength. The ratio of the 
integral computed with an MC DF SCF spinor and that obtained by using the 
corresponding hydrogenic spinor is used to scale the self-energy correction for 
a bare nuclear charge computed by Mohr [22]. The effect on the term energy 
splittings of mass polarization and reduced mass are non-negligible. In the 
present study, however, we neglect these effects. 

4 R E S U L T S  A N D  D I S C U S S I O N  

4 . 1  E n e r g y  l e v e l s  

Like carbon- and oxygen-like ions [7, 15], ground and low-lying excited states 
of ions of the nitrogen isoelectronic sequence exhibit the near degeneracy char- 
acteristic of a manifold of strongly interacting configurations. The strongly 
interacting configurations arise from different occupations of the 2Sl/2, 2pl/2 
and 2p3/2 spinors by five valence electrons. MC DF SCF and MR-MP cal- 
culations were carried out on the ground 4S~/2 state and six odd-parity and 
eight even-parity low-lying excited states of nitrogen and nitrogen-like ions 
with Z=8, 9, 10, 11, 12, 13, 14, 16, 20, 26, 30, 40, 50 and 60. Critically eval- 
uated experimental data are available for these ions up to Z=42 [32, 33]. In 
Table I, we illustrate our calculations on three representative ions with Z= 10, 
20, 30. The Table displays the MC DF SCF energies, EscF, MR-MP second- 
order Dirac-Coulomb correlation energies, p(2) first- and second-order Breit ~DC, 

interaction energies, BO) and B (2), radiative corrections, and total energies of 
the 15 lowest states. The radiative corrections, or the electron self-energy and 
vacuum polarization, estimated by the method described in Refs. [25] and 
[31], are given in the sixth column of the Table under the heading "LS" (LS 
for "Lamb shift"). These low-lying 
2P~/2 ), three J=3/2  (2po 2po \ 3 /2 '  3 /2 '  
states arising from 2s22p 3 and 2p 5 
2P1/2) , three J=3/2  (aP3/2, 203/2 , 
state arising from 2s12p a. 

excited states consist of two J=1/2 (2P~/2, 
2 o J=5/2  2 o 03/2) and one (D5/2) odd-parity 
configurations, three J=1/2  (4P1/2, 2S1/2, 
2p3/2) and one J--5/2 (4P3/2) even-parity 

MC DF SCF calculations were performed to obtain a single set of spinors 
for each of the 2poj, 2D3 odd-parity and 4pj, 2Dj ' 2pj, even-parity fine- 
structure states by optimizing the J-averaged MC energies: Me Ej_ove(TK ) = 
~~j(2J + 1)EMC(TKJv:)/~"]j, (25 '+  1) instead of performing state-specific MC 
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T a b l e  h M C  D F  S C F ,  s e c o n d - o r d e r  M R - M P  e n e r g m s ,  a n d  L a m b  sh i f t s  (LS)  (a  u . )  o f  
s even  o d d  p a r i t y  ( 2 s 2 2 p  3 a n d  2p  5) a n d  e igh t  even  p a r i t y  ( 2 s 2 p  4) s t a t e s  of  r e p r e s e n t a t i v e  
m t r o g e n l l k e  ions .  

Sta te  Esc F B (1) B (2) LS 
Z = I 0  

2822p 3 4B~/2 -124 250850 -0 200036 0 015840 -0 001787 0 010797 -124 426036 

2D~/2 -124 045416 -0 217412 0 015580 -0 001810 0 010800 -124 238064 

2D~/2 -124 045589 -0217396 0.015948 -0001818 0010799  -124 238251 

2P~/2 -123 965144 -0 202023 0 015866 -0 001829 0.010787 -124 142342 

2P~/2 -123 965227 -0.202087 0 015941 -0 001826 0 010787 -124 142412 

2p 5 2P~/2 -121 911713 -0 338522 0 015987 -0 001864 0 010080 -122 226031 

2P~/2 -121 906972 -0.338949 0.015594 -0 001876 0 010090 -122 222112 

2s2p 4 4P5/2 -123 409725 -0.206314 0 015778 -0 001763 0 010436 -123 591588 
4P3/2 -123 406962 -0 206277 0.015803 -0 001779 0 010442 -123 588774 
4PI/2 -123 405331 -0 206206 0 015650 -0 001772 0 010445 -123 587214 
2D3/2 -123 035229 -0261696 0015828 -0.001844 0010440 -123 272616 
2D5/2 -123 035199 -0261791 0015681 -0001847 0010440 -123 272599 
2SI/2 -122.832376 -0 254007 0 016127 -0.001975 0.010439 -123.061792 
2p3/2 -122.696345 -0 297088 0.015921 -0.001892 0.010437 -122 968967 
2P1/2 -122 693001 -0 297026 0.015777 -0.001893 0.010444 -122.955699 

Z=20 
2s22p 3 4S~/2 -570 740260 -0 218894 0 153741 -0 008183 0 125914 -570 687682 

2D~/2 -570 199886 -0 236815 0 149116 -0 008305 0 125987 -570 159902 

2D~/2 -570.244388 -0,234134 0 157095 -0 008417 0 125809 -570.204035 

2P~/2 -569.899965 -0 220731 0.150382 -0.008446 0 125032 -569.852728 

2P~/2 -569 956081 -0.218111 0 154942 -0.008524 0.125807 -569.901968 

2p 5 2P~/2 -564 471782 -0 343394 0 159746 -0 008790 0 114371 -564 549849 

2P~/2 -564.319965 -0.344269 0 154125 -0 008770 0 114683 -564 404195 

2s2p 4 4P5/2 -568 388448 -0.216788 0.154746 -0 008170 0 120005 -568 338655 
4P3/2 -568 297417 -0 216569 0 154760 -0 008261 0 120204 -568 247283 
4p1 /2  -568 253799 -0 216750 0 153388 -0 008222 0.120276 -568 205106 
2D3/2 -567 443650 -0 273242 0 155187 -0 008523 0 120118 -567 450110 
2D5/2 -567 433588 -0 272790 0 152317 -0.008474 0 120163 -567 442372 
2S1/2 -566 931009 -0 267492 0 160092 -0.009072 0 120094 -566 927387 
2Pa/2 -566 729078 -0.315405 0 155196 -0 008553 0.120097 -566 777743 
2P1/2 -566 606325 -0 311665 0 152571 -0 008611 0,120381 -566.653650 

Z = 3 0  
2s22p a 4~/2 -1352.246070 -0 226324 0 571030 -0 019826 0 503145 -1351.418044 

2D~/2 -1351 040898 -0.243477 0 539155 -0 019787 0 504722 -1350 260286 

2D~/2 -1351 375735 -0 237139 0 566043 -0.019946 0.504223 -1350 562554 

2P~/2 -1349 930990 -0 229665 0 536403 -0 019958 0 506040 -1349.138170 

2P~/2 -1350 614351 -0 224200 0.563335 -0 020487 0 504192 -1349 791511 

2p s 2P~/2 -1340.920892 -0 346418 0.586098 -0.021083 0 453105 -1340 249190 

2P~/2 -133g 966294 -0 346866 0 562752 -0 020828 0.454884 -1339.316352 

2s2p a 4P5/2 -1347 863102 -0 224305 0 568715 -0 019611 0 477794 -1347 060510 
4P3/2 -1347 277210 -0 225229 0 566364 -0 019811 0 478920 -1346 476966 
4P1/2 -1347 161882 -0 227447 0 571236 -0 020016 0.478782 -1346 359327 
2D3/2 -1346 115010 -0 279277 0 569953 -0 020336 0.478551 -1345 366119 
2D5/2 -1345 901891 -0 274328 0 549004 -0.020036 0.479241 -1345 168012 
2S1/2 -1345 263284 -0 280177 0 577702 -0 020970 0.478904 -1344 507826 
21°3/2 -1344 924916 -0.315970 0 557788 -0.020079 0 479062 -1344 224114 
2P1/2 -1344 075028 -0 303246 0.548871 -0 020457 0 480809 -1343 369052 
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Table II: Configuration mixing coefficients for the ground and low-lying excited 
J=3/2 odd-parity states of Ne 3+, Ca 13+ and Zn 23+. 

~2s22p~/22P~/~ ~2s22p~/22P~[ 2 ~2s22p~/2 C2p~/22p~[ 2 
Ne+ ~ 

tS~/2 0.479659 0.745164 -0.463308 0.001687 

2D~/2 -0.558529 0.666516 0 493709 -0.007319 
2P~/2 0.666320 0.022494 0.727088 0.163874 

Ca +13 

4S~/2 0.578699 0.718121 -0.386165 0.016920 
2D~/2 -0.702937 0.679026 0.206297 -0.047377 
2P~/2 0.400486 0.153737 0.893706 0.131407 

Zn +23 
4S~/2 0.871039 0.437875 -0.217042 0.049501 
2D~/2 -0.457237 0.886337 -0.059580 -0.042334 
2P~/2 0.158500 0.152173 0.969656 0.107182 

DF SCF calculations on each fine.structure state. For low-Z ions with small 
fine-structure splittings (near degeneracy among 2pl/2 and 2p3/2 spinors), this 
approach is more effective in computing the fine structure splittings with the 
subsequent state-by-state MR-MP procedure. The numbers of reference CSFs 
for the J-averaged MC DF SCF and state-specific MR-MP calculations were, 
respectively, 2, 4, and I for the J=1/2 ,  3/2, and 5/2 odd-parity states. For the 
even-parity states, they were, respectively, 3, 3, and 2; these account for all the 
CSFs arising from the n=2 complex. All electrons were correlated in the state- 
specific MR-MP calculations. J-averaged MC DF SCF calculations, including 
the frequency-independent Breit interaction in the configuration-mixing step 
of the MC SCF algorithm, have also been performed to study the effect of 
the Breit interaction on fine-structure term energies. Energy shifts due to the 
first-order Breit interactions B0) thus obtained are given in the fourth column 
of Table I. The relativistic many-body shifts BO) [20, 34, 35] that arise from 
including the Breit interaction in the effective electron-electron interaction in 
the second-order MR-MP perturbation calculations are also displayed in the 
fifth column of the Table. B (2) is computed as the difference between the 
second-order correlation correction evaluated with B12 (Eq. 4) in the effective 
electron-electron interaction and the second-order DC correlation correction, 
E(2) DO" 

The configuration mixing coefficients displayed in Table II for the ground 
and lowest two excited odd-parity J = 3/2 states of Ne3+(Z=10), Ca 13+ (Z--20) 
and Zn 23+ (Z=30) are representative of those obtained in the MC DF cal- 
culations. The magnitude of the configuration mixing coefficients is a mea- 

2 2 1 sure of configuration interaction. The electronic configurations, 2s 2Pl/22P3/2 , 
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2 1 2 2s22p3/2 , and 2 a 2s 2pl/22p3/2 , 2Pl/22P3/2 , give rise to four J -- 3/2 odd-parity 
states, and they do interact strongly. The 2pl/2 and 2p3/2 spinors are nearly 
degenerate in low-Z Ne a+ ion because relativistic effects are small (i.e., weak 
spin-orbit coupling), and consequently the CSFs arising from the 2s22p~/22p~/2, 
2s22p]/22p2/2,and 2s22p33/2 configurations are nearly degenerate, and there is a 
strong configuration interaction among them (See Table II). Four-configuration 
MC DF SCF calculations yield the configuration mixing coefficients, 0.479659, 
0.745164, -0.463308 and 0.001687, for the lowest J = 3/2 (4S3/2) state of 
Ne 3+, coefficients nearly equal in magnitude for the three CSFs arising from 

2 2 1 2 1 2 2s22p~/2 . As Z increases, relativity gradu- the 2s 2pl/22p3/2 , 2s 2P1/22p3/2,and 
ally lifts the near degeneracy and weakens the configuration interaction among 
the three CSFs because it induces a large separation between the 2pl/2 and 
2pa/2 spinor energies and simultaneously a smaller separation between the 2Sl/2 
and 2pl/2 spinor energies (the 2sl/2 and 2pl/2 spinor energies become asymp- 
totically degenerate in the hydrogenic limit). Table II displays such a trend as 
the nuclear charge increases. Four-configuration MC DF SCF on the ground 
J=3/2  state of Zn 2a+ yields mixing coefficients of 0.871039, 0.437875 and - 
0.217042 for the three CSFs. The configuration interaction among the three 

2 2 1 CSFs for Zn 23+ (Z=30) is reduced by relativity, with the 2s 2pl/22P3/2 CSF 
possessing the largest configuration-mixing coefficient. Yet the ground state is 
far from the jj coupling regime where only one CSF dominates; it still displays 
intermediate coupling, mandating MC DF SCF and MR-MP treatment. 

In Table III, a detailed comparison of theoretical and experimental data is 
made on the term energies (cm 1) of the low-lying even- and odd-parity states 
of nitrogen and nitrogen-like ions with Z=10, 20 and 30 relative to the ground 
2s22p 3 4S~/2 state. Theoretical term energy separations of the low-lying ex- 
cited states evaluated by MC DF (third column of the Table) and by MR-MP 
(fourth column) were computed by subtracting the total MCDF SCF and MR- 
MP energies of the ground 2s22p 3 4S~/2 state from those of the excited levels. 
Experimental term energy separations[32, 33] are reproduced in the second 
column for comparison. The values in parentheses are the percentage devi- 
ations from experiment. The last column (denoted NR-MBPT) contains the 
term energy separations obtained in previous nonrelativistic correlated calcu- 
lations for comparison. In the NR-MBPT calculations [5, 36], multireference 
second-order perturbation theory was employed to account for electron corre- 
lation for the ions with 10<Z<30. Relativistic corrections were included in the 
Breit-Pauli approximation. The percentage deviations from experiment of the 
NR-MBPT term energy separations range from 0.2 % to 2.0 %, consistently 
larger than those (<0.39 %) obtained by our relativistic MR-MP. In Zn 23+ ion 
relativistic corrections included in the Breit-Pauli approximation fail to provide 
sufficient accuracy. Although dynamical correlation is not accounted for, the 
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Table 111: Comparmon, with experiment and previous work, of the energy levels (cm -]) 
relative to the ground 2s22p a aS~/2 state obtained by MCDF and MR-MP calculations 
Percentage deviations of the theoretical results from experimental data are given m paren- 
theses 
Level Experiment a MCDF MR-MP NR-MBPT b 

Ne +u 
2s22p 3 2D~/2 41235 45030(9 20) 41212(0 06) 40406(2.01) 

2D~/2 41280 45073(9 19) 41256(0 06) 40451(2 01) 
2P~/2 62435 62712(0 44) 62256(0.29) 61465(1.55) 
2P~/2 62441 62714(0 44) 62244(0 32) 61467(1 56) 

2s2p 4 4/°5/2 183860 184592(0.40) 183140(0 39) 180633(1 76) 
4P3/2 184477 185203(0.39) 183757(0 39) 181238(1 76) 
: P1/2 184799 185528(0 39) 184100(0 38) 181557(1.75) 
Ds/2 254081 266795(5.00) 253150(0 37) 249532(1 79) 

22Doa/2 254102 266769(4 99) 253146(0 38) 249557(1.79) 
S1/2 299628 311382(3.92) 299416(0 07) 295404(1.41) 

21'3/2 320030 341192(6.61) 319789(0 08) 317793(0.70) 
2PI/2 320741 341894(6.60) 320506(0 07) 318481(0.70) 

2P 5 ~P~°/2 484904 513273(5.85) 489161(08S) 475910(185) 
2P~/2 485867 514228(5.84) 490131(0 88) 476842(1.86) 

CAT13 
2822p 3 2D~/2 105870 109567(3 49) 106101(0 22) 106086(0.20) 

2D~/2 113520 117583(3.58) 113640(0 11) 113537(0 01) 
2 o P~/2 172400 172374(0 02) 172528(0 07) 171900(0 29) 
2P~/2 183360 183689(0 18) 183562(0.11) 182590(0 42) 

2s2p 4 4p5/2 515800 516383(0.11) 515551(0 05) 514483(0 26) 
4P3/2 535870 536365(0 09) 535605(0,05) 534245(0.30) 
41'1/2 545090 545637(0 10) 544862(0,04) 543331(0 32) 
2D3/2 710710 723839(i 85) 710564(0.02) 708466(0 32) 
2D5/2 712500 725418(1.81) 712263(0.03) 710126(0 33) 
$1/2 825050 837427(1.50) 825289(0 03) 821828(0.39) 

2t'3/2 858240 880672(2 61) 858132(0 01) 855066(0 37) 
~PI/2 885610 907037(2.42) 885367(0 03) 881912(0.42) 

2P 5 "P~°/2 1347870 1376725(2 14) 1349510(0.12) 1342557(039) 
2P~/2 '1380110 1408818(208) 1381765(0 12) 1374158(043) 

Zn+23 
2822p 3 2D~/2 188130 189921(0 95) 187731(0.21) 186054(i i0) 

2D'~/2 254110 257508(1.34) 254100(0 00) 251711(0.94) 
2P~/2 357130 356431(0 20) 357059(0 02) 352584(1 27) 
2P~/2 501140 500501(0 13) 500780(0.07) 491017(2 02) 

282p 4 4P5/2 956600 961442(0 51) 956368(0 02) 949938(0 70) 
4Pa/2 1084810 1089514(0.43) 1084441(003) 1074345(096) 
4PI/2 1110540 ]115895(0 48) 1110260(0 03) 1100110(0 94) 
2Da/2 1328550 1345375(127) 1328244(0.02) 1317523(083) 
/95/2  1371750 1387552(1 15) 1371723(0.00) 1359434(0.90) 
$I/2 1516340 1534008(1 17) 1516617(0 02) 1500825(1 02) 

2P~/2 1578630 1603901(1 60) 1578885(0 02) 1562012(i 05) 
2PI/2 1767650 1788473(1.18) 1766549(006) 1743983(134) 

2p 5 2P~/2 2451700 2488405(1.50) 2452620(0.04) 2431016(084) 
2 o P~/2 2657600 2692812(1 32) 2657717(000) 2629555(1.06) 

a Reference [33] 
b Reference [5, 36] 
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Figure 1: Contributions from each order of perturbation theory to the term energy sepa- 
ration 2822p3 (4S~/2 _ o  2 D5/2 ) o  (in a.u.) as functions of nuclear charge Z. 

n=2 complex MC DF SCF calculations yield accuracy comparable in percent- 
age deviation with the correlated NR-MBPT calculations, clearly indicating 
the importance of accounting for relativity with a fully relativistic treatment. 
Accounting for dynamical correlation with state-specific MR-MP theory based 
on MC DF wave functions as reference functions dramatically improves the 
accuracy in term energy separations, reducing percentage deviations between 
theory and experiment to within 0.1%. 

Figure 1 displays the contribution from each order of perturbation theory to 
energy separations (a.u.) of excited 2s22p 3 2D~/2 states relative to the ground 
2s22p 3 4S~/2 states plotted against nuclear charge Z. These contributions were 
computed by subtracting the energy of the ground 2s22p 3 4S~/2 odd-parity 
state from that of the excited state in each order of perturbation theory. The 
MC DF SCF and MR-MP calculations, which include the Breit interaction in 
the effective electron-electron interaction, as well as the Lamb shifts, result 
in significant corrections and yield close agreement between the calculated 
and experimental term energy separations. The first-order correction AB 0) 
becomes much larger than AE(~c for Z ~> 30. The Lamb shift correction, 
ALS, is comparable at the low-Z end, but increases rapidly as Z increases and 
becomes much larger in magnitude for Z >~ 30 than the relativistic many-body 
shift AB (~). The Figure shows the importance of ALS in accurately predicting 
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Figure 2: Deviations from experiment of the computed 2822/)3 (4S~/2 _ o  2D°512J ~ (cm-1) 
term energy separations as a function of nuclear charge Z. 

te rm energy separations. The difference, ALS, becomes large in large-Z ions 
and results in significant corrections to te rm energy separations, as does A B  (1). 

Figure 2 illustrates the differences ~r~vr2r)°~ "-'5/2 - 4 S~/2 ) _ ~.~th~°~ f2 ~'~/2 - 

4S~/2) between theoretical and experimental term energy separations (in cm-l), 

2s22p 3 2D~/2 - 2s22p a ~S~/2, as functions of the atomic number Z. The devia- 
tions from experiment of the term energy separations computed by NR-MBPT 
[5, 36] are also given to illustrate the sharp increases as Z increases. NR-MBPT 
starts to show significant deviation from experiment for Z < 20 and Z >25. 
Again the failure to reproduce experimental term energy separations may be 
attributed to the absence of fully relativistic treatment including QED correc- 
tions. The term energy separations computed by MC DF SCF plus first-order 
Breit interaction correction (denoted MC DFB in Fig. 2) deviate significantly 
over the range of Z numbers, necessitating dynamic correlation and radia- 
tive corrections. Figure 2 illustrates that relativistic MR-MP calculations (the 
curve labeled MR-MP in the Figure), which include the Breit interaction in 
the effective electron-electron interaction, as well as the Lamb shifts, result in 
significant corrections and yield close agreement between the calculated and 
experimental term energy separations throughout the 7< Z< 30 series. 

Table IV compares with experiment the 2s22p3 (2D5/2o _ 2DOa/2j, ~ 2 s 2 2 p  3 

(2P~/2 - 2P~/2) , 2s12p 4 ( 4 P 5 / 2 -  aP3/2), and 2p ~ (2P~/2 - 2P~/2)  fine-structure 
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Tab le  IV:  Comparison of fine-structure splitt ings computed  by M C D F  and MR-MP 

with  exper iment  and with  previous work. 
Z Experiment ~ MCDF MR-MP NR-MBPT b 

2s22p ~ (2D~/2 - ZD~/~) 
30 65980 67587 66369 65136 
26 37510 38401 37510 
20 7650 8016 7539 7373 
16 1153 1281 1116 
12 -17 0 -20 2 
10 -45 -42 -44 -39 

2s22p 3 ( 2 % 2 -  2P:/2) 
30 144010 144070 143721 143874 
26 63070 63716 63235 
20 10960 11315 11034 11394 
16 1829 1929 1838 
12 108 111 91 179 
10 7 2 -12 65 

2s2p 4 (4Pa/2 - 4P5/2) 
128177 

20013 

1653 
642 

30 128210 128072 128073 
26 68090 6769S 67902 
20 20070 19982 20054 
16 6904 6877 6899 
12 1636 1628 1638 
10 617 611 617 

2 o 2P 5 ( P~/2- 2P~/2) 

30 205900 204407 205097 
26 107680 107322 107737 
20 32240 32093 32255 
16 11123 11057 11131 
12 2606 2579 2607 
10 963 955 970 
Reference [33]. 

b Reference [5, 36]. 

204580 

32119 

2564 
935 
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Figure 3: Contributions from each order of perturbation theory for the fine-structure 
splitting 2s22p 3 2 o 2 o ( Ds/2 - D3/2) (in a.u.) as functions of nuclear charge Z. 

separations computed with MC DF SCF and MR-MP for several nitrogen-like 
ions with 10<Z<30. The MR-MP fine-structure separations are in excellent 
agreement with experiment, the deviation being well within 1 %  in most in- 
stances. Figure 3 displays the contribution from each order of perturbation 
theory to the 2s22p 3 2D~/2-2s22p3 2D~/2 fine-structure splitting of nitrogen-like 
ions as functions of nuclear charge Z. The MC DF SCF and MR-MP calcu- 
lations, which include the Breit interaction in the effective electron-electron 
interaction result in significant corrections and yield close agreement between 
the calculated and experimental fine-structure separations. The first-order cor- 
rection AB (1) becomes much larger than AE~ ) for Z ~> 15. The Figure shows 
the importance of AB (1) and A E ~  ) in accurately predicting the fine-structure 
separation, while the Lamb shift correction, ALS, and relativistic many-body 
shift AB (2) have negligible contributions throughout the Z range. 

In Tables V and VI, a detailed comparison of theoretical and experimental 
data is made on the term energies of the low-lying even- and odd-parity states 
of nitrogen and nitrogen-like ions with Z=8-601 given relative to the ground 
2s22p 3 4S~/2 state. Theoretical term energy separations, E tn~°~, of the low-lying 
excited states were computed by subtracting the total energy of the ground 
2s22p 3 4S~/2 state from those of the excited levels. Experimental term energy 
separations E ~p [32, 33] are reproduced in an adjacent column for comparison. 
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T a b l e  V : E n e r g i e s  (cm -1)  o f l o w - l y i n g e v e n - p a r i t y  s t a tes  o f n i t r o g e n  

ions re la t ive  t o  t h e  g r o u n d  2s22p 3 4S~/2 s ta te .  

Z 2s2p 4 4P5/2 2s2p 4 4P3/2 2s2p 4 4P1/2 2s2p 4 
Etheor Eexp Etheor EeZp Etheor EeZp Etheor 

a n d  n i t rogenl ike  

"ZD3/2 
Eexp 

60 6278056 6919231 6931725 10690088 
50 3398969 3894487 3906822 5374014 
40 1797437 2136607 2138650 2593996 
30 956368 956600 1084441 1084810 1110260 1110540 1328244 1328550 
26 752506 752730 820408 820820 842316 842740 1042466 1042570 
20 515551 515800 535605 535870 544862 545090 710564 710710 
16 378115 378458 385014 385362 388574 388883 520334 520723 
14 312231 312670 315810 316250 317715 318140 429811 430390 
13 279721 280200 282188 282670 283516 283970 385263 385910 
12 247414 247948 249052 249584 249940 250450 341056 341793 
11 215242 215860 216278 216896 216846 217440 297061 297916 
10 183140 183860 183757 184477 184100 184799 253146 254102 
9 151015 151900 151355 152237 151545 152411 209135 210256 
8 118676 119837 118840 120000 118935 120083 164688 165997 
7 86368 88107 86429 88151 86463 88171 119958 
Z 2s2p 4 205/2 2s2p 4 "zSu2 2s2p 4 2p3/2 2s2p 4 'zp1/2 

Etheor Zexp Etheor EeXp Etheor Eezp Etheor EeXp 

60 10978394 11337441 11421993 15710499 
50 5615280 5872831 5966716 7833060 
40 2759642 2936689 3030830 3799562 
30 1371723 1371750 1516617 1516340 1578885 1578630 1766549 1767650 
26 1058172 1058360 1195579 1195260 1242491 1242430 1339907 1340040 
20 712263 712500 825289 825050 858132 858240 885367 885610 
16 520426 520864 608805 608784 636549 636898 645272 645660 
14 429829 430360 504500 504630 530006 530430 534370 532800 
13 385291 385860 452944 453060 477283 477690 480244 480660 
12 341080 341751 401662 401822 424765 425190 426702 427135 
11 297074 297880 350532 350747 372317 372731 373529 373932 
10 253150 254081 299416 299628 319789 320030 320506 320741 
9 209132 210256 248110 248261 266965 266562 267358 266945 
8 164679 165989 196112 195711 213418 212594 213610 212762 
7 119949 121201 144061 158879 158956 
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T a b l e  VI :  Energies (cm-  1 ) of low-lying odd-par i ty  states of ni trogen and nitrogenlike 
ions relative to  the ground 2s22p 3 4S~[ 2 state. 

Z 2s22p 3 2D~/2 2s22p ~ 'ZD~/2 2s'Z2p "~ 'zP~/2 
Etheov E e Z p  Etheo~ Eezp Etheov EeXp 

60 4409853 4236940 8956637 
50 1969066 1817303 4017967 
40 751390 631405 1540370 
30 254098 254110 187731 188130 500374 501140 
26 176135 176130 138625 138620 323610 323340 
20 113640 113520 106101 105870 183562 183360 
16 83656 83595 82540 82442 128861 128804 
14 69461 69421 69226 69168 105866 105890 
13 62422 62369 62362 62313 94824 94869 
12 55378 55358 55398 55373 83934 84028 
11 48315 48330 48361 48366 73098 73255 
10 41212 41235 41256 41280 62244 62441 
9 34030 34087 34062 34123 51286 51561 
8 26698 26811 26718 26831 40077 40468 
7 1 9 0 2 2  19224 1 9 0 2 9  1 9 2 3 3  28286 28839 

2s22p 3 ~ P~/2 2P 5 ~ P~/2 2P ~ z P~/2 
Etheor E e Z p  Etheov EeZp Etheor Eezp 

60 4709093 13676612 18103636 
50 2191910 7718186 9688193 
40 908778 4329265 5064831 
30 357059 357130 2452620 2451700 2657717 
26 260375 260270 1955729 1954520 2063466 
20 172528 172400 1349510 1347870 1381765 
16 127023 126975 993204 991249 1004335 
14 105333 105348 822527 820200 828278 
13 94581 94603 738391 735750 742340 
12 83843 83920 654871 651867 657478 
11 73081 73218 571829 568348 573469 
10 62256 62435 489161 484904 490131 
9 51281 51560 406804 401206 407334 
8 40087 40470 324706 324965 

28294 28839 242740 242848 

2657600 
2062200 
1380110 
1002372 
825930 
739700 
654473 
569977 
485867 
401724 
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Table VII: Comparison of the M1 transition probabilities for Z=7-30 nitrogen-like 
ions. 

Relativistic transition operator I 
Z This work SPST a , 

DC DCB 
MCDF MR-MP MCDF MR-MP 

2 o 4 o 28~2p ~ ( D312 - S~12) 
7 1.924(-6) 3.141(-5) 2.187(-5) 1.246(-5) 1.90(-5) 
8 3.864(-5) 1.603(-4) 1.867(-4) 1.226(-4) 1.59(-4) 
9 4.497(-5) 2.613(-4) 1.204(-3) 8.673(-4) 9.36(-4) 
10 3.688(-3) 2.451(-3) 6.638(-3) 5.020(-3) 5.28(-3) 
11 2.318(-2) 1.695(-2) 3.227(-2) 2.534(-2) 2.62(-2) 
12 1.182(-1) 9.166(-2) 1.398(-1) 1.130(-1) 1.16(-1) 
14 1.898(+0) 1.595(+0) 1.900(+0) 1.597(+0) 1.62(+0) 
21 1.143(+3) 1.032(+3) 1.048(+3) 9.465(+2) 9.42(+2) 
26 1.739(+4) 1.622(+4) 1.625(+4) 1.517(+4) 1.36(+4) 
30 1.027(+5) 9.860(+4) 9.917(+4) 9.519(+4) 
2s22p 3 (2D~/2 - aS~/2) 
7 4.431(-8) 5.634(-7) 5.528(-7) 2.270(-7) 2.45(-7) 
8 8.574(-8) 1.774(-6) 3.810(-6) 1.920(-6) 1.98(-6) 
9 8.030(-8) 1.203(-8) 2.105(-5) 1.244(-5) 1.30(-5) 
10 9.315(-6) 4.252(-6) 1.055(-4) 6.926(-5) 7.76(-5) 
11 1.241(-4) 8.044(-5) 4.877(-4) 3.478(-4) 4.05(-4) 
12 9.231(-4) 6.765(-4) 2.081(-3) 1.575(-3) 1.86(-3) 
14 2.185(-2) 1.916(-2) 2.918(-2) 2.375(-2) 2.78(-2) 
21 3.476(+1) 3.109(+1) 3.235(+1) 2.906(+1) 3.12(+1) 
26 1.374(+3) 1.279(+3) 1.266(+3) 1.178(+3) 1.29(+3) 
30 1.448(+4) 1.382(+4) 1.368(+4) 1.305(+4) 

Nonrelativistic operator 
NR-MBPT b MCHF ~ 

1.484(-5) 
1.314(-4) 
8.563(-4) 

4.73(-3) 4.744(-3) 
2.37(-2) 2.343(-2) 
1.06(-1) 1.030(-I) 

1.51(+0) 1.462(+0) 
9.35(+2) 8.910(+2) 
1.50(+4) 1.100(+4) 
9.08(+4) 9.944(+4) 

9.122(-7) 
6.994(-6) 
3.766(-5) 

1.69(-4) 1.545(-4) 
7.16(-4) 7.164(-4) 
2.79(-3) 2.74~(-3) 
3.41(-2) 3.312(-2) 

3.16(+1) 3.036(+1) 
1.18(+3) 9.558(+2) 
1.25(+4) 1.361(+4) 

Zeippen [42, 43, 44]. 
b Merkelis et al. [5, 36]. 

Godefroid and Froese Fischer [37]. 

Experimental  da ta  are not available for ions with Z=40,  50, 60. 

4 . 2  S p i n - f o r b i d d e n  2s22p 3 t r a n s i t i o n s  

Probabili t ies of  forbidden transitions are of importance in the  diagnostics of 
astrophysical and fusion plasmas, but  experimental  determinat ion of these 
quantities is difficult and accurate theoretical est imates provide valuable in- 
formation. A number  of theoretical calculations on spin-forbidden transitions 
has been performed by various approximations in past  years, and it has be- 
come evident tha t  accurate intermediate-coupled wavefunctions must  be used 
to evaluate forbidden transition probabilities accurately. Among the nonrela- 
tivistic methods,  the most accurate are M C H F  and M B P T  methods.  

Table VII summarizes the 2D~/2 - "S~/2 and 2Db2- 4S~/2 MI transition 
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probabilities of nitrogen and nitrogen-like ions with Z=8-30 computed at MC 
DF SCF and MR-MP levels of theory. The M1 transition probabilities com- 
puted without and with the Breit interaction in the MC DF and MR-MP are 
given, respectively, under the headings, DC and DCB. As Z increases, the M1 
transition probabilities increase dramatically, by nine to ten orders of mag- 
nitude. Significant differences in the transition probabilities computed in the 
DC and DCB schemes clearly indicate that  the Breit interaction significantly 
affects the transition probabilities, especially in low-Z ions. 

Godefroid and Froese Fischer [37] performed nonrelativistic multiconfigu- 
rational Hartree-Fock (MC HF) calculations, including relativistic corrections 
in the Breit-Pauli approximation, on the E2 and M1 transitions that arise 
within the ground 2s22p 3 configuration along the nitrogen isoelectronic se- 
quence. The Breit-Pauli interaction matrix was built on a set of 67 config- 
uration states (11 4S + 26 2D + 30 2p), omitting the orbit-orbit contribu- 
tion. The transition probabilities were calculated with wavelengths derived 
from Ref. [38] and employing the non-relativistic M1 transition operator, 
OM1 = ~tB E ,  OMI( i )  = ~B E , (  1, -]- 2S,). Their results are given in the last 
row of the Table. NR-MBPT was applied to nitrogen-like ions by Merkelis 
et al. [5, 36] to estimate the El, M1 and E2 transitions of ions from Ne 3+ to 
Zn +2a. Relativistic corrections were included in the Breit-Pauli approximation, 
analogous to MC HF calculations, and one-body spin-orbit interaction was ac- 
counted for at the second-order of perturbation theory. Their results are given 

2 o in the seventh column. The D3/2- 4S~/2 transition probabilities computed by 
both MC HF and NR-MBPT agree reasonably well with our MR-MP (DCB) 

2 o 4 o results. However, the Ds/2- S~/2 transition probabilities computed by the 
nonrelativistic methods grossly overestimate our MR-MP values. 

Eissner and Zeippen performed limited CI calculations on the forbidden 
transitions in 01+ [39] using the computer program SUPERSTRUCTURE 
(hereafter denoted SPST) [40]. The Breit-Pauli approximation accounted for 
relativistic effects. Semi-empirical term-energy corrections to shift the cal- 
culated energy levels to their observed values were applied. In contrast to 
the case with the MC HF calculations, the Breit-Pauli interaction matrix 
did not include two-body corrections. The M1 transition probabilities were 
calculated using the relativistic operator introduced by Drake, [41] OM1 ---- 
/ZB E ,  OMI (i) ~- /AB E*30Ml( i j ) ,  which includes all the radiative correction 
terms of order c~ 2. Zeippen extended those calculations to all members of the 
isoelectronic sequence from N o to Fe 1"+. Later SPST calculations on NO by 
Butler and Zeippen [43] and on 02+ by Zeippen [44] included a larger config- 
urational space than in the MC HF calculations [37]. In these studies, the 
importance of higher-order relativistic corrections in the M1 transition opera- 
tor for spin-forbidden transitions was emphasized. The results of the SPST 
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Table VIII: Comparison of t h e  2822p  3 (2D5/2 - 2p1/2) E2 transition probabilities 
for nitrogenlike ions. 

Relativistic transition operator 
This work 

DC DCB 
MCDF MR-MP MCDF MR-MP 

7 9.019(-3) 3.048(-2)9.019(-3) 3.049(-2) 
8 1.907(-2) 5.055(-2)1.907(-2) 5.057(-2) 
9 3.232(-2) 7.926(-2)3.232(-2) 7.930(-2) 
10 4.808(-2) 1.019(-1) 4.808(-2) 1.020(-1) 
11 6.~91(-2) 1.322(-1) 6.590(-2) Z.323(-2) 
12 8.s85(-2) 1.567(-1) 8.555(-2) 1.568(-1) 
14 1.299(-1) 2.160(-1) 1.299(-1) 2.161(-1) 
21 3.480(-1) 4.665(-1) 3.480(-1) 4.670(-1) 
26 5.969(-1) 7.447(-1) 5.969(-1) 7.458(-1) 
30 8.866(-1) 1.061(+0) 8.864(-1) 1.063(+0) 

Nonre la t iv i s t i c  o p e r a t o r  
MCHF a NR-MBPT b 

2.914(-2) 
5.382(-2) 
7.860(-2) 
1.039(-1) 1.04(-1) 
1.295(-1) 1.29(-1) 
1.563(-1) 1.55(-1) 
2.122(-1) 
4.570(-1) 4.49(-1) 
7.191(-1) 6.96(-1) 
9.381(-1) 9.67(-1) 

Merkel is  e t  al. [5, 36]. 
b Godef ro id  a n d  Froese  F i sche r  [37]. 

calculations are displayed in the sixth column of the Table. Our MR-MP 
results agree reasonably well with the SPST throughout 7<Z<30. There is 
several-fold disagreement between our MR-MP calculations and highly corre- 
lated MC HF and NR-MBPT methods in some instances. 

Godefroid and Proese Fischer pointed out [37] that  the E2 processes with- 
out change of the spin multiplicity are allowed in the LS coupling scheme, 
and that the correlation corrections are more important than relativistic for 
low-Z ions. The AS ¢ 0 spin-forbidden M1 and E2 transitions occur due to 
the small admixing in the Breit-Pauli approximation. In the case of 2822p 3 

2 o 4 o ( Ds /2-  S~/2) , with the non-relativistic magnetic dipole operator and Breit- 
Pauli wavefunction, the reduced transition matrix element is given only by 
admixture of 4S3/2 with 2D3/2. Since the one-body spin-orbit interaction van- 
ishes, the resulting mixing coefficients in the Breit-Pauli approximation are 
small and inaccurate. When those admixtures arise not from spin-orbit inter- 
action, but from two-electron magnetic effects, the use of the nonrelativistic 
transition operator yields inaccurate results. Thus, consistent use of relativistic 
correlated wavefunctions and the relativistic transition operator is required to 
achieve accuracy. The spin-forbidden transitions in the nitrogen isoelectronic 
sequence involving the half-filled 2p shell is just such a case. 

Table VIII displays the E2 transition probabilities for the 2822p 3 (2Da/2 
- 2P1/2) transition computed by MC DF and MR-MP theories. The Breit 
interaction has little or no effect on the calculated E2 transition probabilities, 
and DC and DCB results are nearly identical at both the MC DF and MR-MP 
levels of theory. On the other hand correlation corrections significantly alter 
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Table IX: Comparison of the E2 and M1 transition probabilities and high-density 
limit ratio r(oo) of O 1+. 
Type This work MCHF ~ SPST b SPST c Experiment 

MCDF MR-MP 

E2 6.586(-5) 
M1 1.868(-4) 

E2 4.264(-5) 
M1 3.810(-6) 
r(oo) 0.455 

2s22p ~ 2D~I 2 - 4S~12 
3.486(-5) 2.888(-5) 3.39(-5) 3.39(-5) 
1.226(-4) 1.314(-4) 1.46(-4) 1.59(-4) 

2s22p ~ 2 D~/2 - 4S~/2 
2.269(-5) 1.879(-5) 2.20(-5) 2.20(-5) 
1.920(-6) 6.994(-6) 7.58(-6) 1.98(-6) 

0.379 0.358 0.370 0.297 0.36+0.02 
a Gode f ro id  a n d  Froese  F i s che r  [37] 
b SUPERSTRUCTURE calculations of Zeipen without relativistic corrections to M1 oper- 
ator [44]. 
c SUPERSTRUCTURE calculations of Zeipen with relativistic corrections to M1 operator 
[44]. 

the calculated transition probabilities. The E2 transition probabilities depend 
on the excitation energies to the fifth power and inaccuracy in the calculated 
transition energies is thus the major source of error. The first-order transition 
probabilities (Eq. 38) increase over the lowest-order by about 70~ for N O 
and 16% for Zn +23. The bulk of the improvement is due to more accurate 
transition energies. 

In the last two columns of the Table the E2 transition probabilities com- 
puted by MC HF and NR-MBPT are displayed. Because the correlation correc- 
tions to the E2 line strength in the light Si 7+ ion are similar in both relativistic 
(MR-MP) and non-relativistic theories, there is good agreement in the calcu- 
lated E2 transition probabilities among the three methods. Both MR-MP and 
NR-MBPT provide accurate transition energies in the second-order of pertur- 
bation theories for low- to middle-Z ions and there are only slight differences in 
the calculated line strengths. For high-Z ions the relativistic effects are more 
pronounced, mandating fully relativistic methods. 

In Table IX, we present the high electron density limit ratio r(ee) = 
3 2 -~A( 0 5 / 2 -  4S3/2)/A(2D3/2 - 4S3/2) which is of particular importance in neb- 
ulae studies (for a detailed discussion see [44]). Here both the E2 and M1 
transitions are important. In the 2D5/2-  4S3/2 case, the E2 transition is dora- 
inant, and in the 2D3/2-  4S3/2 case the M1 transition dominates. A number 
of studies have been devoted to obtaining accurate r(c~). Most noncorrelated 
methods overestimate the ratio by as much as 50%, and only correlated meth- 
ods such as MCHF and CI with a large CSF expansion have provided reliable 
values. In the present study MC DF SCF wavefunctions provide excellent 
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reference functions, and we obtain reliable results with second-order MR-MP. 
While MC DF SCF fails to predict an accurate ratio (0.455 compare to exper- 
imental value of 0.36+0.02), MR-MP gives 0.379, in good agreement with the 
experimental estimate. The results of Zeipen (denoted SPST b) are somewhat 
inconsistent in that the ratio is significantly lower, by 2070, than the value ob- 
tained by nonrelativistic SPST ~ although the M1 transition operator includes 
relativistic corrections and Breit-Pauli wavefunctions were employed. 

While the MC HF method grossly overestimates the 2D~/2- 4S3/2 M1 tran- 
sition probability obtained by the MR-MP method, it yields a high electron 
density limit ratio of 0.358, in good agreement with MR-MP and experimental 
estimates, largely because the 2D5/2- 4S3/2 E2 transition probability, which 
all three methods yield accurately, is one order of magnitude larger than the 
overestimated M1 value. 

4.3 E1 transit ion probabil it ies and l i fet imes 

Allowed E1 transitions have been extensively treated by several methods. One 
of the most accurate is the non-closed shell many-electron theory (NCMET) 
[45]. It accounts for electron correlation by configuration interaction and 
includes some contributions to all orders of perturbation theory. However, 
NCMET employs the LS coupling scheme and high-Z results provide only 
crude estimates. In the intermediate coupling case, such as in the Si+Tion, rel- 
ativistic multireference many-body perturbation theory accounts for relativity 
and electron correlation accurately, and provides accurate transition energies 
in the second order of perturbation theory. Because MC HF and MC DF 
methods do not account for dynamical correlation, these methods fail to cal- 
culate transition energies within 1% accuracy. 

Table X summarizes the E1 transition probabilities of Si 7+ computed in 
length gauge with MC DF and MR-MP. In the last column, the values com- 
puted by NR-MBPT are displayed for comparison. The Breit-Pauli approxi- 
mation is valid for the light ion, and the agreement between the fully relativistic 
MR-MP and quasirelativistic NR-MBPT, is very good. MCDF overestimates 
transition probabilities because dynamic correlation, missing in MC DF, is 
important in the light system. 

In Table XI we compare the calculated lifetimes of the even-parity excited 
4p1/2,3/2,5/2,2 D3/2,5/2 and 2P1/2,3/2 states of nitrogen-like silicon with experi- 
ment. The E1 transition probabilities and lifetimes were computed with our 
MR-MP method because this is one of the very few systems to which exper- 
imental lifetimes of the excited 4pj, 2Dj and 2pj states have been measured, 
and theoretical lifetimes have been estimated by several methods. Experimen- 
tal estimates in the second column are taken from Ref. [47]. The theoretical 
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Table X: Comparison of the 16 strongest 282p 4 - 2822p 3 E1 transition probabilities 
for nitrogen-like silicon Si 7+. 

This work NR-MBPT ~ 
DC DCB 

MCDF MR-MP MCDF MR-MP 
"ZP3/2-2P~/2 8.480(+9) 0.658(+9) 8.583(+9) 6.742(+9) 6.812(+9) 
2P3/2-2P~/2 2.226(+9) 1.736(+9) 2.214(+9) 1.728(+9) 1.716(+9) 
2P3/2 - 2D~/2 3.874(+10) 3.023(+10) 3.870(+10) 3.022(+10) 3.021(+10) 
2P3/2-2D~/2 5.957(+9) 4.687(+9) 5.876(+9) 4.627(+9) 4.441(+9) 
2P1/2-2P~/2 1.073(+10) 8.220(+9)1.032(+10) 7.913(+9) 8.048(+9) 
2p1/2-2P~/2 6.957(+9) 5.503(+9) 7.038(+9) 5.567(+9) 5.195(+9) 
2P1/2 2D~/2 3.761(+10) 2.928(+10) 3.803(+10) 2.963(+10) 2.987(+10) 
2Da/2-2P~/2 1.444(+9) 1.059(+9) 1.448(+9) 1.061(+9) 1.025(+9) 
2Ds/2 2D~/2 9.667(+8) 7.358(+8) 9.825(+8) 7.486(+8) 7.148(+8) 
2D3/2 - 2D~/2 1.125(+10) 8.569(+9) 1.122(+10) 8.547(+9) 8.404(+9) 
2Ds/2-2P~/2 2.045(+9) 1.498(+9) 2.031(+9) 1.489(+9) 1.434(+9) 
2D5/2 2D~/2 4.243(+8) 3.229(+8) 4.417(+8) 3.366(+8) 3.567(+8) 
2/:)5/2 - 2D~/2 1.095(+10) 8.366(+9) 1.095(+10) 8.371(+9) 8.212(+9) 
~P1/2-4S~/2 5.027(+9) 3.973(+9) 5.026(+9) 3.974(+9) 3.870(+9) 
4P3/2-4S~/2 4.925(+9) 3.891(+9) 4.925(+9) 3.893(+9) 3.792(+9) 
4p5/2-4S~/2 4.748(+9) 3.750(+9) 4.749(+9) 3.753(+9) 3.675(+9) 

a Merkelis et al. [5, 36]. 

Table XI: Comparison of the lifetimes (in ps) of even-parity excited states of 
nitrogen-like silicon, Si 7+. 
State Experiment a This work NR-MBPT b NCMET c 

MCDF MR-MP 
4P1/2 199.0 251.6 258.4 
4Pa/2 203.0 256.9 263.7 
4P5/2 210.6 266.5 272.1 
mean 2804-30 266 
~D3/2 73.0 96.6 98.6 
2/:)5/2 74.5 98.1 100.0 
mean 904-15 100 
2p3/2 18.1 23.1 23.2 
2/°1/2 18.1 23.2 23.2 
mean 23=k3 23 

Tr~bert et al. [47]. 
b Merkelis et al. [5, 36]. 
c Nicolaides and Beck [46] 



RelahvlstJc Multireference Meller-Plesset Perturbation Theory Calculations 291 

lifetimes computed by NR-MBPT and NCMET [46] are also displayed in the 
last two columns for comparison. All calculated lifetimes, excepting those com- 
puted by MC DF, are within the error bounds of the experimental estimates. 
The mean lifetimes estimated by NCMET tend to be slightly higher than 
those of each fine structure state computed by MR-MP. Lacking dynamical 
correlation, MC DF grossly underestimates the lifetimes. 
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Abstract 

In the formalism of the reduced density matrices and functions, using the irreducible 
tensor-operator technique and the space-spin separation scheme, the matrix elements 
of some of the spin-relativistic corrections of the Breit-Pauli Hamiltonian, namely the 
spin-spin interactions, are expressed in a form suitable for numerical implementation. 
A comparison with other methods is made and the advantages of such an approach 
are discussed. © 2001 by Acadermc Pre~s 
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1. Introduction 

In the formalism of the reduced density matrices and functions (RDM & RDF) [1-3], 
the matrix elements and expectation values of the different types of spin-involving 
operators take the form of a product of space and spin factors [1, 4]. The spin part is 
determined by the spin symmetry and reduces to 3j-symbols, while the spatial part is 
determined by the action of space operators on the spin distribution or spin-spin cor- 
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relation matrices or functions [ 1, 4, 5]. The spin distribution and correlation functions 
are built from the spatial parts of the RDMs of first and second order, respectively. In 
this approach, the space-spin separation results from the possibility of separating the 
space and spin variables in RDMs [6-9] and from the use of the split RDMs to repre- 
sent the matrix elements of  the perturbation terms in the Hamiltonian [10]. 

In terms of the RDMs and RDFs and in the scheme of the space-spin separation, 
there are presented in Refs [1, 4] the matrix elements and expectation values of the 
various spin-involving operators, which are relativistic corrections in the Breit-Pauli 
Hamiltonian. The matrix elements and expectation values of the operators correspon- 
ding to the different types of spin interactions are reduced to products of a multiplier 
determined by the spin symmetry, which characterize a spin state or a transition bet- 
ween two states in a given spin multiplet, and a space part that depends neither on the 
spin state nor on a transition between two states. This space part is expressed by the 
action of the considered space operator on the space part of the relevant spin distribu- 
tion or spin-spin correlation matrix or function. 

In Ref. [11] we took a further step in the treatment of  the matrix elements of  one 
of the main relativistic corrections, the spin-orbit interaction terms, in a form conve- 
nient for numerical implementation. In the present work we shall consider the matrix 
elements of another type of spin-involving relativistic corrections, the spin-spin inter- 
actions, which should also be amenable to direct numerical implementation. 

Using the technique of the irreducible tensor operators and applying the Wigner- 
Eckart theorem, the matrix elements of the dipolar spin-spin interactions are express- 
ed as products, or sums of products, of three parts: the first one is a multiplier deter- 
mined by the spin symmetry; the second one is a multiplier characterizing the orbital 
symmetry, and the third one is a spatial part determined by the action of the syrnme- 
trized space tensor operators on the normalized spin distribution or correlation matri- 
ces or functions. The action of these space tensor operators, which are the same for a 
given spin multiplet and are independent of the investigated (splitting or transition) 
effect, is reduced to a standard procedure. The expectation values of the spin-spin 
interaction operators, which give the amount of  splitting of  the energy levels, are ex- 
pressed in an analytical form suitable for numerical implementation. We also consi- 
der the transition matrix elements of these operators, which give the contribution of  
the spin-spin interactions to the corresponding induced spin transitions. 

2 .  S p i n  d i s t r i b u t i o n  a n d  c o r r e l a t i o n  d e n s i t i e s  

2.1.  Sp in  d i s t r ibut ion  dens i t i es  

In a spin eigenstate - with the eigenvalues S(S + 1) and M of the operators S 2 and Sz, 
respectively - the spin distribution matrix has the following form [1, 2, 4, 5]: 
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q(~; ~,) = ~[p~,~ (~;~3 _ p 8,~ (~ ;~3], (~) 

where the p r.r (~ ; ~3 are the two diagonal space components of  the first-order RDM 

(RDM1) P(~:2 ;~:;), z'l = (~ ,a~) representing the (space, spin) components of  an elec- 

tron and ?(o) = a(o), fl(o) being the electron spin functions. These space components 
also define the charge distribution matrix: 

p ( r , , r , ' ) +  p (r , , r , ' ) .  p(~,;~,)= ~.~ - . -  8.8 - . -  (2) 

The spin distribution matrices q(M)(~;~) for the different spin eigenstates (with 
M = S, S - 1 . . . . .  - S) can be expressed by using the normalized spin distribution ma- 
trices D(~; ~) ,  which are independent of M [ 12]: 

with: 

q(M)(~ ;~,) =_ q(KK l ~ ;~') = - ~  q(KK I ~ ;~3 = M D(~; ~3, 

D(~ ;~') = l q ( K K  1 ~;~3,  

(3) 

(4) 

where K is the index of  the spin state corresponding to <Sz> = M and K is the index 
corresponding to the maximal value M = S. Similar formulas can be written for the 
spin distribution functions when ~ = ~'. 

2.2. Spin-spin correlation densities 

In a spin eigenstate, the spin-spin correlation density matrix is [1, 2, 4, 5]: 

qss (~,, ~2 ;~ , , ~ )=  ~ [ 0 ,  ( r , , ~ 2 ; ~ ; ~ ; ) + p ° 8 " ~ ( ~ , , r 2 ; , ' , , & ' )  - 

_ a ~ 8 5  . . . .  , - , -  p ~ , #  ~ - - ' - '  - p '  tfi,r2;Q,rz)+ (rl,r2 ;r~,r2)- 
_ p ~,~o (~, ~; ~,; ~,) _ p 88,88 (~, ~2 ;~; E)]- 

(5) 

where the p ~,r~'(~, r2;~; r2') are the six (on sixteen) independent space components 

of the second-order RDM (RDM2) p(v~,'r2 ;~:~,~: ~) with "c, = (~,,a,),  i = 1, 2. 
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The normalized spin-spin correlation density matrix, defined for the state K with 
maximal value M = S, takes the form [4, 6, 13]: 

1 
Dss(fi,r2,r~,~') - qss(KK l ~,?Z;rl,F2'). (6) 

S ( 2 S - 1 )  

In an arbitrary eigenstate, the matrices qff)  can be written: 

. . . .  3M2S(S+1) qss( K K  I ~,F2 ;~; ~z'), 
qss(KK[rl'r2;r~'~') = S ( 2 S - 1 )  (7) 

where K takes on all values corresponding to M = S, S - 1, ..., - S. Similar formulas 
can be written for the spin-spin correlation functions when ~ = ~' and r2 = Fz'. 

The coefficients in Eqs (3), (4), (6) and (7) are determined by the spin symmetry 
of  the system. For spin-degenerate states, one can take as values for these coefficients 
in Eqs (3) and (7) those defined by the irreducible representations of  the group SO(3) 
corresponding to the considered spin multiplet. Within a given spin multiplet the nor- 
malized spin distribution and correlation matrices and functions do not depend on M. 

3. Spin-spin interactions 

3.1. Electron-electron dipolar interaction 

For an N-electron system, the operator of  dipole coupling between electron spin mag- 
netic moments in the effective Breit-Pauli Hamiltonian takes the form [1, 4, 5]: 

gss (i, j )  = g0Za2S(i) • ~ .  S(j) ,  (8) 
r,j 

where a = 1/2c is half the fine-structure constant (in atomic units), go is the g-factor 
for the free electron, and: 

d(u,j) = u--~-3 r'J ®r,j 
s .... , (9) 

where u is the unit tensor. One can easy transform gss(i,j) to the form: 
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gss (i, j )  = g20~2 {%2 S(i) .S(j)  - 3[S(i).r v ] [S(j).r,j ]}rv -5. (10) 

Applying the irreducible tensor-operator technique, one obtains: 

gss (i, j )  = go20~ 2 [D (2) ,S (2) Jrt; 5 , (11) 

where D (2) is the second-rank, symmetric, traceless tensor with components: 

Dkt = ~Skl(r~j)k(r,j)t - 3(rv)k(r~y)t, (12) 

and S (2), given by: 

S(2)(i,j) = [Sa(i) ® SI(j)] (z), (13) 

is a second-rank tensor that can be constructed from the components of S l(i) and SI(j): 

S~ ~ C 1'~ S' ""S  1" " =2. ,  uz~ utt) xtJ) ,  (14) 
# , ~  

J1J2J3 where the C . . . . .  3 are the 3j-symbols. From the symmetric tensor D (2) one can build 

an irreducible tensor proportional to the second-rank tensor [(to) l®(r,j)l] (2) with com- 
ponents: 

a t r  112 1 1 [(r,~) 1 ®(rv)l]  C2) = ~_~Cu~,(r,j)u(r,~)z. (15) 
/t , ,Z 

Substituting these expressions into Eq. (11) one obtains: 

2 2 - 5  m 2 2 
g s s ( i , j ) = C g o a  % ~ ( - 1 )  D_,,S,, = 

m 

2 2 / . - 5  m 112 1 1 112 1 • 1 • 
=Cgoot  ,j ~ ( - 1 )  EClt,~_m(rtj)#(rtj)3. E f pqmSp(l)Sq(J). 

m l*,)~ p ,q  

( 1 6 )  

gss (i, J) = _ 4  g2a 2 r, fS ~ ( -  1)" ~ clul~ _,, (%)l  (%)] S~2)(i, j). (17) 

After determining the constant C in Eq. (16) by comparing the coefficients of 
1 1 1 • 1 • S O (t)S o ( j )  this equation with those calculated in Ref. [9], one gets: (%)o(%)0 and in 
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Then, using Eq. (17) for the matrix elements of  gss (i, j )  in the transition between 
spin states K (SMs) andK'(SM's), one obtains (dropping from now on arrows on f, ): 

1½ },= <', +>l  'sM; >: 
2g02~X=,~(_l),~ zC,.,~_- I r,~' , 1 ,2, • . ,  • = - (rn), (rl2)xS: (1,2)o(KK I "r, ,Tz,'rl,'rz )d'cld'cz = 

2 p 

: _ + g ~ O ~ 2 ~ ( _ l ) ~ n  g~.zCll.[._ m '  ( S  :ls.(,,e)lsM:)xsczs_l) 
• • 2 x Ir,-2'(r,2)'u(r,2)'~qss(..KK'[ r,,r2;r,,r2)mdr, dr2, 

r1%h 
r~=r z 

• J t 
where p(KK'l 'c , ,~:2 '"~'1, ~ '2)  is the RDM2 for the transition K ~ K'. Here we use the 

standard definition of  the spin-spin correlation density matrix for the transition K -+ 
K' [1, 4, 5]. We consider transition matrix elements between two states within the 
same spin multiplet because transitions between different multiplets are forbidden by 
symmetry (it is impossible to express elements o f  a given irreducible representation 
of  SO(3) with elements of a different irreducible representation of  the same group). 

Following the Wigner-Eckart theorem, we express (SM s [S2_m (1,2)[SMs) by the 

corresponding reduced matrix element, and we obtain: 

(KSM~ I+ ~gs,(i,J)lg'SM; >= 
= _  ~2 (_ l ) .  C ~  . ,  .~ , - .  -5 ~ , I t p Ir12 (z2)u(r~2)xDss(r~,r2;rl,r2ldr~dr2, 

~i =r, 
=r 2 

(18) 

P • • • 2 
where Dss(r~,r2;r~,r2) = qss(KKlr,,r2;r,,r2) o/[S(2S-1)] is, according to Eq. (6), 
the normalized spin-spin correlation matrix, the same for the whole spin multiplet. 

For M = M', Eq. (18) takes a simple form that gives the width of  the spectral line 
splitting due to the electron-electron spin-spin interactions: 

(KSM~]+ ~.s gss(i,j)JKSMs)= 

1.;1-5 1~, 1 1 t ,* =-2go2a213M~-S(S  + 1)]Eclql2_q,o S 12 (n)q(r12)-qDss(rl,rz;fi,r2)dfidrz. 
q rl~=r ! 

rz=rz 

(19) 
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3 . 2 .  E l e c t r o n - n u c l e i  d i p o l a r  i n t e r a c t i o n s  

For a N-electron system in the field of M nuclei, the operator of  dipole coupling bet- 
ween one electron spin magnetic moment and the nuclei takes the form [ 1, 4, 5]: 

h E (i) = go aZL g..t. O~p S(i). L[3 rara]@ ra~ r~U ] .  I(Z) = 

= g o O t ~ g z a p  {3 [S(i) • ra, ] [I(~). ra, ] - ra] S(i). I (X)k£ s, 
Z 

(20) 

where the proton constant oq, = a (rne/mp), gx is the g-factor for nucleus £, and I(X) is 
its spin momentum vector. For any one nucleus L, the many-electron operator can be 
written as: 

-3 " I ~ h s ( i  ) = goagzap y ra K(t).  (~,), (21) 
l t 

where 

K(i )  = 3[S( i ) .  n, ]n, - S(i),  n, = r~ / r a. (22) 

The components of the axial vector K(i) can be written in the form: 

K k (i) = ~ DktS t (i), (23) 
l 

where 

Dla = 3nk(i)nt(t) - 6kt nk(i)nt(i) (24) 

is a seconk-rank, symmetric, traceless tensor which is proportional to the normalized 
spherical functions C2(O,,¢pi). 

Then, the components of the symmetrized vector Kl(i) are: 

211 2 1 • (K)lq = C[D 2 ® S' ]'q = C ~  C,.,.,qC,~ (0,, tp,)S,., 0), 
m , m  

(25) 

where [D 2 ® $1] 1 is an irreducible first-rank tensor built from the tensor product o fD 2 
and S 1. The constant C can be derived from atomic spectroscopy theory [15] and its 
value is 10 u2. 
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Using the above relations, Eq. (21) takes the form: 

r - 3  q 1 • 1 ~ h s ( t )  = goOtg:tar~_. , ~ ( - 1 )  (K)q(t).l_q(X) = 
1 l q 

1 q 211 ~-" - 3  2 l • l =.~goagaapE ( - )  2C,,,m,q r, Cra(O,,q),)Sm,(l)I_q(,~ ). 
q al,m 

(26) 

If now one separates the electron and nuclear parts of the wavefunction one obtains, 
for the matrix elements of ]~, h s (i) : 

( KSM sl]Z hs (i)l K'SM sl') = 
t 

C TM K S M  r - 3 C  2 ' i ' " l , ---~li-Ogo°lgz°gpE(-1)q E tara'q( S lZ  , .(O,,~o,)S.,(;~KSM~)(III_,(;t)It), 
q m,m" I 

(27) 

Using the same scheme as in previous paragraphs we can express the matrix elements 
of the electron part in the form: 

(KSMs 1~ r,-3C 2,,, (O,,q~,)S~m,(i)lK'SMs) : 
t 

= ~r,-3C~(1)q~(KK'lr,;r()'dC= ~ C  ~ ~r?3C~(1)D~(r,)dr,, ~ 2  Msm'M's  (rj) 

( 2 8 )  

where, as in Eq. (4), Ds(ri) = qs(KK[r~;rl)lo/S is the normalized spin density, the 
same within the whole spin multiplet. 

Finally, for the matrix elements of ]~, h s (i) we obtain: 

( KSM sl l 2 h s ( i )l K'SM'fl" ) : 
! 

= #r~goOtgxap E (-1)q X C ~  C~1s,M~ I r'-3C2m (1)Ds (r~)dr1 (llll-q (;L)II'}" 
q m,m" 

(29) 

For a given term, this matrix element takes the form: 

(KSMs ]Z hs(i)lKSM~ ) = 
t 

= 47go, g , ,E(-1)qEC2o'qM  r /C 2" I (1)D s (1"1)dry. 
q m 

(3o) 
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The expectation value (30) gives the width of the spectral line splitting due to the 
electron-nucleus spin-spin interaction. 

4. Discussion 

The results presented here allow not only to include spin-spin electron-electron and 
electron-nuclei interactions in the variational approach of density matrix theory but 
also to perform calculations in terms of vector-model and valence-bond schemes. 

These results give the possibility to include spin-spin interactions in a rigorous 
density functional for spin-polarized systems. The same holds for density functionals 
built in terms of density matrices. We could use the local-density form of the derived 
density matrices and functionals in Kohn-Sham theory to include the spin-spin inter- 
actions. The effect of  electron-nuclei spin-spin interactions in the splitting of energy 
levels can be taken into account by using Eq. (29) or (30) in the Kohn-Sham scheme, 
while the contribution of the electron-electron spin-spin interactions can be accoun- 
ted for by expressing Eq. (18) or (19) in the local-density approximation [16] for the 
spin-spin correlation density matrix (5). The spin (and other) correlations neglected 
in this approximation are compensated in the corresponding effective potential of the 
Kohn-Sham self-consistent procedure. 

In the Barth-Hedin construction [17-19], the most widely used in the Kohn-Sham 
type calculations for spin-polarized systems, the energy functional is defined in terms 
of the first-order density matrix. This does not permit the description of relativistic 
corrections (including spin-spin interactions), which require a two-particle density 
matrix. There it is only possible to determine the influence of an external magnetic 
field and only for the ground state. 

The formalism presented here can be used for the determination of all relativistic 
corrections from the Breit-Pauli Hamiltonian as well as for the calculation of the ef- 
fect of an external magnetic field, not only for the ground state but for any arbitrary 
state of the spin multiplet. In practice, the problem is reduced to the construction of 
the reduced spin distribution and spin-spin correlation matrices and functions within 
a suitable quantum mechanical approach, and the performance of elementary mathe- 
matical operations analogous to those described in this work. 

The use of  a suitable minimization procedure, e.g. the local-scaling transformation 
scheme [20-22], or more precisely its formulation for spin-polarized systems [23, 24] 
- which automatically preserves space and spin symmetry, would allow direct mini- 
mization of the energy density-matrix functional, including relativistic terms. This is 
the aim of our future investigations. 
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Abstract 
Core excitation energies (CEs) are known to depend on the chemical environment 
mostly through the charge transfered from or to the would-be excited atom in the 
ground-state molecule. We have made use of this peculiarity to set up a combined 
method for evaluating the CEs of molecules involving heavy atoms, where cumu- 
lated handicaps make direct calculations very difficult. We have evaluated the CEs 
of np levels in chromium, molybdenum and tungsten hexafluorides and compared 
the contributions of relaxation and relativity. In a first step, various approximate 
methods were used to evaluate the amount of charge transfered in the three hexa- 
fluorides, using the experimental geometries and testing different definitions of 
the charge. Results show the following trends: i) the calculated charge transfer in- 
creases as CrF6 << MoF6 < WF6; ii) Mulliken (balanced) charges vary in the order 
REX >> RHF > CISD > DFT, and Weinhold (natural) charges tend to be slightly 
larger; iii) our best (CISD) calculations give a natural percentage of electron trans- 
fer from the metal atom to the bonded fluorines of about 45% for CrF6, 56% for 
MoF6, and 59% for WF6. In a second step, numerical ab-initio, relativistic, ADF 
calculations of the total and orbital energies were performed on the ground-state 
and core-excited metal ions involving 1 to 5 valence ionizations. Core excitation 
energies were deduced and the relative importance of relaxation and relativity ef- 
fects was discussed. In a last step, the core excitation energies for the molecules 
were evaluated by interpolating between values previously obtained for the free 
ions, using the net atomic charges derived for the ground-state molecules in our 
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best previous approximation. The results are particularly striking for WF6: 1) for 
core excitations from the 2pl/2, 2p3/2 and 3pl/2, 3p3/2 levels, experimental energies 
are reproduced within 0.4-1.2 eV; 2) there is a relaxation alteration of the charge 
transfer stronger for the 3p than for the 2p levels; 3) relativistic corrections are 
much larger than and opposite to relaxation corrections. © 2001 by Academic Press 
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2. Methodology and Calculations 

2.1. The approximate molecular (AM) step 
2.2. The exact atomic (EA) step 
2.3. The combined treatment 

3. Results and Discussion 
4. Conclusion 

Acknowledgments 
References 

1. Introduction 

The investigation of the chemical bond (ionic, covalent with dmplc retro-bond, 
sandwich-compound bond) and of the spectroscopic properties of transition-metal 
complexes, in particular those of Group-VI elements (Cr, Mo, W) with simple lig- 
ands (C5H5, CN, CO, halogens, ...), has been extensively developed in recent years 
because some of them play a role in biological or industrial homogeneous cataly- 
sis, particularly due to the diversity of redox reactions to which they may lead in 
liquid solution [1]. The simplest complexes are also used as models for the metal- 
ligand interactions in condensed phases [2]. 

X-ray photoelectron and absorption spectroscopies (XPS, XAS, ...) are well ad- 
apted to the study of deep-core or non-occupied levels, particularly the first empty 
state (LUMO), whose role is primordial in chemical reactivity. The evolution of 
physicochemical properties and spectroscopic quantities of series of molecules in- 
volving atoms from successive rows or colunms of the periodic table [3] has been 
related to the effective charge transfer from the atom to the ligands as well as to the 
variation of ligand-field multiplet effects and spin-orbit coupling [4]. 

The present investigation is concerned with the evaluation of core ionization 
and excitation energies for molecules involving heavy atoms (such as CrF6, MoF6 
and WF6), where cumulated handicaps make direct calculations very difficult. A 
method of combined exact-atomic (EA) / approximate-molecular (AM) treatment 
of those properties in such molecules, assuming charge transferability between the 
EA and AM atoms, is proposed. Effects of correlation, relaxation and relativity are 
assessed, and theoretical results derived using this combined method are compared 
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with NEXAFS experimental data. A detailed account of the interpretation of expe- 
rimental results is reported elsewhere [5]. 

2. Methodology and Calculations 

It is established that such atom-centered properties as nuclear electron-capture, 
isomeric transition or beta-decay rates [e.g. 6], M6ssbauer isomer shifts [e.g. 7], 
nuclear magnetic resonance (NMR) isotropic chemical shifts (ICS) [e.g. 8, 9], or 
X-ray photoelectron spectroscopy (XPS) core ionization energies (CIE) [e.g. 10, 
11 ] depend on the chemical environment of the perturbed atom mostly through the 
net (negative or positive) charge transfered to (or from) the bonded ligands. The 
same holds true for the Coulomb repulsion and exchange integrals [12] involved 
in the core-hole energies. We have recently performed a thorough investigation of 
the quasi-linear dependence of XPS CIEs in various fluorine compounds upon the 
electronegativity of the central atom as well as on the resulting amount of  negative 
charge transfered to the bonded fluorines [ 13]. For sulfur compounds we have pre- 
viously shown [14] that the degree of valence ionization of the molecule affects 
quasi-linearly the sulfur core ionization energies. On the other hand, it has been 
proposed [15] to use a linear relationship between NMR ICSs and charge incre- 
ments in ~3C-containing compounds for the retrieval and ranking of organic struc- 
tures. The dependence of both NMR ICSs and XPS CIEs on the net atomic charge 
is so close to linear, for a given atom in a given series, that it entails a similar de- 
pendence between the two properties [13], even though they belong to frequency 
ranges differing by twelve orders of magnitude. 

We have made use of this peculiarity to set up a strategy for evaluating XPS or 
XAS CIEs of  complex molecules involving heavy atoms, where cumulated handi- 
caps make direct calculations very difficult. This strategy has been applied to the 
2p and 3p levels of chromium, molybdenum and tungsten hexafluorides, and has 
helped us to compare the relative contributions of correlation, relaxation and rela- 
tivity effects in these compounds. 

2.1. The approximate molecular (AM) step 

Various calculations were performed in order to estimate the amount of charge 
transfer in the three hexafluorides, using experimental geometries and testing dif- 
ferent definitions of the charge. Due to the importance of  relativistic effects on the 
bonding of such compounds, involving heavy atoms [16], all the techniques we 
used involved to some extent these effects. Relativistic Extended Hiickel (REX) 
calculations - including charge-parameter self-consistent interations - were done 
using Pyykkf's program [17]. For SCF calculations we used the Gaussian pack- 
age [18] with Hay-Wadt pseudo-potentials and LANL1DZ basis sets [19], both at 
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the RHF and CISD levels. DFT calculations were done using the Dmol package 
[20] with the BLYP gradient-corrected exchange-correlation density functional 
[21] and a double numeric polarized (DNP) basis set. The results obtained (Table 
1) show the following trends: 

Table 1. Atomic charges calculated, under various approximations and using different 
models, for chromium, molybdenum and tungsten in their hexafluoride compounds. The 
second column gives the experimental metal-fluorine (M-F) distances and the molecular 
symmetry group (MSG). Charges in the two right cells are Mulliken charges. In the mid- 
dle cells are given Mulliken (left) and Weinhold (right) charges. 

Settings d(M-F) / A RHF / HW CISD / HW DFT-BLYP [ REX 
Molecule * MSG LANL2DZ LANL2DZ DNP [ level 3 

CrF6 1.716" Oh 2.416 2.883 2.268 2.710 2.013 3.643 

MoF6 1.820" Oh 3.054 3.616 2.860 3.387 2.563 3.840 

WF6 1.831*oh 3.259 3.796 3.066 3.579 2.734 3.723 

- i) the calculated charge transfer increases as CrF6 << MoF6 < WF6, which 
recalls the outstanding character of Cr relative to Mo and W; 

- ii) Mulliken (balanced) charges vary in the order REX >> RHF > CISD > 
DFT, because electron correlation is neglected in RHF but overestimated in DFT, 
and Weinhold (natural) charges tend, as often, to be greater; 

- iii) our 'best' (CISD) calculations give a natural percentage of electrons 
transfered from the central metal atom to the six bonded fluorines of about 45.2 % 
for CrF6, 56.4 % for MoF6 and 59.6 % for WF6. Surprisingly, the heavier the cen- 
tral atom, the closer the Weinhold CISD charges to the much less sophisticated, 
Mulliken REX charges. 

2.2. The exact atomic (EA) step 

Making use of Bruneau's numerical ab-initio fully relativistic MCDF (BRAN) 
program [22], we then performed calculations on atoms of the investigated metals, 
including appropriate core excitations and from 1 to 5 additional valence ioniza- 
tions. Core excitation energies for the corresponding molecules were evaluated by 
interpolating between values obtained for the central atoms, using charges derived 
from the previous, approximate calculations on the ground-state molecules. 

The BRAN program is based on a rigorous numerical resolution of the Breit- 
Dirac equation for multielectronic systems in a central nuclear field, corrected for 
qed effects such as vacuum polarization. The program can perform computations 
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in an MCDF scheme as well as on a DF basis if one considers a single reference 
configuration. It is fully vectorized and a large choice of  options, either physical 
(e.g., inclusion of nuclear size) or technical (e.g., iteration procedures) is available. 
The program yields, on request, the various eigenstate multiplicities, ener~es and 
vectors, the relevant atomic integrals and such properties as the effective Z ,  <l/r> 
or )~ (spin-orbit coupling parameter) for the different orbitals. Non-relativistic, HF 
or MCHF calculations can also be made by setting the speed of light (c # 137.036 
in the default option) to a very large value. 

BRAN calculations were performed on the following systems: 

- i) for chromium, the ground-state neutral-atom configuration: 
Cr°+gs _= (1 s22s22p63s23p63d54sl), 

and the systems Cr~+gs, Cr(n'l)+2p* (n = 1,3,5), these notations designating the con- 
figurations that correspond, respectively, to the ionization of  n valence electrons 
from the highest occupied atomic orbitals (HOAO) in the atomic ground state (gs) 
followed by the excitation of a (2p) core electron to the lowest unoccupied atomic 
orbital (LUAO), i.e.: 

- Crl+gs = (lsE2s22p63s23p63dS), Cr°+2p * =- (ls22sZ2pS3s23p63d54sl); 

. cra+gs _-- (ls22s22p63s23p63d3), CrZ+2p * _=_ (ls22s22p53s23p63d4); 

_ CrS+gs _.= (ls22sE2p63s23p63dl), Cr4+2p * - (ls22sE2p53s23p63d2). 

Configuration pairs such as Crl+gs~- = (ls22s22p63s23p63d 5, ls22s22p63sE3p63d44s 1) 
or Cr°+2p ~-  (1sE2s22p53sE3p63d54s 1, ls22sE2p53sE3p63d44s 2) were also considered, 
in order to assess electron correlation effects. 

- ii) for molybdenum, the ground-state neutral-atom configuration: 
Mo0+gs - (ls22sZ2p63s23p63d104sE4p64d55sl), 

and the systems Mon+gs, Mo(n'l)+2p* (n = 1,3,5), these notations designating con- 
figurations similar to those described above but with 3d 5, 4S 1 replaced by 4d 5, 5s I . 
Here again a few configuration pairs were checked to assess electron correlation 
effects. 

- iii) for tungsten, the ground-state neutral-atom configuration: 
W°+gs __. (ls22s22p63s23p63dl°4s24p64dl°4fla5s25p65d46s2), 

and the systems Wn÷gs, W(nl)÷2p* and W(~-l)+3p* (n = 1,3,5), these notations desi- 
gnating configurations similar to those given above but with 4d 5, 5s I replaced by 
5d 4, 6s 2 and 3p* added to 2p*. Configuration pairs here checked were of  a slightly 
different type, e.g.: Wl÷gs ~= (K2s22prMN5s25p65d46sl, K2s22prMN5s25p65d36s 2) 
or W°+2p ~-- (K2s22pSMN5s25p65d46s 2, K2s22pSMN5s25p65d56sl). 

The relaxed, near-edge core excitation energies were derived by using the ADF 
(or AMCDF) protocol: EM~. = M(~l)÷mp* - M"÷gs (M = Cr, Mo, W; m = 2 for all 
M and also 3 for W; n = 1,3,5). The non-relaxed, near-edge core excitation ener- 
gies were obtained by applying Koopman's theorem to the relevant mp core orbi- 



312 J Maruani etaL 

tals and nd LUAOs. For the sake of comparison, in addition to these relativistic 
calculations we also made non-relativistic ones, both with and without electron 
correlation and / or relaxation. 

2.3. The combined treatment 

Core excitation energies for the molecules were evaluated by interpolating bet- 
ween values obtained for the atomic ions, assuming transferability from the atom 
to the molecule and from the ground to the excited state and using charges derived 
from the previous, approximate calculations on the ground-state molecules. As the 
charge distribution may be very sensitive to electron correlation [23], we used our 
best correlated (CISD) results, standing between the under- (RHF) and over- (DFT) 
correlated values. Although the definition of  the charge transfer is not so critical 
here, since this quantity is used mainly as a scaling factor and since Mulliken and 
Weinhold charges vary nearly in the same ratio along our series, we have selected 
the more consistent, Weinhold values. 

A more critical point is that the charge transfer calculated for the ground-state 
molecule may not be very relevant for the molecule in an excited state. However, 
as we are dealing with core excitations, we may assume that electron relaxation 
does not drastically affect the charge distribution around the central atom, and that 
the excitation energy is determined mainly by the ground-state charges. This point 
will be discussed further below. 

The dependence of core-hole energies on the net atomic charges is privileged 
only for deep-core ionizations, for details of the charge distribution in the mole- 
cule become more important when one approaches the Fermi level, i.e., for shal- 
low-core or valence ionizations as well as for deep-core excitations, where the 
ejected electron settles on an unoccupied orbital (much more sensitive to the mul- 
tipolar terms of the charge distribution). However, the contribution of this outer 
orbital to the total excitation energy is much smaller than that of  the inner orbital, 
and therefore one may neglect the details of  its dependence upon the multipolar 
expansion of the charge distribution. 

A related problem is that, in the excited atom, the ejected electron settles on an 
unoccupied nd atomic orbital (n = 4 for Mo and 5 for W), whereas in the excited 
molecule it settles on an unoccupied 3t2g or 5eg (for MoF6) or 4t2g or 6eg (for WF6) 
molecular orbital. The 5eg orbital is about 0.16 a.u. higher than the 3t2g LUMO in 
MoF6 and the 6eg orbital about 0.20 a.u. higher than the 4t2g LUMO in WF6. How- 
ever, the central metal nd orbitals contribute much more to both t2g and eg mole- 
cular orbitals than the bonded fluorine 2s and 2p orbitals. Therefore, we shall use 
as experimental data the weighted averages of the measured excitation energies to 
these molecular levels. 

Our test calculations have shown that electron correlation contributions to the 
excitation energies are, in all cases, at least one order of magnitude smaller than 
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both relaxation and relativity effects, and about of  the same order as contributions 
neglected in the above approximations. Therefore, we have not performed a syste- 
matic investigation of  these effects, which will be the subject of  another study. 

3. Results and Discussion 

In some applications [e.g. 5] it may be useful to know atomic integrals involved in 
the calculation o f  eigenstate energies and vectors. In the transition-metal series we 
are dealing with, the integrals relevant to our measurements are (F0), F2, G1, G3 
[e.g. 12] between 2p and 3d orbitals for Cr, 2p and 4d orbitals for Mo, and both 2p 
and 5d and 3p and 5d orbitals for W. Following the above discussion the Coulomb 
repulsion and exchange integrals were calculated for the isolated Cr, Mo and W 
atoms depleted of  1, 3 or 5 electrons in the ground and core-excited states, using 
the program BRAN. The searched integrals are weighted averages of  the non-zero 
relevant integrals (mpi/2 mpj/2 / ndk/2 ndl/2), with m = 2 for Cr and Mo and also m 
= 3 for W, and n = 3 for Cr, 4 for Mo and 5 for W. The momentum indices are i = 
j = 1 or 3 and k = l = 3 or 5 for F0, i = j  = 3 and k = l = 3 or 5 for Fz, j = 1 = 3 or 5 
when i = k = 3 for both G1 and G3 whereas j = 1 = 3 for G1 a n d j  = l = 5 for G3 
when i = k = 1. The results are displayed in Table 2. We also give for comparison 
non-relativistic integrals for the core-excited states of the W ions. In addition to 
the integrals of  the above ions we also give those fitted for fractional charges in 
Table 1 and for charges derived from experimental data further below. 

Table 2. Coulomb repulsion and exchange integrals (/eV) computed for chromium, mo- 
lybdenum and tungsten ions in their ground state and in an mp core-hole state (for every 
integral, gs stands for "ground state" and eh for "core-hole state"). For W we also give, 
for comparison, the non-relativistic values for core-hole states of the ions (nr-eh) and 
values interpolated for the 'experimental' metal charges in the molecular excited state. 

Atom / charge 
in ground state 

F0 (2p 3d) gs 
" eh 

'F2 (2p 3d) gs 

Cr 1+ 

26.912 

Cr 3+ 

31.299 
33.481 

Cr 5+ 

34.908 
36.826 29.475 

4.317 5.724 7.129 5.520 
" eh 5.232 6.621 8.000 6.420 

Gl (2p 3d) gs 2.917 
3.822 

41038 
5.009 

5.272 
6.287 

1.644 
2.136 

" ch 
G3 (2p 3d) gs 

" eh 

Cr q~e 
(q~e = 2.71) 

30.711 
32.941 

3.868 
4.83l 

2.282 2.989 2.185 
2.808 3.537 2.707 



314 J. Maruani et al 

Atom / charge 
in ground state 
Fo (2p 4d) gs 

" ch 

Mo 1+ 

19.319 
20.969 

Mo 3+ 

21.873 
23.363 

Mo 5+ 

24.054 
25.413 

Mo q~o 
(~th¢ = 3.39) 

22.328 
23.790 

F2 (2p 4d)gs 1.214 1.585 1.968 1.659 
" eh 1.445 1.819 2.195 1.892 

Gl(2p 4d)gs 0.967 1.279 1.606 1.342 
" eh 1.171 1.490 1.819 1.553 

(33 (2p 4d) gs 
" ch 

Atom / charge 
in wound state 
F0 (2p 5d) gs 

" ch 
nr-ch 

F0 (3p 5d) gs 
" ch 

nr-eh 
F2 

0.555 
0.672 

W 1+ 

17.539 
18.743 
19.084 
17.125 
18.186 
18.509 
0.531 
0.619 
0.642 
1.080 
1.242 
1.316 
0.440 
0.514 
0.547 
0.194 
0.230 
0.249 
0.253 
0.295 
0.326 
0.200 
0.235 
0.256 

(2p 5d) gs 
" ch 

nr-ch 
(3p 5d) gs 

" ch 
nr-ch 

F2 

0.734 
0.858 

W 3+ 

19.759 
20.787 
21.032 
19.212 
20.091 
20.319 
0.696 
0.780 
0.801 
1.390 
1.543 
1.614 
0.579 
0.651 
0.685 
0.255 
0.291 
0.311 

0.334 
0.375 
0.409 
0.265 
0.299 
0.321 

G1 (2p 5d) gs 
" eh 

nr-ch 
G1 (3p 5d) gs 

" eh 
nr-ch 

G3 (2p 5d)"gs 
" ch 

nr-ch 
(3p 5d gs 

" ¢h 
nr-ch 

0.925 
1.048 

W 5+ 

i 

21.597 
22.514 
22.677 
20.915 
21.680 
21.830 
0.863 
0.945 
0.960 
1.694 
1.839 
1.907 
0.721 
0.791 
0.826 
0.318 
0.355 
0.375 
0.417 
0.458 
0.493 
0.331 
0.365 
0.387 

G3 

0.770 
0.895 

W qthe / exp 

(3.58 /  .36) 
20.331 / 
21.320 / 

19.745 / 
20.584 / 

0.744 / 
0.827 / 0.841 

1.479 / 
1.629 / 1.539 

0.620 / 
0.691 / 0.703 

0.273 / 
0.309 / 0.290 

0.358 / 
0.399 / 0.406 

0.284 / 
0.318 / 0.298 

As expected, the integrals for core-hole ions are larger than those for ground- 
state ions. The relativistic integrals are smaller than the non-relativistic ones, due 
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to the induced contraction of the core orbitals and corresponding expansion of the 
valence orbitals [16]. The values used for Clexp in W are taken from Table 4:3.75 
for 2p-5d excitations and 2.97 for 3p-5d excitations. 

Another property of interest computed by the program BRAN from first princi- 
ples is the effective spin-orbit coupling parameter ~,. This parameter is important 
for interpreting spectroscopic data (splittings or intensities) [e.g. 5], but we used it 
to identify the other relativistic effects in our computed energies. In order to help 
estimate these other relativistic effects, the spin-orbit splitting has been added to 
the non-relativistic values, using for the npl/e and np3/: energies the formulae: 

( q - r x ,  n - r t ) l / 2  = (q-rx, n-rt) + ~,, (q-rx, n-r t )3 /2  = (q-rx, n-rt) - ~,/2 (q = n or y). 

The parameter ~, is known to increase roughly as Z 4 and, for a given Z, to decrease 
with n and l increasing while moving away from the nucleus. As it can be seen on 
Table 3, it also slightly increases with the degree of valence ionization, the remai- 
ning electrons becoming less screened from the central nucleus. 

Table 3. Effective spin-orbit coupling parameters (/a.u.) computed the np core orbitals in 
core-excited, valence-ionized Cr, Mo and W atoms in the y-rx and n-rx cases (numbers in 
parentheses give the range of the next decimals for the 1 + to 5 + ions). The L values for the 
md valence orbitals are quasi independent of relaxation and range from 0.004 to 0.015. 

M - c h  

M - c h  

Cr-2p (y-rx) Cr-2p (n-rx) Mo-2p (y-rx) Mo-2p (n-rx) 

0.22 (36-92) 0.21 (61-79) 2.56 (78-79) 2.62 (74-77) 

w-ep (y-rx) w-ep (n-rx) w-3p (y-rx) w-3p (n-rx) 

32.7578 33.2091 7.17 (30-35) 7.29 (23-28) 

In Tables 4a-4c there are given the core excitation energies yielded by the pro- 
gram BRAN for the Cr, Mo and W (1 + to 5 +) ions, and those interpolated for the 
ground-state molecules using the CISD Weinhold charges from Table 1. For the 
sake of  comparison, we also give the values obtained when neglecting relaxation 
and / or relativity effects, together with experimental values. The results corres- 
ponding to the atomic ions are also displayed in Figs 1-3. One can make the fol- 
lowing observations on these results. 

- i) For all ions and all levels, relaxation effects tend to decrease the core 
excitation energies while relativity effects tend to increase them. 

- ii) For Cr ions, relaxation effects tend to decrease when the positive char- 
ge increases while for W ions, the trend is opposite, the balance point occurring 
just beyond the Mo ions. There is no such, clearcut variation for relativity effects. 
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Table 4-a,b. Some 2p excitation energy values (/a.u.) obtained for valence ions of chro- 
mium (Z = 24) and molybdenum (Z = 42): y and n stand for including or not-including, 
and rx and rt for relaxation and relativity effects, respectively. In order to help estimate 
other relativity effects, the spin-orbit splitting has been added to the non-relativistic val- 
ues. The non-relaxed values are Koopman's excitation energies, whereas relaxed values 
are ADF excitation energies from 2p to 3d (Cr) or to 4d (Mo) levels. For Mo, the experi- 
mental values are averages between values measured for the excitation energies from the 
'2p' to 3t2g and 5eg molecular orbitals. 

Atom/charge  
(~round state) 
L (n-m, n-rt) 
L (y-rx, n-rt) 

LH (2Pl/2) 
(n-rx, n-rt)l/2 
(n-rx, y-rt) 
(y-rx, n-rt)l/: 
(y-rx, y-rt) 
LHI (2P3/2) 
(n-rx, n-rt)3/2 
(n-rx, y-rt) 
(y-rx, n-rt)3/2 
(y-rx, y-rt) 

Atom/charge  
(~round state) 
L (n-rx, n-rt) 
L (y-rx, n-rt) 
LII (2Pl/2) 
(n-rx, n-rt)l/2 
(n-rx, y-rt) 
(y-rx, n-rt)l/2 
(y-rx, y-rt) 
LIII (2P3/1) 
(n-rx, n-rt)3/2 
(n-rx, y-rt) 
(y-rx, n-rt)3/2 
(y-rx, y-r0 

Cr 1+ Cr 3+ 

21.870 21.943 
21.183 21.343 

22.087 22 .160  
22.154 22.226 
21.407 21.568 
21.452 21.610 

21.762 i21.835 
21.830 21.901 
21.071 21.231 
21.116 21.247 

Mo 1+ Mo 3+ 

94.166 94.263 
92.950 :93.082 

96.794 96.890 
97.973 98.067 
95.518 95.648 
9~523 9~652 

92.853 92.949 
94.031 94.125 
91.666 91.799 
92.671 92.803 

Cr 5+ 

:22.163 
21.605 

22.381 
22.445 

!21.834 
~21.882 

22.054 
22.118 
21.491 

~21.538 

Mo 5+ 

94.458 
93.307 

97.086 
98.261 
95.874 
9~875 

93.144 
94.319 
92.023 
93.023 

Cr qme 
(qthc= 2.71) 

21.580 

M.218 

Mo q~e 
(qthe= 3.39) 

96.688 

Cr 'qexp' 
('qexp' = ?) 

92.839 

Mo 'qoxp' 
('q~xp' = 4.27) 

{4.269} 

(4.226) 
9 6 . 7 6 3  

(4.312) 
9 2 . 9 2 4  

- iii) From Cr through Mo to W, relaxation effects increase six-fold, from 
about 0.6 through 1.2 to 3.5 a.u., whereas relativity effects increase 280-fold, from 
about 0.07 through 1.18 to 18.47 a.u. 
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Table 4-c. Some np (n = 2, 3) excitation energy values (/a.u.) obtained for valence ions 
of tungsten (Z = 74): y and n stand for including or not-including, and rx and rt for relax- 
ation and relativity effects, respectively. In order to help estimate other relativity effects, 
the spin-orbit splitting has been added to the non-relativistic values. The non-relaxed va- 
lues are Koopman's excitation energies, whereas relaxed values are ADF excitation ener- 
gies from np to 5d (W) levels. Experimental values are averages between values measu- 
red for the excitation energies from the 'np' to 4t28 and 6eg molecular orbitals. 

Atom / charge 
(~ound state) 
L (n-rx, n-rt) 
L (y-rx, n-rt) 
L]I (2Pu2) 
(n-rx, n-rt)112 
(n-rx, y-rt) 
(y-rx, n-rt)l/2 
(y-rx, y-rt) 
LHI (2P3/2) 
(n-rx, n-rt)3/2 
(n-rx, y-rt) 
(y-rx, n-rt)3/2 
(y-rx, y-rt) 
M (n-rx, n-rt) 
M (y-rx, n-rt) 
MII (3Pl/2) 
(n-rx, n-rt)l/2 
(n-rx, y-rt) 
(y-rx, n-rt)la 
(y-rx, y-rt) 
MI[I (3P3/2) 
(n-rx, n-rt)3/2 
(n-rx, y-rt) 
(y-rx, n-rt)3/2 
(y-rx, y-rt) 

W 1+ 

376.698 
374.163 

409.907 
428.399 
40~920 
42~135 

360.094 
378.586 
35Z784 
374.998 
84.190 
82.538 

91.483 
96.678 
89.711 
94.661 

W3+ 

377.621 
374.276 

410.830 
429.298 
40Z034 
424.245 

361.016 
379.484 
35Z897 
375.108 
85.110 
82.649 

92.402 
97.574 
89.822 
94.768 

W 5+ 

378.765 
374.451 

411.975 
430.428 
40Z208 
42~416 

362.161 
380.614 
358.072 
375.280 
86.245 
82.814 

93.538 
98.694 
89.987 
94.931 

W qthe 
(qthe =3.58) 

424.288 

W 'qexp' 
('Clexp '= 3.36) 

{3.748} 

80.544 
85.740 
78.952 
83.901 

81.464 
86.635 
79.062 
84.008 

82.599 
87.755 
79.227 
84.170 

375.152 

(3.550) 
424.282 

(3.947) 
375.175 

{2.974} 

(2.964) 
94.809 9 4 . 7 6 5  

(2.984) 
84.049 8 4 . 0 0 7  

- iv) As a result, while for the Cr ions relaxation effects are about 9 times 
larger than relativity effects, for W ions relativity overcomes relaxation by a factor 
of  over 5, the balance point occurring again just beyond the Mo ions, where rela- 
xation is still stronger than relativity by about 0.2 a.u. 
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Fig. 1. Core excitation energies for the 2pt/2 and 2p 3/2 levels of  Cr and Mo ions in the yes / no relaxation 
(rx) and relativity (rt) options (spin-orbit splitting has been added to the non-relatwmtic values) For the 
Mo ions, relatwlty corrections nearly compensate relaxation corrections. 
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Fig. 2. Core excltataon energies fbr the 2p,/2 and 2p 3/z levels o f  W ions in the yes / no relaxation (rx) 

and relativity (rt) options (spin-orbit splittang has been added to the non-relatavistlc values). One 
can see that relatavity correctaons largely overcome relaxation correctmns. 
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Fig. 3. Core excitation energies for the 3ptj2 and 3p 3/2 levels of  W ions in the yes / no relaxation (rx) 
and relativity (rt) options (spin-orbit splitting has been added to the non-relativistic values) One 
can see that relativity corrections largely overcome relaxation corrections. 
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As those found with other compounds [13, 14], the variations displayed in Figs 
1-3 are not so linear as expected. Therefore, we searched for quadratic fits of  the 
variations of the core-level excitation energies with the valence charge (Tables 4a- 
4c). This will allow a Lagrange interpolation using the molecular charges. The co- 
efficients of  these fits are gathered in Table 5. 

Table 5. Quadratic-fit coefficients for the charge dependence of excitation energies in Cr, 
Mo and W (Table 4-a,b,c). 

C 

B(c0 
A(q 2) 

C 

B(q) 

A(q 2 ) 

Cr2pn~t Cr2pvz Cr2p3/2 Mo2pn~t Mo2pl/2 Mo2p3/2 

21.88865 21.41575 21.1105 94.15425 96.49375 92.6380 

-0.0370 0.0220 -0.0145 -0.0005 0.0175 0.0220 

0.01835 0.01425 0.0200 0.01225 0.01175 0.0110 

W2pn-a W2pla W2p3/2 W3pn-rt W3pl~ W3p3n 

376.31935 424.10285 374.96625 83.81065 94.6285 83.8681 

0.3510 0.0245 0.0240 0.3525 0.0255 0.0260 

0.02765 0.0076 0.00775 0.0269 0.0070 0.0069 

The core excitation energies interpolated for the hexafluorides of molybdenum 
and tungsten compare rather well with the experimental values. For the Mo 2pl/2 
and 2p3/2 levels these latter are larger by only 0.08 a.u. (about 2 eV) than the inter- 
polated values. For the W 3p1/2 and 3p3/2 (upper excited) levels the experimental 
values are now smaller by about 0.04 a.u. (1 eV) than the interpolated ones. When 
one proceeds deeper in the core, for the W 2pl/2 and 2p3/2 levels, the interpolated 
values become practically equal to the experimental ones, within 0.01-0.02 a.u. = 
0.4 eV, not far from experimental errors. 

As it was conjectured in the previous section the correspondence between com- 
puted and measured values is the better when one deals with deeper core levels. In 
other words, our method of combined treatment, which involves approximate mo- 
lecular charges and exact atomic energies in the evaluation of molecular energies, 
should be more appropriate for deep-core excitations. 

On the other hand, if one reverses the interpolation procedure and calculates 
molecular charges from the measured energies (Tables 4a-4c), it seems to be that 
in WF6 there is a relaxation-induced reduction of charge transfer for the shallower, 
3p levels. This can be understood by tungsten becoming less electropositive when 
it looses a core electron closer to the valence levels. However, there is an opposite 
effect for molybdenum, which is yet to be understood. 



322 J. Maruani et al 

4. Conclusion 

In a previous paper [13] we made a systematic investigation of the well- 
recognized dependence of XPS and related chemical shifts on the net charge trans- 
fered to (or from) the core-ionized atom from (or to) its bonded neighbours. It was 
shown that, even though the use of this dependence to make a theoretical evalua- 
tion of a chemical shift of  an atom in a molecule presents less interest since more 
direct and accurate methods have become available [24], a precise knowledge of 
this dependence can be very useful for it may help derive charge transfers, electro- 
negativities and other properties of chemical interest from the measured chemical 
shifts. In addition, there seems presently to be no economical procedure for com- 
puting precisely core ionization energies for compounds involving heavy atoms, 
where relativistic effects (including charge-dependent spin-orbit coupling) are too 
large to allow other methods to be applied without major modifications. 

As an example, we have used the method of atomic core-hole valence-ion 
calculations to evaluate the relative importance of relativity, relaxation and charge 
transfer effects in the hexafluorides of chromium, molybdenum and tungsten, and 
proposed a method of combined EA / AM treatment to evaluate inner-core excita- 
tion or ionization energies in these compounds. Test calculations have shown that 
for such properties electron correlation effects are much smaller than both relaxa- 
tion and relativity effects. In chromium relativity corrections, though already quite 
important, remain smaller than relaxation effects, whereas in tungsten relativity 
corrections largely overcome relaxation effects, the balance point occurring just 
beyond molybdenum. Core excitation energies calculated for the corresponding 
molecules by interpolation from the results obtained for the atomic ions, assuming 
transferability from the atom to the molecule and from the ground to the excited 
state, reproduce rather well experimental results, slight discrepancies pointing to a 
level-dependent, relaxation-induced charge-transfer variation in the molecular ex- 
cited state. 

Further work is in progress on other heavy-element compounds - particu- 
larly organometallics of the (Fe, Co, Ni) series - in order to assess the reliability of 
this method of combined treatment for specific extended systems. 
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independent groups to calculate the bond lengths, binding energies and 
vibrational frequencies for the eka-lead (Ell4) compounds Ell4X (X = 
H, F, C1, Br, I, O, 02) and the El l4  dimer. For calibration, we also re- 
port results for homologous lead compounds. The dipole moments and 
dipole moment derivatives for the diatomic molecules are presented as 
well. The bonds in El l4  compounds are considerably weaker than those 
of lead due to much larger relativistic (spin-orbit) effects It is predicted 
that E11402 is thermodynamically unstable with respect to the decom- 
position into El l4  + O2, in contrast to PbO2 -~ Pb + O2. Both 2PBO2 
--* 2PbO + 02 and 2El1402 --~ 2El140 + 02 are thermodynamically 
unstable. The agreement between the two-component (ZORA) and the 
four-component (BDF) density functional results is quite good even for 
the El14 compounds. However, this requires a careful construction of 
the Gaussian basis sets used in the ZORA calculations 
© 2001 by Academic Prc~s 
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1 I n t r o d u c t i o n  

The discovery of several new superheavy elements with nuclear charge 100, 
111,112, 114, 116, and 118 [1, 2, 3, 4, 5, 6] is one of the most significant scien- 
tific achievements in the end of last century. However, chemical experiments on 
most of these elements are difficult to perform due to either too short half-lives 
or too low production rates. Eka-lead (Ell4) is the heaviest element discov- 
ered up to date that  can last as long as 30 seconds before flickering out [4]. 
This in some sense supports previous predictions based on shell closure effects 
that E l l4  is the peak of the island of nuclear stability [7]. Possibly an atom- 
at-a-time radiochemical experiment (for the recent review, see ref. [8]) can 
be carried out for El14 in the near future, if the production rate is sufficient. 
However, standard spectroscopic studies (electromc, vibrational, rotational, 
NMR, etc) on molecules containing superheavy atoms are still rather difficult 
even if both the half-lives and production rates are sufficient. Quantum chem- 
ical calculations are thus so far the only way to investigate the physical and 
chemical properties of these superheavy elements (for recent comprehensive 
reviews, see refs. [9, 10]). It is known that periodic trends of lighter congeners 
of a certain group can not be simply extended down to superheavy elements 
due to enormous relativistic (and correlation) effects [10, 11]. The low reac- 
tivity of E l l 4  was predicted by several authors [12, 13, 14] based on simple 
models. The main interest there was to investigate the stability of dl- and 
tetra-valent oxidation states of El14 [15]. Most of the previous investigations 
dealt with closed-shell molecules. For open-shell molecules, spin-orbit (SO) 
coupling takes effect already to first-order and therefore requires SO calcu- 
lations even at lowest order of approximation. For closed-shell systems, SO 
coupling is of higher order and has to be included from the very beginning 
of the calculation to account for spin-orbital relaxation effects. In this work, 
three independent relativistic approaches, four-component density functional 
theory (4c-DFT, hereafter denoted as BDF) [16], two-component ZORA(MP) 
(Zeroth order regular approximation using model potentials) in the framework 
of DFT [17, 18], and two-component ECP-CCSD(T) (Effective core potentials, 
coupled-cluster theory with singles, doubles and perturbative triples) [19, 20], 
have been employed to calculate the bond lengths, binding energies and vi- 
brational frequencies for E l l4X (X = H, F, C1, Br, I, O, O2) and the El14 
dimer. For comparison, the corresponding lead compounds are also investi- 
gated. The dipole moments for most of these diatomic molecules are still not 
known experimentally, and are thus calculated by the DFT approaches. Since 
four-component relativistic all-electron h~ghly correlated calculations could not 
be performed to serve as benchmark due to the enormous demand of computa- 
tional power, and since quite different Hamiltonians and basis sets have been 
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used here, it is necessary to critically discuss the consistency (agreement) of 
the chosen approaches. For this purpose, atomic calculations for Pb and E114 
are first carried out. We mention that  E l l4H was recently calculated by Nash 
et al. [11] and Han et al. [21] using relativistic ECP approaches. The results 
will be compared with the present work latter. 

The paper is organized as follows: In Sec. II, the computational methods 
are briefly described. In Sec. III, results of atomic calculations of lead and 
E l l 4  atoms arc given. We also discuss the basis set dependence and the effect 
of different contraction schemes on the ZORA results since this turned out to 
be a critical issue. Sec. IV devotes to discussion of molecular calculations. 
The paper ends with the conclusions in Sec. V. 

2 Computat ional  details 

2.1 B D F  

The Beijing four-component density functional program (BDF) has been pre- 
sented in detail elsewhere [16]. Briefly, the Dirac-Kohn-Sham equations were 
solved by using highly accurate numerical quadrature under the double point 
group symmetry Frozen-core approximations were used: [Is 2 - 4f 14] for lead, 
[ls 2 - 5f 14] for ELI4, [is 2] for oxygen and fluorine, [Is 2 - 2p 6] for chlorine, 
[is 2- 3d 1°] for bromine, and [Is 2 -4d 1°] for iodine. Four-component numerical 
atomic spinors generated from finite-difference atomic calculations were used 
for the cores, whereas the basis sets for the valence spinors were a combination 
of the numerical atomic spinors and kinetically balanced double-zeta Slater- 
type functions. Polarization functions of 2d2f for Pb and ELI4, and 2dlf 
for ligands were added. A diffuse s function was added for hydrogen, and a 
set of diffuse p functions were added for oxygen and halogens In the case of 
EI142, one set of diffuse p functions were further added, leading to quadruple- 
zeta basis set for the 7/). The Perdew-Wang formula [22] for the local density 
approximation (LDA) and Becke-exchange [23] and Perdew-correlation [24] 
gradient-corrected functionals were used as they stand to describe exchange- 
correlation interactions, since relativmtic corrections to these functionals have 
no significant effects either on atomic valence-electron excitations [25, 26] or 
on molecular spectroscopic constants [27] (see also below). This gradient- 
corrected functional is denoted as BP. A self-correlation correction due to 
Stoll et al. [28] (denoted as BPSCC) was considered occasionaly. The moment 
polarization scheme [25, 29], which has one-to-one correspondence to the non- 
relativistic spin polarization, was used for open-shell systems. The effect of 
self-consistency of GGA (generalized gradient approximation) turned out to 
be very small for all systems studied here. 
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2.2 ZORA(MP) 
The ZORA(MP) method has been described in ref. [17]. h two-component 
(2c) variant of this method has been implemented soon thereafter [18]. In 
open shell cases, we use a Kramers' unrestricted approach, and the exchange- 
correlation energy was calculated from a nonrelativistic spin-density functional 
(BP in this case, as described above). The spin density s (~  used in such a 
method should be invariant with respect to rotation in spin space, therefore 
we define the spin density as the length of the magnetization vector r~, 

s = ~ (1) 

o c c  

where {•,} are the occupied two-component molecular orbitals (spinors) and 
K = (ax, ay, az) is the vector of the Pauli spin matrices. Note that  for open- 
shell systems, this approach leads to an exchange-correlation potential which 
is a full 2 x 2 matrix. This definition of the spin density is the symmetry- 
adapted [30] version of the traditional approach, which uses the projection of 
r~ to a fixed axis. In the present implementation of ZORA, as indicated by 
the above formulae, the change of picture for the position variable is ignored 
when constructing the density. 

Triple-zeta type basis sets from ref. [31] were used for the atoms H, O, F, 
and C1, but with new relativistic contraction coefi%ients derived from atomic 
ZORA calculations. Two sets of d-polarization functions were added. For Br, 
a 20s14p9d basis set from ref. [32] was contracted to 14slOp6d, and then a d 
function was further added, using the next exponent from the well-tempered 
series. A 21s17p12d iodine basis set from the same compilation was contracted 
to 15s13p8d, and 2dlf functions were added. These (l-adapted) segmentedly 
contracted basis sets were used in both the one- and two-component ZORA 
calculations. For Pb (Ell4),  we optimized a 24s20p15d10f (27s24p18d12f) 
uncontracted barns set. This optimization has been performed at the nonrela- 
tivistic density functional level using a new atomic DFT program written for 
that purpose [33]. This basis set has been used in the scalar-relativistic ZORA 
calculations after contracting to 18s16p12d8f (21s2Opl5dlOf) and adding a 
fiat f-function with r/i = 0.4 (r/i = 0.3). For example, the steepest five p-type 
Gaussians have been contracted to form a single basis function. We will denote 
such a contraction scheme 1-adapted. For the two-component calculations, we 
again start from the uncontracted basis set but first add two p-functions with 
exponents r/v which are 5 and 25 times larger than the exponent of the steepest 
p-function in the original basis set. This is necessary to improve the descrip- 
tion of the Pl/2 orbitals, as has already been noted before [34]. This augmented 
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basis set was then contracted to 19s20p15d10f (21s23p17d12f). More specifi- 
cally, for Pb, the steepest 6 s-functions have been contracted to a single basis 
function, while the steepest 4 p-type Gaussians give rise to two basis functions, 
with contraction coefficients taken from the 2pl/2 and 2]93/2 spinors of an atomic 
two-component calculation. We call this a 2-adapted contraction scheme since 
these two basis functions serve to describe either the Pl/2 or P3/2 spinors of the 
atomic calculation. For Pb, the d- and f-functions remain uncontracted. The 
El14 basis set is contracted as 7s --* ls,  5p --~ 2p, and 3d --~ 2d in a similar 
way. Finally, a fiat f-function was added as in the scalar relativistm basis set. 
A point charge was used to represent the nucleus in both the ZORA and BDF 
calculations, but finite nuclear size effects were investigated for the first four 
atomic ionization potentials and selected molecules (see below). 

2 .3  ECP-CCSD(T) 
A two-component Kramers' restmcted Hartree-Fock (KRHF) approach [19] 
was employed to treat spin-orbit interaction at the HF level of theory using 
relativistic effective core potentials (RECPs) and produce molecular spinors 
obeying double group symmetry. Electron correlation was then treated at 
the coupled-cluster singles and doubles with perturbatlve triple contributions 
(CCSD(T)) level of theory [20]. In this work, the following shape-consistent 
ECPs were used: VE22 (22-valence electrons) ECPs for Pb [11] and E l l 4  [35], 
VE6 ECP for oxygen and VE7 ECPs for halogens [36, 37, 38]. To achieve good 
correlation treatments, the following extended basis sets (denoted as basis set 
A) were used in the spin-averaged one-component RECP (AREP, or lc-ECP) 
calculations: 9p7sd3pf for Pb and El l4 ,  aug-cc-pVTZ basis sets for H, O, F, 
and C1 [39], and the (7s7p3d2f)/[484p3d2f] valence basis sets for Br and I [40]. 
However, in the 2c-ECP calculations smaller basis sets (denoted as basis set 
B) had to be adopted: 6p6sdlpf for Pb [11] and El14 [35], 3s3p for oxygen 
and halogens [36, 37, 38], and the aug-cc-pVDZ basis set for hydrogen [39]. 
For oxygen and halogens, a set of diffuse s and p functions and a set of d-type 
polarization functions were added. If not otherwise stated, SO effects were 
derived as the difference between the lc-ECP and 2c-ECP results calculated 
with the same basis set B at a given level of theory. The use of smaller basis 
sets for the evaluation of SO effects is in many cases justified [21]. However, 
the E l l 4  oxides turned out to be examples of the exceptions, since there the 
interplay between SO coupling and correlation is sizable. For most of the 
molecules studied here, we noticed that the KRHF SO effects are rather close 
to the CCSD(T) values, although KRHF yielded repulsive energy curves for 
E l l 4 X  other than E l l 4 F  and Ell4C1. The lc-ECP calculations were carried 
out with the GAUSSIAN94 [41] and MOLPRO98 [42, 43, 44] programs and 
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the 2c-ECP calculations with two-component packages [19, 20] on the CRAY 
C90 at KORDIC. 

2 . 4  E v a l u a t i o n  o f  t h e  spectroscopic constants 

The bond lengths, vibrational frequencies, and force constants were obtained 
from suitable polynomials (DFT) or Dunham (ECP) analysis. The mass of 
E l l4  was taken to be 280. The binding energies were evaluated using results 
of separate calculations for atoms. 

A point should be made for the binding energies reported here. The ground 
state of E l l 4  is close to a single 7s27p~/2 configuration (99.2%) due to large 
spin-orbit splitting of the 7p shell, whereas the ground state of Pb is composed 
of 92.5% of 6s26p~/2 and 7.5% of 6s26p~/2 (MC-DFC results obtained with 
the GRASP program [45]). Nevertheless, a single Slater determinant for Pb 
was taken as reference in both the DFT and ECP calculations, although an 
intermediate coupling scheme would slightly lower the binding energies of the 
Pb compounds (by 0.22 eV [46]). Due to self-interaction problems inherent in 
the present (approximate) functionals, there is a certain degree of arbitrariness 
in the treatment of open-shell systems. In the present DFT calculations, the 
lowest-energy determinants for F and O were taken as references, which are 
lower than the spin (moment) polarized spherical atoms by 0.31 and 0.38 eV 
for F and O, respectively. This effect is very small for F and O at the LDA 
level and also small for the heavier halogen homologues at both the LDA and 
GGA levels [47]. By careful analysis we learned that the difference between 
33- and LS-coupling for the ligands is quite small (e.g., < 0.03 eV). 

3 A t o m i c  ca lculat ions  

In this section, the BPSCC functional was used in the DFT calculations. The 
necessity to account for self-interaction corrections when the number of elec- 
trons is changed was discussed in ref. [26]. The calculated first four ionization 
energies (IP~) and the npl/2 to np3/2 excitation energies (EE) for Pb (n -- 6) 
and ElI4 (n -- 7) are presented in Table i. Since so far we can not exploit 
double point group symmetry in our ZORA calculations, the excitation ener- 
gies by ZORA were not performed. The available experimental data for Pb 
[48] was included for comparison. 

It is seen that the ZORA results for Pb agree wlth the BDF ones within 
numerical accuracy. The agreement of DFT with ECP-CCSD(T) and experi- 
mental data [48] is also quite good. The BDF results for ElI4 are in good agree- 
ment with the four-component Dirac-Fock-Coulomb (DFC)-CCSD(T) values 
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Table 1: Excitation and ionization energies (eV) of Pb and El l4 .  BDF: four- 
component density functional theory. ZORA' two-component zeroth order reg- 
ular approximation. BPSCC: Becke-Perdew86 and self-correlation correction. 
ECP: two-component effective core potential. DFC: Dirac-Fock-Coulomb 
CCSD(T): coupled-cluster with singles, doubles and perturbative triples. 

BDF ZORA ECP expt. a 
BPSCC BPSCC CCSD(T) 

Pb 6s26p~/2 --* 6s26pl/2 7.02 7.01 7.01 7.42 
6s26p~/2 ---+ 6s26pl/2 1.83 1.58 1.75 
6s26p~/2 ~ 6s26p°/2 14.82 14.84 14 61 15.03 
6826p°/2 ---* 6s16p°/2 31.99 32.00 31.56 31.93 
6s16p°/2 ~ 6s°6p°/2 42 74 42.66 41.95 42.31 

El14 7s27p~/2 ---+ 7s27p~/2 8.26 8 23 8.45 8.36 b 
7s27p~/2 ---+ 7s27p~/2 4.91 4.91 4.775 

7s27p~/2 ---+ 7s27p°/2 16.62 16.63 16.74 16.555 
7s27p°/2 --+ 7s17p°/2 35.43 35.35 36.40 35.525 
7s17P°1/2 ~ 7s°TP°/2 46.41 46.20 46 97 

aRef. [48]. 5DFC-CCSD(T) results from ref. [15]. 
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of Seth [15], indicating that relativity is properly described in the BDF cal- 
culations. The IP1, IP2, and EE for E l l 4  from the present ECP-CCSD(T) 
calculations are also in line. However, ECP-CCSD(T) overestimated the IP3 
and IPa of E l l 4  by about 1.0 and 0.5 eV, respectively, compared to BDF 
and DFC-CCSD(T). Probably this illustrates the deficiency of the s set of the 
ECPs [35]. It can be expected that this set of ECPs would ymld too weak 
bonds if the 7s orbital is indeed involved in the bonding. Nash et al. [11] 
reported 8.56 eV and 5.43 eV for, respectively, IP1 and EE of El14 by using 
the same ECP as applied here but at the RCISD (relativistic configuration 
interaction with singles and doubles) correlation level. In both the ZORA 
and BDF calculations, the 7s orbital lies below the 6d6/2 spinors for E l l 4  and 
E l l 4  +1, but becomes higher for E l l 4  +2 and E l l 4  +3. Thus, the third and 
fourth ionizations indeed remove the 7s electrons. Actually, the 6ds/27s5 27191/2o 
(6d~/27s17p°/2) configuration lies above 6d~/27slTP°1/2 (6d6/27s°Tp°/2) by 1.94 
(1.56) eV according to the BDF calculations. 

There is good agreement between the four-component BDF and the two- 
component ZORA results. The largest error occurs for IP4, and is about 0.2 
eV (or 0.5% !). It is difficult to describe the s-type atomic spinors in the 
nuclear region if one uses Gaussian-type basis sets, and the differences be- 
tween ZORA and BDF in IP3 and IP4 reflect this. To further investigate the 
basis set dependence of the two-component ZORA results, we calculated the 
ionization potentials of Pb and E l l4  using different basis sets (see Table 2). 
The fourth column (EXT) presents results from a very large 'reference basis 
set'. This brings the ZORA results in complete agreement with BDF. The first 
three columns document the performance of different basis sets. In the first 
colunm (UNC), we see the results from our 'original' basis set optimized at 
nonrelativistic DFT level. This basis set performs well for Pb if used uncon- 
tracted but shows sizable deviations for IP1 and IP2 of El l4.  This is due to 
an improper description of the 2pl/2 orbital which requires steep p functions 
The orthogonality of the atomic Pl/2 spinors transfers this error to the valence 
7pl/2 spinor, whose orbital energy is too high, resulting in too low ionization 
potentials In the third column (3-AC) one sees that adding two steep p func- 
tions (see above for details) results in much improved values for the first two 
ionization potentials, bringing, e.g., IP1 from 8.11 eV to 8.23 eV (the 'reference 
basis set' result is 8.24 eV). These results are the same whether one contracts 
the basis set (using j-adapted contraction !) or not. This is not true for the 
segmented (/-adapted) contraction scheme, as can be seen from the second col- 
umn (/-AC). For Pb, the differences between the first two columns are small, 
but for El14, the / -adapted  contraction scheme is clearly problematic, e.g., it 
reduces IP1 and IP2 by 0.25 and 0.38 eV, respectively. We note that IP3 and 
IP4 are fairly constant for the first three columns of Table 2. Thin is clear, as 
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the question of y-adapted vs. /-adapted contraction is not an issue for s-type 
orbitals. It is an open question whether it is meaningful to include ultra-steep 
s-type basis functions to reach the basis set limit. These functions serve to 
describe the singularity of the s-type atomic spinors caused by the point nu- 
cleus. In reality, nuclei are extended so we also investigated the finite nuclear 
size effects (last column of Table 2). As expected, IP1 and IP2 are not affected, 
since p electrons do not penetrate the nuclear region, but IP3 and IPa of E l l 4  
are reduced substantially (by 0.36 and 0.42 eV). The same amount is found 
in the BDF calculations, where IP3,4 are reduced to 35.08 and 45.99 eV if an 
extended (uniform finite) nucleus is used in the calculation. Different extended 
nuclear models thus do not matter too much for (valence) energy differences. 
We note in passing that the nuclear size effects on molecular spectroscopic 
constants are small, mainly because the E l l 4  7s orbital contributes little to 
the bonding, especially in the diatomic molecules (see below). 

With both ZORA and BDF, we performed calculations on spherical and 
unpolarized neutral Pb and El14 atoms with the 1 1 npl/2np3/2 configurations. 
The results are given in Table 3. For El14, we can also compare with results 
from numerical atomic calculations performed by van Lenthe [49], which prob- 
ably mark the basis set limit. The 'excitation energy' is the energy difference 
between this (unphysical) configuration and the atomic closed-shell ground 
state (npl/2 doubly occupied). There is perfect agreement between BDF and 
numerical Dirac, as can be expected. For these valence orbital energies, there 
is little difference between ZORA and the four-component calculations, in par- 
ticular, when the 'reference basis set' is used. The atomic results obtained so 
far are thus very encouraging, as far as the applicability of two-component 
methods to valence properties of superheavy elements is concerned. 

4 M o l e c u l a r  c a l c u l a t i o n s  

After having extensively discussed the atomic calculations, we now come to 
the molecular results. The atomic data would help our understanding on the 
difference between the E l l 4  and Pb compounds. According to group theory, 
to form a full ~-bond a linear combination of 1 2 ~Pl/2 + ~P3/2 must be taken [12]. 
The larger SO splitting of E l l 4  7p than that of Pb 6p thus results in weaker 
bonding (i.e, "inert" 7pu2 pair) The large separation between 7pl/2 and 7s 
orbitals in E l l 4  (difference in 7s/7pt/2 orbital energies: 10.4 eV; cf. 7.9 eV 
for Pb; results obtained by the GRASP program [45]) would reduce possible 
sp-hybridization. 
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Table 2" Basis set and finite nuclear size effects m the first four ionization 
potentials (IP~) of Pb and El14 obtained with 2c-ZORA (BPSCC functional) 

basis set UNC" /-AC b 3-AC ~ EXT d EXT ~ 
Pb IP1 7.00 6.96 7.01 7.01 7 01 

IP2 14.82 14.76 14.84 14.82 14.83 
IPa 32.00 32.01 32.00 31.98 31.97 
IP4 42.66 42.67 42.66 42.73 42.71 

E l l 4  IP1 8.11 7.86 8.23 8.24 8.25 
IP2 16.45 16.07 16.63 16.61 16.60 
IP3 35 36 35 37 35.35 35.40 35.04 
IP4 46.21 46.22 46.20 46.38 45.96 

a'original' basis set, uncontracted, b/-adapted contraction. Basis set used 
in the one-component molecular calculations (see text). ~2-adapted contrac- 
tion. Basis set used in the two-component molecular calculations (see text) 
duncontracted 50s45p40d30f reference basis set. %ncontracted 50s45p4()d30f 
reference basis set and finite nuclear model (Gaussian charge distribution with 
exponent 0.13808566 x 109 for Pb and 0.11516791 x 109 for El14 [59]). 

Table 3: Valence orbital energies (a.u.) of the neutral El14 atom with the 
spherical and unpolarized npl/2npa/2 configurations (n = 6 for Pb and n = 7 
for El14). EE: excitation energy (eV) with respect to the ground state The 
X a  functional (a = 0.7) was used. 

Pb El14 
orbital BDF ZORA BDF ZORA a Dirac b ZORA ~ 

np3/2 -0.0914 -0.0904 -0.0669 -0.0644 -0.0668 -0.0669 
nPl/2 -0.1443 -0.1432 -0.2109 -0.2069 -0.2108 -0.2103 
nsu2 -0.4150 -0.4133 -0.5333 -0.5280 -0.5331 -0.5323 

(n--  1/d5/2 -0.7059 -0.7060 -0.5127 -0.5118 -0.5129 -0.5136 
( n -  1)d3/2 -0.8020 -0.8020 -0.6726 -0.6717 -0.6725 -0.6732 

EE 1.40 1.40 3.68 3,66 3.68 3.68 

abasis ' 3 -AC'  in table 2 was used. The results match ZORA c if the 'reference 
basis set' is used. bnumerical Dirac-Slater result [49]. Cnumerieal ZORA (using 
electrostatic approximation) result [49] 
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4 . 1  P b  d i a t o m i c s  

The ZORA results for the Pb diatomics (cf. Table 4) are in excellent agreement 
with the BDF data. The ECP-CCSD(T) results are quite close to availabe 
experimental values [50, 51]. The DFT results deviate somewhat larger from 
experiment, but more systematic than the ECP-CCSD(T) ones. The binding 
energies of PbO and PbF are overestimated by the BP functional by 0.52 and 
0.57 eV, respectively, while those of PbH, PbC1, PbBr and PbI are within 0.2 
eV agreement with experiment. Note that an intermediate coupling scheme 
for Pb would reduce our DFT binding energies by 0.22 eV [46]. Thus the 
overestimations of 0.30 eV for PbO and 0.35 eV for PbF mainly come from 
the oxygen and fluorine atoms, e.g, the BDF(BP) binding energy for O2 is 
5.95 eV, 0.74 eV higher than the experimental value of 5 21 eV [50]. We note 
in passing that inclusion of ~20% 'exact exchange' in the density functional 
reduces the binding energy of O2 by ,-~1 eV. It is believed that the hybrid 
functional would improve the DFT binding energies for the Pb compounds as 
well. The BP functional tends to yield slightly too long (by 0.02 to 0.04 Jl) 
bond lengths for the Pb compounds. Referring to the ECP-CCSD(T) as well 
as empirically corrected BP (subtracting 0.04 il) bond lengths, we predict the 
yet unknown bond lengths of PbC1, PbBr, and PbI are about 2.47, 2.61, and 
2.81 ~,  respectively. 

4 . 2  E l 1 4  d i a t o m i c s  

Similar to the Pb diatomic molecules, the BDF binding energies for the El14 
diatomics (cf. Table 5) are in good agreement with the 2c-ECP-CCSD(T) 
values. Subtracting 0.3 eV for both E l l 4 0  and E114F from the BDF values 
(see the above discussion), the agreement is within 0.15 eV. It is reasonable 
to assume that similar overestimations in the bond lengths (+0.04 el) by the 
BP functional should occur in E l l4X as well. Except Ell4H, such corrected 
BDF bond lengths are also in reasonable agreement with the ECP-CCSD(T) 
ones. Nash et al.'s [11] ECP-RCISD results for El l4H (Re, 1.954 ;t; De, 0.59 
eV; we, 1222 cm -1) deviate somewhat from the present ECP-CCSD(T) values 
(1.972 Jt; 0.43 eV; 971 cm-1). 

There is fairly good agreement between the BDF and the two-component 
ZORA results. The differences in bond length are ~-- 0.01-;t (a httle larger for 
E l l4H and E114I), binding energies agree within 0.05 eV and force constants 
within 5N/m. 
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Table 4: Bond lengths (Re, ]t), binding energies (De, eV, referring to the 
lowest configurations for ligands and a single-determinant for pba), vibrational 
frequencies (we, cm -1) and force constants (ke, N/m) for PbX. 

molecule BDF(BP) ZORA(MP)(BP) ECP-CCSD(T) expt. a 
4c lc 2c lc 2c 

PbH 

PbF 

PbC1 

PbBr 

PbI 

Re 1.868 1.870 1.868 1.820 1.822 1.839 
De 1.92 2.61 1.95 2.57 1.85 1.69 
we 1493 1543 1491 1637 1592 1564 
ke 132 141 131 158 150 

Re 2.097 2.077 2.092 2.055 2.070 2.058 
De 4.24 4.88 4.17 4.64 3.91 3.67 
we 476 504 484 518 503 503 
ke 232 260 240 275 259 

Re 2.509 2.490 2.509 2.455 2.475 
De 3.24 3 88 3.21 3.76 3.02 3.12 
we 285 300 285 318 306 304 
ke 145 161 145 178 165 

Re 2.650 2.630 2.650 2.598 2.618 
De 2.73 3.55 2.74 3.43 2.61 2.51 
we 194 202 191 218 209 208 
ke 126 139 124 160 147 

Re 2.850 2.823 2.846 2.792 2.815 
De 2.17 3.08 2.18 2.95 2.01 2.01 
we 150 161 149 170 163 161 
ke 104 120 103 134 123 
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Table 4: (Continued) 

molecule BDF(BP) ZORA(MP)(BP) ECP-CCSD(T) expt. d 
4c lc 2c lc 2c 

PbO Rc 1.939 1.939 1.937 1.926 1.924 1.922 
1.942 b 
1.943 c 

De 4.39 5.47 4.34 5.11 3.93 3.87 
4.37 b 
4.39 c 

we 716 726 717 728 749 721 
711 b 
711 e 

k~ 448 462 450 464 491 
442 b 
442 e 

aAn intermediate coupling scheme for Pb would reduce the DFT binding en- 
ergies by 0.22 eV [46]. bUniform fimte nuclear model, cUniform finite nuclear 
model and relativistically corrected functional (RLDA-exchange). dRef. [50]. 
A value of 711 c m  - 1  for the vibrational frequency of PbO was documented in 
ref. [51]. 
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Table 5: Bond lengths (R~, Jl), binding energies (D~, eV, referring to the 
lowest configurations for ligands), vibrational frequencies (we, cm -1) and force 
constants (k~, N/m)  for E114X. The mass of El14 is 280. 

molecule BDF(BP) ZORA(MP)(BP) ECP-CCSD(T) 
4c lc 2c lc 2c 

E114H Re 2.098 1.990 2.078 1.904 
D~ 0.40 2 47 0.45 2.61 
w~ 839 1424 891 1550 
ke 42 120 47 142 

1.972 
0.43 
971 
56 

E l l 4 F  Re 2.301 2.211 2.288 2.179 
D~ 2.29 4 71 2.25 4.49 
w~ 364 461 371 483 
k~ 139 223 144 245 

2.239 
1.95 
431 
195 

Ell4C1 R~ 2.723 2.616 2.714 2.564 
D~ 1.56 3.85 1.56 3.78 
w~ 211 281 216 304 
k~ 83 146 86 169 

2.646 
1.41 
256 
120 

E114Br R~ 2.874 2.749 2.865 2.708 
D~ 1.18 3.54 1.22 3.51 
w~ 134 186 138 201 
k~ 66 127 70 167 

2.802 
1.14 
167 
101 

E114I R~ 3.100 2.937 3.084 2.891 
D~ 0.79 3.10 0 82 3.10 
w~ 97 146 99 157 
ke 48 109 50 127 

3.062 
0.81 
104 
56 
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Table 5: (Continued) 

molecule B D F ( B P )  Z O R A ( M P ) ( B P )  E C P - C C S D ( T )  
4c lc  2c lc  2c 

E l 1 4 0  R~ 2.079 2.070 2.070 2.040 2.079 c 
2.076 a 
2.077 b 

D~ 1.58 4.90 1.57 4.63 1.26 ~ 
1.57 ~ 
1.62 b 

w~ 562 651 571 652 523 ~ 
562 ~ 
564 b 

k~ 281 378 291 379 244 ~ 
282 ~ 
284 b 

aUniform finite nuclear model, bUniform fimte nuclear model  and relativisti-  
cally corrected functional  (RLDA-exchange)  CBasis set A. 
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4.3 PbO2 and El1402  

PbO2 ( D ~ h )  was recently observed in laser ablation experiment [51]. Both 
PbO2 and El1402 were assumed to be of D~h symmetry in the present calcu- 
lations. The results are presented in Table 6. Here we are mainly concerned 
with the energetic data. The BDF (2c-ZORA) atomization energy of PbO2 is 
higher than that of ECP-CCSD(T) by about 1.04 eV, almost exactly twice that 
of PbO (~0.46 eV). This roughly holds at the scalar relativistic levels as well. 
Based on our ECP-CCSD(T) as well as empirically corrected DFT (-0.22 eV 
for Pb and -0.30 eV per oxygen) results we can predict the yet unkown atom- 
ization energy of PbO2 to be 5.8±0.2 eV. For El1402 the difference between 
the BDF and 2c-ECP-CCSD(T) dissociation energy is 1.1 eV, larger than the 
expected difference ~0.6 eV, i.e., twice that of El140.  This indicates that the 
2c-ECP-CCSD(T) atomization energy might be somewhat too low. Partially 
this is due to use of smaller basis sets (B) in the 2c-ECP-CCSD(T) calcula- 
tions. For El140,  we have checked the basis set effect: 2.099 Jt, 1.41 eV, 511 
c m  -1 by basis set B and 2.079 il, 1.26 eV, 523 c m  -1 by basis set A. Note that 
the basis effect turned out to be rather small for PbO. Similar calculations for 
El1402 could not be performed due to the limitation of computational power. 
Another reason is probably that the 7s orbital is involved in the bonding (see 
also below), while ECP-CCSD(T) substantially overestimated the ionization 
potentials of the 7s electrons (cf. Table 1) To confirm this point, we did 
a single point (R = 1.998 it) calculation by BDF for El1402 with the 7s 
orbital frozen, and found that the atomization energy was reduced by 0.99 
eV. This effect is much smaller for E l l 4 0  (0.27 eV) Now assuming that the 
difference between BDF and 2c-ECP-CCSD(T) for the atomization energy of 
El1402 is just twice that for El140,  which holds for PbO2, then the accurate 

ECP-CCSD(T) atomization energy should be close to 2.1 eV for El1402. The 
resulting reaction energy (RE2, -3.5 eV) is then in better agreement with the 
BDF value (cf. Table 6). Here the reaction energy had to be evaluated by 
referring to the accurate binding energy for O2 (5.21 eV [50]). The support 
of this analysis is that  the SO reduction in the atomization energy of El1402 
(PbO2) is just similar to that of El140 (PbO). 

Here we should mention that both the finite nuclear size effects and rela- 
tivistic corrections to the functionals have little influence on the spectrocopic 
constants (see Tables 4, 5 and 6). 

The decomposition of PbO2 into Pb and 02 turns out to be endothermic, 
while all the decompostion reactions of 2 P b Q  --* 2PbO + 02, El1402 
El14 + O~, and 2 E l 1 4 Q  -* 2El140 + O2 are exothermic. The reactions of 
El14X4 --+ El14X2 + X2 (X = H, F, C1) are also exothermic [15]. Therefore, 
the tetra-valent oxidation state of E l l4  is unlikely possible. The present results 
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Table 6: M-O bond lengths (Re, ~), atomization energies (D~, eV) a, symmetric 
stretching vibrational frequencies (we, cm -1) and force constants (k~, N/m) 
for MO2 (M=Pb, El l4 ,  D~h). RE1: reaction energy for MO2 --~ M + 02; 
RE2: reaction energy for 2MO2 --~ 2MO + O2. 

molecule BDF(BP) ZORA(MP)(BP) ECP-CCSD(T) expt. n 
4c lc 2c lc 2c 

Pb02 b 

E114Q c 

Re 1.902 1.902 1.898 1.895 1.893 
D~ 6.64 7.73 6.54 6.78 5.60 
RE1 0.69 1.74 0.55 1.83 0.65 
RE2 -1.45 -1.47 -1.59 -1.61 -1.61 
w~ 680 683 687 665 674 
k~ 871 880 890 833 856 

R~ 1.998 2.020 1 994 2.002 1.978 
D~ 2.76 6.61 2.76 5.70 1.64 
RE1 -3.20 0.62 -3.23 0.75 -3.30 
RE2 -3.60 -2.57 -3.61 -2.82 -4.19 
w~ 599 586 604 535 584 
ke 676 648 687 539 643 

659 

CAn intermediate coupling scheme for Pb would reduce the DFT atomization 
energy for P b Q  by 0.22 eV [46]. ~By using uniform finite nuclear model the 
BDF results for PbO2 are 1.900 ~, 6.64 eV, 684 cm -1, and 882 N/m. Further 
use of relativistlcally corrected functional (RLDA-exchange) yielded 1.901 .~, 
6.67 eV, 684 cm -1, and 882 N/m.  CBy using uniform finite nuclear model 
the BDF results for El1402 are 1.995 ~l, 2.80 eV, 602 cm -1, and 683 N/m.  
Further use of RLDA-exchange yielded 1.997 2i, 2.86 eV, 602 cm -1, and 682 
N/m.  dRef. [51]. 
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for Pb02 are m line with the fact that Pb* + 02 --* Pb02 is the main route 
to yield linear OPbO [51]. 

4 . 4  P b 2  a n d  E l 1 4 2  

The most suitable candidate to demonstrate the inertness of the El14 7pl/2 pair 
is the E l l 4  dimer. The results for the Pb and E l l4  dimers are given in Table 7. 
The one-component results refer to 3~g states, while four- and two-component 
results to closed-shell molecules. Barns set superposition errors (BSSE) were 
corrected in all the calculations for El142. The agreement between ZORA 
and BDF is quite good for both Pb2 and El142. Compared to other E l l4  
diatomics, the SO effects are particularly large for El142. This is because the 
bonding in El142 is too weak. The (single-reference) ECP-CCSD(T) bond 
length for Pb2 seems to be too long due to the multi-configuration nature of 
the (strong covalent) bonding [52]. Obviously, the GGA (exchange) functionals 
cover certain nondynamical (left-right) correlation even in terms of a single 
determinant. The situation is much better for El142, since the mixing:in of 
other configurations is prohibited due to large SO splitting. However, very 
large basis sets are needed to well describe such weak bonding. Although a 
basis set of 6p6sd3pf was used in the 2c-ECP-CCSD(T) calculations, the BSSE 
corrections estimated by the counterpoise method are still substantial (+0.46 
Jl, -0.14 eV, -32 cm-1). 

The success of the available GGA functionals for describing very weak 
bonding is rather limited. However, we have recently found that the PBE 
[53] together with the SCC [28] functionals give the best results for the group 
12 dimers (Zn2, Cd2, Hg2, and El122) [54]. The PBESCC functional was 
thus applied for El142. It can be expected that the agreement between 
BDF(PBESCC) and ECP-CCSD(T) should be better if the basis set is im- 
proved in the latter. Anyway, it can be concluded that  the bonding of El142 
is much stronger than typical van der Waals interactions (say, 0.05 eV) and 
about twice the binding energy of El122 (0.075 eV) [54]. This is in line with 
the fact that the static dipole polarizability of E l l4  (33.5 a.u.) is larger than 
that of E l l2  (29.8 a.u.) (BDF PBESCC results). 

From the above calculations, the molecular stabilites are summarized as 
PbO > PbF > PbC1 > PbBr > PbI > PbH > Pb2, and E l l4F  > E1140 

Ell4C1 > El l4Br  > El l4 I  > El l4H > El142. Whereas P b Q  is a stable 
molecule, E11402 is predicted to be thermodynamically unstable by all the 
three approaches. 
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Table 7: Bond lengths (Re, it), binding energies (De, eV), vibrational fre- 
quencies (wc, cm -1) and force constants (k~, N/m) for Pb2 and El142. The 
results by the PBE and PBESCC functionals are in brackets and parentheses, 
respectively. The lc results refer to 3Eg states, a 

molecule BDF(BP) ZORA(MP)(BP) ECP-CCSD(T) expt 
4c lc 2c lc 2c 

Pb2 R~ 2.982 2.926 2 974 2.962 3.057 2.93 b 
[2.980] 

D~ 1 14 2.38 1.16 1.69 0.64 0.82 ~ 
[1.17] 

We 107 127 106 128 97 111 c 
[108] 

k~ 70 98 68 100 58 
[71] 

El142 Rc 3.486 3.122 3.463 3.070 3.732 
[3.448] 
(3.603) 

D~ 0.12 2.16 0.12 1.60 0.07 
[0.20] 
(o.15) 

wc 50 lO2 40 lO4 26 
[43] 
(35) 

k~ 20 86 14 89 6 
[15] 
(10) 

aAn intermediate coupling scheme for Pb would reduce the DFT binding en- 
ergy for Pb2 by 0.44 eV [46]. For El142, the PBESCC functional gives the best 
DFT results [54]. In the 2c-ECP-CCSD(T) calculations, the Pb 5s5p (El14 
6s6p) were frozen and virtual spinors higher than 20 a.u. were excluded, bRef. 
[60]. ~Ref. [50]. 
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4.5 Spin-orbit  effects 

To facilitate the comparison, SO effects on the spectroscopic constants are 
given in Table 8 for the Pb and Table 9 for the E l l 4  compounds. Except the 
oxides, the SO effects derived from ZORA and ECP-CCSD(T) are in fairly 
good agreement. Besides the basis set truncation error, the multi-configuration 
nature of the oxides seems to be responsible for these discrepancies. 

The SO effects for the E l l4  systems are substantial, ~ 0.1 .~ for bond 
lengths, which is an order of magnitude larger than for the corresponding Pb 
compounds; 2 to 4 eV for binding energies, three times larger than for the Pb 
systems. 

4 . 6  M u l l i k e n  p o p u l a t i o n  a n a l y s i s  a n d  d i p o l e  m o m e n t s  

The Mulliken population analysis (MPA) of the charge distributions based on 
the AOIM (atomic orbitals in molecule) approach [55] is presented in Table 
10. The merits of this approach are on one hand to improve the stability 
of MPA with respect to basis sets, and on the other hand provide pictorial 
interpretation of the electronic structure (i.e., "genuine" atomic orbitals rather 
than basls functions). The resulting Mulliken charges converge if the Fock 
matrix elements converge [55]. However, balanced basis sets still have to be 
used. 

The ionicities of the E114 compounds are very much like that of the Pb 
compounds. However, the El14 7pi/2 spinors are more inert than the Pb 6pi/2 
spinors (e.g., occupied with more electrons), while the E114 7p3/2 spinors are 
much less revolved in the bonding than the Pb 6p3/2 spinors. As a conse- 
quence, the sp hybridization ]s less facile for El14 than that for Pb. E11402 is 
characteristic of dsp-hybridization, whereas PbO2 mainly of sp-hybridization. 
This analysis is in line with the fact that relativistic (SO) effects m the E114 
compounds are larger. The bonding of Pb2 (E1142) can be largely interpreted 
as charge transfer from 61)i/2 (7pi/2) to 6P3/2 (7p3/2). In the case of EI]42, 
the overlapping density accounts for the major part of the bonding, which 
indicates the reliabllity of the DFT results. 

The dipole moments for the dlatomics of both Pb and E114 are given 
in Table 11. The greement between ZORA(MP) and BDF is quite good. 
The dipole moments are not sensitive to steep functions, since the deep core 
density is spherical and makes no contribution to the dipole moment. The 
presently calculated dipole moment for PbO compares favorably with previous 
theoretical [56, 57, 58] and experimental values [50]. SO effects on the dipole 
moments are moderate. At a given geometry, the GGA correction to the LDA 
dipole moment is rather small (see also ref. [56]). Therefore, the GGA dipole 
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Table 8: Spin-orbit effects on the spectroscopic constants of PbX: Re (~), D~ 
(eV), w~ (era-l), and k~ (N/m). 

molecule ZORA CCSD(T) 
PbH Re -0.002 0.002 

De -0.66 -0.72 
w~ -52 -45 
k~ -10 -8 

PbF R~ 0.015 0.015 
D~ -0.71 -0.73 
we -20 -15 
k~ -20 -16 

PbC1 R~ 0.019 0.020 
D~ -0.67 -0.74 
w~ -15 -12 
ke -16 -13 

PbBr R~ 0.020 0.020 
D~ -0.81 -0.82 
we -11 -9 
k~ -15 -13 

PbI Re 0.023 0.023 
De -0.90 -0.94 
we -12 -7 
k~ -17 -11 

PbO R~ -0.002 -0.002 
D~ -1.13 -1.18 
we -9 20 
k~ -12 27 

PbO2 Re -0.004 -0.002 
D~ -1.19 -1.18 
w~ 4 9 
k~ 10 23 

Pb2 R~ 0.048 0.095 
D~ -1.22 -1.05 
we -21 -31 
k~ -30 -42 
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Table 9. Spin-orbit effects on the spectroscopic constants of El l4X. Re (/~), 
De (eV), w~ (cm-1), and k~ (N/m). 

molecule ZORA CCSD(T) 
E114H Re 0 088 0.068 

De -2.02 -2.18 
we -533 -579 
k~ -73 -86 

E l l 4 F  Re 0.077 0.060 
D~ -2.46 -2.54 
w~ -90 -52 
ke -79 -50 

Ell4C1 R~ 0.098 0.082 
D~ -2.29 -2.37 
w~ -65 -48 
ke -60 -49 

E114Br R~ 0.116 0.094 
De -2.32 -2.37 
w~ -48 -34 
k~ -57 -66 

E l l4 I  Re 0.147 0.171 
De -2.28 -2.29 
w~ -47 -53 
k~ -59 -71 

E l140  R~ 0.000 0.039 
D~ -3.33 -3.37 
we -80 -129 
k~ -87 -135 

E114Q Re -0.026 -0.024 
D~ -3.85 -4.06 
w~ 18 49 
ke 39 104 

El142 R~ 0.341 0.662 
De -2.04 -1.53 
we -62 -78 
k~ -72 -83 
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Table 10: Mulliken population analysis by the AOIM approach [55] for PbX 
and E114X (BDF results). Q: positive net charge on the metal. 

PbX 
H F C1 Br I O 02 Pb 

5d3/2 4.00 4.00 4.00 4.00 4.00 3.99 3.97 4.00 
5d5/2 5.99 5.99 5.99 6.00 6.00 5.98 5.92 6.00 
6sl/2 1.92 1.96 1.96 1.96 1.97 1.90 1.42 1.99 
6pl/2 1.17 0.98 1.03 1.06 1 .11  0.65 0.48 1.57 
6p3/2 0.72 0.39 0.47 0.50 0.54 0.62 0.63 0.41 
nsl/2 1 .12  1.96 1.96 1.97 1 .98  1.92 1.92 
npl/2 0.01 1 .91  1.85 1.85 1.86 1.67 1.58 
np3/2 0.02 3.69 3.61 3.54 3.44 3.03 3.04 

Q 0.19 0.58 045 0.41 0.33 0.68 123 0.00 

E114X 
H F C1 Br I O O2 El14 

6d3/2 4.00 4.00 4.00 4.00 4.00 3.98 3.95 4.00 
6ds/2 5.99 5.99 5.99 5.99 5.99 5.97 5.81 6.00 
7sl/2 1.98 1.99 1.98 1.99 1 .99  1.95 1.77 1.99 
7pl/2 1 .65  1.28 1.38 1.44 1 .54  1.09 0.77 1.92 
7193/2 0.24 0.14 0.19 0.18 0.17 0.28 0.30 0.07 
nsl/2 1.12 1.98 1.98 1.99 1.99 1.96 1.96 
npt/2 0.01 1.94 1.90 1 .91  1 .92  1.84 1.57 
np3/2 0.02 3.63 3.51 3.43 3.34 2.80 3.00 

Q 0 16 0.57 0.41 0.36 0.28 0.66 1.23 0.00 
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Table 11. Dipole moments (it, Debye) and dipole moment derivatives (dit/dR, 
Debye/~l) at the BP equihbrium distances from Tables 4 and 5. Positive values 
reflect polarity M+X -. 

PbH a PbF PbC1 PbBr PbI PbO b 

it 

dit/dR 

lc-ZORA 1.14 3.55 3.57 3.30 2 96 4.34 
2c-ZORA 1.04 3.68 3.81 3.55 3.14 4.17 
BDF 0.90 3.76 3.60 3.32 2.97 4.29 
lc-ZORA 3.39 5.77 5.77 5.51 5.04 4.56 
2c-ZORA 3.41 5.77 5.80 5.53 4.96 4.37 
BDF 3.21 6.04 5.62 5.12 4.72 4.67 

E114H E114F El14C1 E114Br El14I E l140  

it 

dit/dR 

lc-ZORA 2.21 4.82 5.01 4.80 4 52 5.25 
2c-ZORA 1.49 4.65 4.82 4.51 4.01 4.37 
BDF 1.40 4.73 4.51 4.12 3.68 4.39 
lc-ZORA 3.50 5.48 5.55 5.43 4.97 4.67 
2c-ZORA 1.77 4.12 3.84 3.36 2.55 3.44 
BDF 1.13 4.29 3.32 2.64 1.91 3.75 

a i t  = 0.67 Debye (ref. [61]). bit = 4.35 Debye (ref. [56]; 3.52-4.70 Debye (ref. 
[57]; 4.46 Debye ([58]; 4.64 Debye (expt. [50]). 



350 Wen],an L,u et al. 

moments can be obtained by interpolation from LDA values if GGA is treated 
perturbatively. The dipole moments of the E l l4  compounds are larger than 
those of the Pb compounds due to longer bond lengths and similar ionicities. 
However, the vamation of the dipole moments of the E114 compounds are much 
smaller. 

4.7 A general  s ta tement  

Finaly we want to judge our work qualitatively from a methodological point 
of view. On the DFT side, we could get rid of other numerical noises than 
the differences in the Hamiltonians. For the valence properties considered in 
this work, the two-component ZORA results are very close to the BDF ones. 
As for the computational efforts, the BDF calculations were actually very 
cheap (even cheaper than the present implementation of ZORA, although the 
comparison was somewhat indirect), since very compact and yet sufficient basis 
sets and double point group symmetries (C~v, D~h) were used. Furthermore, 
the task for basis set optimization is very little since numerical bases always 
serve as the backbone of the basis set. Especially, the difficult optimization of 
steep functions to describe the cores of heavy elements is completely avoided! 
Actually, it took us a quite hard and long time to bring the ZORA results 
in agreement with the BDF ones. This had not been possible before the new 
basis set optimizer[33] was available. On the ab ~n~tw (wave-function based 
approach) side, however, such cahbration appears infeasable so far On the 
other hand, we can not claim that our ECP-CCSD(T) results have converged 
with respect to basis sets, since higher angular momentum functions have 
not been considered and smaller basis sets often have to be used in the two- 
component calculations. However, since the results for the Pb compounds 
appear good when compared to experiment, our ECP-CCSD(T) results for 
the El14 compounds should be mostly reasonable. 

5 C o n c l u s i o n s  

Spin-orbit effects play dominant roles in the bonding of E l l 4  compounds. 
At the scalar relativistic level, the binding energies of the E l l 4  compounds 
are very similar to those of the Pb homologues. Spin-orbit effects strongly 
weaken the strengths of the E l l 4  compounds. The formally tetra-valent ox- 
idation states of E l l 4  is likely unfavored. However, El14 can not be simply 
regarded as a noble atom, e.g., the bonding of E l l 4  dimer is much stronger 
than typmal van der Waals interactions. The application of transformed rela- 
tivistic Hamiltonians to valence properties of very heavy elements appears to 
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be justified, since El14 (like ELI3) turns out to be a particularly difficult case 
(weak singularity for 2pl/2). Such problems are much less severe for P3/2 and d 
spinors. For example, in our calculations on eka-gold (E l l l )  compounds[26], 
we found good agreement between BDF and ZORA, although/-adapted seg- 
mentedly contracted basis functions were directly used in the two-component 
calculations. The reason is that the valence 6d5/2 spinors of E l l l  form the 
bonding. The performance of ZORA for eka-thallium (Ell3, 7p~/2 ) and eka- 
bismuth (Ell5, 2 1 7pl/27P3/2) systems is being investigated in our laboratory. 
The remaining task is thus to investigate the performance of such Hamiltoni- 
arts for core properties. So far calibration of such approaches can be carried 
out readily only at the DFT level. Spin-orbit effects estimated by ZORA and 
ECP-CCSD(T) are generally in good agreement with each other. The discrep- 
ancies for the oxides are probably due to the multi-configuration nature and/or 
insufficmncy of basis sets. For better description of high oxidation states (e g., 
El1402), the s set of the ECPs for El14 needs to be improved and progress 
is being made. 
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1. I N T R O D U C T I O N  
The ~mportance of the harmonic oscillator and the parabolic barrier interacting 
with a monochromatic electric field has long been recognized. In this connection, 
the Floquet quasmnergies and eigenfunctions have been obtained with different 
analytmal methods [1,2,3,4 ]. 
On the other hand, the algebraic approach by using boson operators has been 
applied to problems involving harmonic oscillator eigenfunctions, such as the 
Franck-Condon overlap, squeezed states and matrix elements calculations, [5,6,7]. 
In section II it is shown an alternative way to obtain the Floquet quasmner- 
gies and eigenfunctions for the harmonic oscillator and by using the algebraic 
properties of boson operators it is obtained and solved a differential equation 
for the evolution operator In section III we treat the parabolic barrier where 
we introduce a new pair of operators, which, although none is the adjoint of the 
other, they satisfy the same commutation relation. This procedure allows for a 
treatment very similar to that  for a harmonic oscillator. 

2. H A R M O N I C  O S C I L L A T O R  
Let us consider the time-dependent Schr5dinger equation: 

0 ¢  
z-~- = H ~  (1) 

where the hamiltonian (in reduced units) is : 

02 
H - -  0x 2 +Wo2X 2 +.Xxcoswt , (2) 

and where the last term represents the (semi-classical) monochromatic electric 
rid& 
From the Floquet theory of differential equations, we know that  for Eq. (1) 
there exist solutions of the form: 

~'F(X, t) = exp[--iE~t]O~F(X, t) , (3) 

E~ is called a quasi-energy and O~(x, t) is a periodm function of time, that  is. 
with the property: 

27r 
¢ ~ ( x , t + T ) = ¢ ~ ( x , t )  , T = - - .  (4) 

~2 

In order to find such solutions let us introduce the boson operators (a, at): 

1 0 w v ~  ( 
2v ( - - =  _ 

x =  a + a * )  , Ox a at) ( 5 )  

The hamiltonian (2) becomes: 

g = w o ( 2 a t a +  1) + ~ ( a  + a t ) c o s w t  (6) 
~/ Zwo 
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Now let U(t) be the evolution operator. 

• (x, t) = u(t)~(x,  o) 

It's easy to see that  U(t) satisfies 

OU = {wo(2ata+ i)+ A coswt} ~-~- ~ ( a + a  t) U 

with the initial condition U(0) = 1. 
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(7) 

(s) 

By using Louisell's technique[8], which introduces the concept of normal order, 
equation (8) becomes a differential equation involving only complex numbers 
for the function U(~) (a, a*, t), where a is a complex number and U (~) (a, a*, t) 
is obtained from the normal order form of U(a, a t, t) through substitution of a 
by a + 0/0(~* and a t by a*. The differential equation is: 

= ~ ~ + a ) c o s w t  U (~). (9) 

We note tha t  once we have solved (9) for U(~)(e~,a*,t), we recover U(a, at,t) 
by using the normal order operator '~', which by definition changes a by a 
and (~* by a t, puting all at 's  to the left of the a's in the series expansion for 
U(~) ((~, a*, t): 

R{U(~)(a,(~*,t) } = U(a, at,t) (10) 

Going back to equation (9), we propose as solution: 

u(~)(~,~*,t) = exp{a(~,~*, t )}  , (11) 

where G(a,  (~*, t) is of form: 

G((~, (~*, t) = A(t) + B(t)a + C(t)a* + D(t)a*a , (12) 

and the initial condition reqmres A(0) = B(0) = C(0) = D(0) = 0 .  

Substitution into equation (9) gives a set of four coupled linear differential equa- 
tions: 

dA A C 
- ~  = ~o + ~ cos ~t 

dB A 
- - -  (1 + D) cos wt 

dt 
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dC A 
~ - - 2 w o C +  ~ cos wt 

dD 
z ~ -  = 2w0 (1 + D) 

(13) 

whose solutions can be obtained through standard procedures, giving the next  
expression for the evolution operator: 

U(a, a t, t) : eA(t)e-B*(t)exP(-2~w°t) at e -(2zw°t) ata eB(t)a (14) 

By using this operator, one can in principle know the time development of an 
arbi t rary initial wavefunction. However, we are rather interested in obtaining 
the Floquet quasienergies and elgenfunctions for our hamiltonian, that  m, we 
are looking for functions ~(x,  t) that  satisfy equation (3). Bearing this in mmd, 
we propose the following imtial function: 

• (x,O)=x.(x -xo) , (15) 

where X.(x) is the harmomc oscillator solution corresponding to the energy 
eigenvalue E .  = w0(2v + 1), and x0 is still an indeterminate constant. ~(x,  0) 
can be rewritten as: 

• (x,0) = e-S2/2eS~te-S~x.(x)  , 

where we have used the displacement operator: 

d 
f ( x  - y) --- e-Y,-r:,f(x). 

S = x o  w~;-~ (16) 

(17) 

We substitute now ~(x ,0 )  into equation (7) together with U(t), as given in 
equation (14), and we straightfordwardly apply the commutation properties of 

boson operators, until the factor e -(2~°t)~*~ appears to the left of X~(x), so 
that  we can apply' 

e-(2"~o~)'~Xv(x ) = e-2"~°w X~,(x ) (18) 

It turns out, after some algebra, that  in order for ~ ( x ,  t) to be in the desired 
form, we must choose the indeterminate constant x0 as 2A/(w 2 - 4Wo2). This 
choice of x0 is not a strict consequence of the method proposed in this paper, 
in fact, it is a consequence of the periodicity of the wavefunction. Thus the 
Floquet  quasienergies (labeled by the index v) are given by: 

A2 
E~ = w0(2v + 1) + 2(w2 _ 4w~) (19) 
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and the respective functions q~(x ,  t) are: 

OuF(X , t) = e~(t )e~/( t )ate- '~*( t )axu(x)  

where 

9 ( t )  = -~Asinwt Wo {w 2 2A 2 
2w 2 Z ~  ° "~(t) - T - 4wg} 

A { 2 W o C o s w t - z w s i n w t } .  
"y(t) = 2vZf~(w2 _ 4w02 ) 

(20) 

(21) 

We note that  fl(t) and ~/(t) have a period T = 27r/w, so that  ¢},(x, t)  in effect 
satisfies equation (4). 

3. P A R A B O L I C  B A R R I E R  
The parabolic barrier seems to be very similar to the harmonic oscillator po- 
tential since, geometrically, the difference between them is a rotation by 7r or 
an inversion of coordinates. Regardless of the similarities tha t  may exist, the 
hamiltonian of the parabolic barrier leads to complex eigenvalues for its reso- 
nances, and unnormalized eigenfunctions[2]. In order to solve such a problem 
one can use the complex rotation method[4]. Another way is via the mapping 
of the eigenket of the parabolic barrier to the Hilbert space corresponding to 
the harmomc oscillator. 
If we start  with the hamfltonian: 

0 2 
H -  Ox 2 w~x 2 + Axcoswt  , (22) 

we see fl'om (2) that  the only difference with the harmonic oscillator potential 
is just a sign. The use of boson operators as given in equation (5), leads to a 
hamiltonian involving quadratic terms in a and c~*, m such a way that  the form 
of G(a ,  c~*, t) given in equation (12) is not useful. We could then define a new 
flmctional form, including quadratic terms, though the resulting equations are 
not easy to handle. Instead we propose to introduce two new operators, which 
we call bl and b2: 

1 (51 -I- 52) 0 ~ 0 , t  
x =  ~ ' O - x = V - 2  - k u l - b 2 )  , (23) 

whose definition is motivated by the fact that  the harmonic oscillator potential 
can be obtained from the parabolic one by replacing w0 by gWo We note that  
bl and b2 have the same commutator as a and a t, although none is the adjoint 
of the other, where instead we have b[ = ~bl and b~ = gb2. 
At this point the only thing that  really matters is that  all the algebram properties 
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of boson  opera tors ,  including those which refer to no rma l  order ing s t em f rom 
their  c o m m u t a t i o n  relat ion and are independen t  of the  fact t ha t  they  are adjoint  
to each other.  Thus,  because  bl and b2 have the  same  c o m m u t a t o r  as a and  a t, 
all identi t ies  used for a and  a t can be used immediate ly ,  jus t  replacing a by  bl 
and  a t by  b2. W i t h  these new opera to r s  the  evolut ion ope ra to r  becomes:  

U(bl ,  b2, t) = eA(t)eC(t) b2e(2w°t)b2bl eB(t)bl. (24) 

This  ope ra to r  enables u s - a s  for the  ha rmonic  o s c i l l a t o r - t o  ob ta in  the  t ime  
deve lopment  of any initial wavefunct ion,  t hough  m this case it is unknown how 
ope ra to r s  bl and  b2 act  on wavefunct ions.  U, however,  can be expressed in t e r m s  
of the  more  c o m m o n  opera to r s  a and  a t t h rough  the  following identities: 

bl = ~-~ [(a + a t) - z(a - a t)]  

b2 = -~- [(a + a t) + z(a - a t)]  (25) 

Since we are also in teres ted in obta in ing  Floquet  quasienergies,  we will refrain 
ourselves of expressing U as a funct ion of a and  a t unti l  the  last  step.  Thus ,  we 
now specify an initial  funct ion q~(x, 0): 

qJ(x,O) = X , ( f l { x  - x0})  (26) 

By  using the d isplacement  ope ra to r  (17) and  the  scaling opera tor :  

f ( f l x )  = exp{  ( I n f l ) x d  } f ( x )  , (27) 

• (x, 0) can be rewri t ten  as: 

e(z,O)=ezp~-xog--ff-(bl-b2 ) exp ~In/~(bl-b~-l) X.(Z) (28) 

- - 1 )  because  x d /dx  = 7 

If  we proceeded  as in the  ha rmonic  potent ia l ,  we should c o m m u t e  the  fac tor  
e 2w°tb2bl until  it appears  to the  left of X,(x) .  However,  there  are two addi t ional  
considerat ions:  First ,  there  is a new factor  exp { ½ In fl (b~ - b~ - 1) }, and second, 
even if we pu t  e 2~°tb2bl to  the  left of X~(x), one would have 

e 2 wot b2 bl Xu (X) 7 £ e 2cO0tp Xu (X) (29) 

because  b2bl is not  the number  ope ra to r  N = ata. In fact  it can be shown tha t ,  

1 z 2 b2bl = --~ + -~(a + at2). (30) 
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In  order  to  proceed  we c o m m u t e  e 2~°tb2~ until  it appea r s  to the  left of the  factor  
exp{ 1 ln/3 (b~ - b 2 - 1) } and  obtain:  

t ~ / ~ ( X ,  t )  : e - * E  . . . .  te ~ (t)e. ~ (t)b2e 5 (t)ble2Wotb2ble~lnfl(bl_b2_l)Xv(X)1 2 2 , (31) 

where /3 ' ( t ) ,  7 ' ( t )  and  5'( t)  are periodic if and  only if Xo = 2A/(w2 + 4w~), which 
resul ts  in 

A 2 
E '  = zwo + 2(w2 + 4wo2 ) . (32) 

We see tha t ,  except  for the  factor  e 2~°tb2bl , we could identify a F loque t  quasmnergy  
(E ' ) ,  and  a per iodic  funct ion O~(x,  t). The  use of the B C H  theo rem and some 

identi t ies like a s - a t2 = b~ - b~ allows us to  obtain:  

kg~(x,t) = exp -~ 2(w2 +4wo2) t exp 4w (w 2 + 4 w ~ )  2 s in2wt  

{ -~Aw 1 ( a + a t )  s inwt}  
× exp w2 + 4W2o 2v/-~_ d 

e Z P { w ~ - + 2 - ~ A 4 w ~ ( a - a t )  coswt } 

× e x p { ~ w o t ( a 2 + a t 2 ) } e x p { ~ l n / 3 ( a 2 - a t 2 - 1 ) } X ~ ( x ) .  (33) 

Finally, we want  to c o m m u t e  the  last  two factors,  whlch have  quadra t i c  t e rms  
m a and  a t. To this end we could use some of the n o r m a l  order  theorems,  
however,  precisely because  of the quadra t ic  te rms ,  the resul t ing expressions are 
somewha t  cumbersome .  Ins tead,  we use a technique descr ibed in reference [9], 
which consists of  car ry ing  out  a Lie algebraic  s imilar i ty  t r ans fo rmat ion .  Firs t  
we need a set of  ope ra to r s  XI ,  X2, -" ", X~ which form wha t  it is called a 'Lm 
a lgebra ' .  We p ropose  to  use the  following opera to r s  

X1 -- a 2 + a t2 , )(2 = a 2 - a t 2  , X 3 = 2ata + 1. (34) 

These  opera to r s  fo rm the  SU(1,1) algebra: 

[ X l , X 2 ]  = - 4 X 3  , [X2 ,X3]  = 4X1 , [X1 , ) (3 ]  = 4X2 (35) 

Then,  by using the  above  ment ioned  technique it can be shown t h a t  if and  only 
if fl = e -*~/4 (see appendix) :  

1 e-WOt(2ata + 1) exp {zwot (a 2 + a t2) } exp { ~ In/3 (a 2 - a t2) } = . (36) 
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By using this last result one can finally write equation (33) as: 

~F(X, t) = e--'E~ta2~(X, t) (37) 

where the Floquet quasienergy is: 

A2 
E~ = -i(2• + 1)wo 4- 2(w2 + 4w2) (38) 

and the periodic function ff~(x, t) is: 

~A2 w2 -4Wo 2 } ~ -*Aw 1 (a+at)  s inwt}  
~ ( x , t )  = exp [ 4w (w 2 + 4Wo2) 2 sin2wt exp i wg- -~2o  2v/-ff~ 

× exp w 2 + 4 w  2 ( a - a  t ) coswt  exp - - ~  

(39) 

4. C O N C L U S I O N S  
It has long been known that  the use of boson operators allows for an alternative 
and efficient way for solving quantum problems. In this paper we have shown an- 
other application for this approach and we have been able to obtain the Floquet 
quasienergies and eigenfunctions for the harmonic oscillator and the parabolic 
barrier interacting with an external field. This adds to previous derivations, 
where use was made of other classical concepts such as the Lagrangian lo 
In the case of the parabolic barrier we introduced two new operators which can 
be considered the analogous of boson operators for this potential. They have 
been very useful to obtain quantum mechanically the exact Floquet states. 
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6. A P P E N D I X  
In order to find a Lie algebra between boson operators, let us consider: 

X1 = a  2 + a  +2 , X 2 = a  2 - a  ?2 , X 3 = 2 a t a + l .  (A.1) 

We can trivially show that: 

[Xx, X2] = -4X3 , [X2, Xa] = 4X1 , [X1, Xa] = 4X2 (A.2) 
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Let  us define 

Z = ~ X 1  + ~5X2 -I- p X 3  , G -= gX1  -4- dX2 + rX3  . (A.3) 

and the  similari ty t rans format ion  

Gl(x)  = eXZGe - x z  (A.4) 

To find Gz (x) we first note  tha t  it must  also be a linear combinat ion  of X1, X 2 
and X3 [9]: 

Gl(x)  = gl(x)X1 + d l (x )X2 + r l ( x )X3  (A.5) 

and it must  Mso satisfy the boundary  condit ion Gl(0) = G. From (A.4) we 
have: 

G' z (x) = [Z, G~ (x)] (A.6) 

By  using (A.2) and (A.5) in (A.6) one has 

G' l (x) = 415rz (x) - pdt (x)]X1 + 4[~/rt (x) - Pgt (x)]X2 + 4[Sgl(x) - ~/dt (x)]X3 
'(A.7) 

From (A.5) we also have 

G' l (x) = gl (x)X1 + d' l (x )X2 + r~ (x)X3 (d.8)  

Now, because X1, X2 and X3 are independent ,  we equate  coefficients in (A.7) 
and (A.8) and obta in  a set of coupled differential equations:  

gi(x) = 4[(~rl(x) - pdl(x)] ; (A.9a) 

= - pg (x)] ; ( A . 9 b )  

r I (x) = 415gl (x) - ~/dl (x)] ; (A 9c) 

subject  to the  bounda ry  conditions gl(0) = g, all(0) = d, and rl(0) = r. In 
par t icular ,  we are interested in the following conditions: -y = p = 0, 5 = 1 

t 2 ( Z = X 2  = a  2 - a  ); d = r  = 0 ,  g =  1 ( G = a  2 + a t 2 ) .  Equat ions  (A9)  thus 
become 

g~(x) = 4rl(x)  ; (A.10a) 

d'l(x ) = 0 ; (A.10b) 

r I (x) = 4gt (x) ; (A.10c) 

with the bounda ry  conditions gl(0) = 1, all(0) = 0, and rz(0) = 0. 
The  solutions to these equations are: 

.ql(x) = cosh4x,  dl(x) ---- 0, rz(x) = s inh4x  (A.11) 
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Thus we have 

t 2 eX(a 2 - a  ){a 2 + a t 2 } e - x ( a  2 - a  ¢2)__ (a 2 + a  t2) c o s h 4 x + ( 2 a t a T 1 ) s i n h 4 x  

(A.12) 
and by linear superposition if follows that:  

eX(a 2 - at2)eY(a 2 + at2)e-X(a 2 - a t2) 

=exp{y[(a2+at2) cosh4x+(2ata+l)sinh4x]} (A.13) 

According to the last two factors in equation (33) we choose x = ~ and y = zwot, 
then 

e'~°t(a~ + a~2) e -  ~ ( a2 - at=) =e- ' ' ( s '  a= - a¢2) 

xexp{~wot[(a2+at2)cosh2+(2ata+l)s inh2]} .  (A.14) 

ZT~ Finally, we use cosh 5- = 0 and sinh ~" = ~ to obtain: Y 

e~Wot(a 2 + a t 2 ) e - s ( a  2 - a t2) = e-wot(2ata + 1) (A.15) 
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Molybdenum (VI) fluoride 
CE calculations 

approximate molecular step, 39: 
309-310 

combined treatment, 39:312-313 
conclusions, 39:322 
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K-RSD, norm finiteness, 39:65 
pair condensate in cuprate 

superconductivity, 40:226-229 
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74-75 
resonant, three-bodied systems, 40: 

328-331 
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Wave operators, 39:175-178 
Weyl-Wigner representation, 39:6-10 
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for atoms in phase space, 39:14-15 
for harmomc oscillator, 39:10-11 
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Zeroth order regular approximation (MP) 
description, 39:329-330 
for Pb/Eka compounds 

atomic calculations, 39:331-334 
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dapole moments, 39:345-350 
molecular calculations, 39:334-335 
Mulhken population analysis, 39: 

345-350 
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spin-orbit effects, 39:345 
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