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Preface

Quantum mechanics has existed for more than 75 years and forms the basis
for the fundamental description of microscopic phenomena and processes. Con-
temporary research on quantum systems covers a vast area, from investigations
on nuclei, atoms, and molecules to complex chemical and biological systems.
To foster the development of innovative theory and concepts, the first European
Workshop on Quantum Systems in Chemistry and Physics (QSCP 1) was or-
ganized in San Miniato, near Pisa, Italy (1996). The meeting was a great success
and was followed by QSCP I in Oxford (1997), QSCP III in Granada (1998),
and QSCP VI in Paris (1999). The QSCP II proceedings were published in
Advances in Quantum Chemistry, Volumes 31 and 32.

The fifth European Workshop in the series was held in Uppsala, April 1318,
2000, at Ihresalen, Teknikum, Uppsala University. The workshop was organized
as follows:

Density Matrices and Density Functionals (Chair: J. Maruani)
Electron Correlation Treatments (Chair: S. Wilson)
Relativistic Formulations (Chair: U. Kaldor)

Valence Theory (Chair: Y. G. Smeyers)

Nuclear Motion (Chair: O. Goscinski)

Response Theory (Chair: B. T. Sutcliffe)

Condensed Matter (Chair: H. Agren)

Chemical Reactions (Chair: C. Minot)

Computational Chemistry (Chair: I. Hubac)

Posters (Chairs: R. Lefebvre, E. Brandas)

It attracted 95 scientists from 25 different countries who gathered to give 49
talks and 40 posters.

Additionally, a special leitmotiv was made to run through the lectures and
discussions, relating to the pioneering work and achievements of Per-Olov Low-
din. In 1982, Uppsala University created a fund through collected contributions
from Per-Olov Lowdin’s colleagues, collaborators, and students, with the pur-
pose of inviting prominent lecturers to Uppsala at regular intervals. The aim of
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the lectures was to stimulate interest in quantum chemistry through one general
lecture for a broader audience and a more specialized lecture targeted at experts
in the field. The Lowdin Lecturers during 1984-2000 were R. Zahradmk, A.
Pullman, R. S. Berry, R. Pauncz, H. Shull, E. R. Davidson, P. Fulde, M. Quack,
E. A. Gianturco, J. P. Dahl. and R. McWeeny.

During the year 2000, two Lowdin Lecturers were mvited: Professor Roy
McWeeny, Pisa, Italy, and Professor Jens Peder Dahl, Copenhagen, Denmark.
They both agreed to deliver their lectures during QSCP V. Due to unforeseen
circumstances, only one lecturer could attend QSCP V. The second lecture was
therefore presented half a year later and then as the Lowdin Memorial Lecture.
Both are published as introductory chapters of the two proceedings volumes as
a joint tribute to a great leader and pioneer in quantum chemistry. We are very
proud to present QSCP V: New Perspectives in Quantum Systems in Chemistry
and Physics, in the series Advances in Quantum Chemistry, founded by Lowdin.

The workshop was sponsored by the European Commission - COST D9, the
French Embassy in Stockholm, the Swedish Natural Science Research Council,
the Foundation for Strategic Research, and Uppsala University. We are greatly
indebted to our sponsors for their generosity. In particular, we acknowledge the
help and advice offered by Gérard Riviere from the COST Chemistry Secretariat.
It 15 a pleasure to thank the members of the scientific organizing committee, R.
McWeeny, J. Maruani, Y. G. Smeyers, and S. Wilson, for their excellent support
and advice, and the local organizing committee and members of the Department
of Quantum Chemistry at Uppsala University for their competence and effi-
ciency which made for the smooth running of the workshop.

E. Brindas 0. Goscinski
Chair Chair
Organizing Committee Lowdin Lectureship Fund
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Abstract

The phase-space representation of the one-particle density matrix
is discussed, starting with Dirac’s study of the Thomas-Fermi atom.
The Weyl-Wigner description is reviewed. Its basic characteristics are
illustrated with the harmonic oscillator as an example. Applications to
many-electron systems are described, with emphasis on the free-electron
gas, Thomas-Fermi theory, and atomic Hartree-Fock theory. The intro-

duction of local-density functions via phase space is also discussed.
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2 Jens Peder Dahl

1 TIntroduction

In his Note on Ezchange Phenomena wn the Thomas-Fermi Atom, Dirac [1]
made the following statement:

Each three-dimensional wave function will give rise to a certain
electric density. This density is really a matrix, like all dynamical
variables in the quantum theory (although one usually considers
only its diagonal elements, as one can insert these directly into
one’s picture of the atom)

In his paper, Dirac also referred to the electric density as the electron density.
For an N-electron system in the Hartree-Fock description—which was the type
of system discussed by Dirac—the electron density becomes a sum of contri-
butions from N three-dimensional wave functions. Dirac denoted the operator
behind the matrix by p and wrote, in his equation (8),

(dlpld") = > (dIr)(rlg"), 1)

‘with the single variable ¢ being written to denote the three Cartesian coordi-
nates z,y, z and also a spin variable’

Having introduced the density matrix, Dirac went on to reformulate ele-
mentary Hartree-Fock theory in terms of it. He then turned to the situation
where ‘the electron density p is spread over such a large volume of phase space
that we can neglect the fact that the momenta p do not commute with the
coordinates ¢ and reduce our description of the atom to a classical one.” For
use in this situation he assigned a phase-space function to any dynamical vari-
able, and also replaced the density matrix by a density function in phase space.
This, then, allowed him to relate the Thomas-Fermi description of the atom
to the Hartree-Fock description, and to include exchange in Thomas-Fermi
theory.

Thus, Dirac was the first to appreciate the importance of the density ma-
trix in many-electron theory, and also the first to map it into a phase-space
density. His introduction of the density matrix has been fully recognized in the
literature, whereas little attention has been paid to his introduction of phase-
space functions, beyond their use in the Thomas-Fermi model. The reason is
probably that Dirac himself introduced the form of these functions under the
simplifying assumptions spelled out above, and hence did not attempt to con-
struct a complete phase-space theory. Nevertheless, his phase-space functions
are the same as the ones that occur in the modern Weyl-Wigner description.

In the present paper, we focus on the Weyl Wigner description. We shall, in
particular, discuss its theoretical basis and its connection with density-matrix
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theory. We shall also present some important examples of its use.
As a starting point, we visit the world of the one-particle density matrix

2 The One-Particle Density Matrix

The notion of a density matrix was first introduced by von Neumann {2, 3] who
made it the principal concept of quantum statistical mechanics. Dirac’s density
matrix is usually referred to as the firsi-order reduced densily matriz, or the
one-particle density matriz. 1t was embedded in the more general framework of
statistical ensembles by Husimi [4], who also introduced an alternative phase-
space distribution function, now known as the Husimi function. Husimi also
discussed the introduction of higher-order reduced density matrices

Through the seminal works of Lowdin [5] and McWeeny {6, 7], reduced
density matrices have become one of the most fundamental concepts in modern
quantum chemistry. A large number of successive authors have significantly
extended their use and added to our understanding of their properties.

Let us write

v(z,2") = N/ U(z,Tq,...,28) 0 (2, 2,... ,aNn)dzy .day (2)

for the one-particle density matrix, with z replacing the symbol ¢ above. ¥
is the total, maybe approximate, normalized wavefunction for an N-electron
system. We also introduce the spinless matrix by integrating over the spin
variable o,

p(T,’I") = /7(3:75”/)0’:0‘10" (3)
For a determinantal wavefunction built from an orthonormal set of spin-

orbitals 11, ¥, ... ,¥ny we have
N

y(z,') =Y nh (e (@) = (zldle’), (4)

=1

with all v, = 1. 4 is the density operator
N

§=) ulb) (. (5)

2=1
With the spin-orbitals being products of normalized spin functions and nor-
malized and mutually orthogonal spatial orbitals, p, we also have

p(r,7') =Y nupr(T)pi(r!) = (v
k=1

plr'), (6)
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with ny = 1 or 2. The density operator p has the form
p=">_ niler)(wsl- (7)
k=1

For more general N-electron wavefunctions, we may follow Léwdin [5] and
introduce natural orbitals, and extend the summations in (4) and (6) accord-
ingly. These expressions will then remain valid, with the sum of the occupation
numbers v, or ny being equal to N,

Let us recall that the trace of an operator {2, evaluated over a complete
linear space with the orthonormal basis ®,®,,... , P, ... is defined as

Tr(Q) =) (8,0]2,), (8)

and that for any two operators, (), and Qb, we have that
TT(QaQb) = TT(Qan)- (9)

That the wavefunction ¥ be normalized to unity may then be expressed by
requiring that the trace of p, evaluated over the complete spin-free orbital
space, equal IV,

Tr(p)=N. (10)

The expectation value of an operator A which is a symmetric sum of spin-
independent one-particle operators,

N
A=) a(1) (11)

=1
is given by
(A) = Tr(ap). (12)

Similar expressions hold when the spin must be explicitly included, with p re-
placed by 4, and the trace being evaluated over the complete spin-orbital space.
In the following, we shall mainly limit ourselves to the spin-free expressions.
We note that the formulation of quantum mechanics as a trace algebra has
been extensively discussed by Lowdin [8].
While the expectation value of an operator composed of one-particle op-
erators may be evaluated exactly by means of the first-order reduced density
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matrix, the second-order density matrix is required when two-particle oper-
ators are involved. If; however, the wavefunction W is well represented by a
single Slater determinant, then the first-order matrix is sufficient, as discussed
in detail by Lowdin [5]. For a single determinant he actually showed how
to express all the higher-order matrices in terms of the one-particle matrix
v(z, z').

The fact that the electron density is a matrix, p(r, '), implies that we
don’t understand its full nature unless we can expose its general and qualita-
tive dependence on both r and 7’ or, equivalently, on %(r +7') and r ~r'. This
dependence has been studied by some authors ([9, 10] and references therein).
It has, for instance, been shown that the main impact of the presence of cova-
lent bonding in molecules is concentrated in regions where » — ' is non-zero.
Further work in this field awaits to be done.

A viable alternative is to map the description into an (r,p) phase space.
We shall now consider this alternative.

3 Dirac’s Phase-Space Function

Let us begin by introducing the phase-space function that Dirac assigned to
a dynamical variable @, provided ‘the electron density p is spread over such a
large volume of phase space that we can neglect the fact that the momenta
p do not commute with the coordinates g and reduce our description of the
atom to a classical one.” It reads, in our notation,

o(r,p) = /(r b ajr — Byemrvindy. (13)

Applying the definition to the density operator g gives
pr,p) = [(r + Lidlr — By, (14)

Dirac referred to this quantity as the electron density per volume (274)® of
phase space. We have marked it by a tilde (V) to distinguish it from the density
matrix (6) It is expedient to also introduce the corresponding density per unit
volume,

1) = (55 ) [tr+ Hole = oty (15)

By integration over phase space it gives the total number of electrons.

The expressions (13) and (15) map the operator & into a(vr,p) and the
density matrix p into f(r,p). The equivalent of the trace operation was, how-
ever, not set up by Dirac who worked with the Hartree-Fock equations directly,
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without introducing expectation values. Thus, his phase-space description was
a rudimentary one. The phase-space functions a(r, p) and p(r, p) were explic-
itly introduced for a quasi-classical situation, and Dirac did not suggest to use
them without this limitation. But as already stressed in the Introduction, the
functions are the same as those that occur in the Weyl-Wigner representation,
which we shall consider in the following section.

In that representation, the equivalent of the trace operation is integration
over phase space. Thus, Egs. (10) and (12) become

/ f(r,p)drdp = N (16)
and
(A) = / afr,p)f(r, p)drdp. (17)

The first of these expressions was implicitly present in Dirac’s paper, but the
second was not. As we shall see in the following section, 1t is by no means
obvious that such a simple expression should hold.

4 The Weyl-Wigner Representation

As just mentioned, the phase-space representation characterized by the ex-
pressions (13)—(17) is the Weyl-Wigner representation. Thus, f(r,p) is called
the Wigner function, and a(r,p) is called the Weyl transform of the opera-
tor G. The Wigner function was introduced by Wigner in 1932 in a paper
on the Quantum Correction for Thermodynamic Equiulibrium [11]. The Weyl
transform was introduced by Weyl in 1931, on the basis of group-theoretical
arguments [12]. The synthesis of Weyl’s and Wigner’s approaches was primar-
ily performed by Groenewold [13] and Moyal [14], but a large number of later
authors have substantially contributed to the development. For a review, see
[15].

In the present section, we shall consider some formal properties of the
Weyl-Wigner representation. In so doing, it suffices to consider a single spin-
less particle, restricted to moving in one spatial dimension g, with p the cor-
responding momentum. The generalisation to three dimensions and several
particles is straightforward.

With the particle in the quantum state |¢), the position-space wavefunc-
tion ¥(q) = (q|y) and the momentum-space wavefunction ¢(q) = (p|¢) are
connected by a Fourier transformation,

wq):\/;—}r—; [ owreriap, ¢<p>=\/;% [s@e g, )
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with the integrations here, and in the following, being from —co to co. The
connection between the two wavefunctions allows us to write the Wigner func-
tion, the analog of (15), in two equivalent forms,

Ha) = 5z [ 976 = ui2bla+ /ey (19)
and
1 * wqufh ‘
£a) = 5o [ €70 = u/26lp + u/De M, (20)

These expressions display the symmetric way in which f(g,p) depends on ¢
and p. Integration gives

/f(q,p)dp = Y™ (q)¥(q) = p(9), (21)
/ 7(a,p)da = & (p)é(p) = 7(p), (22)

and
/ flg, p)dgdg = 1. (23)

p(q) is the position-space density, 7(p) the momentum-space density. Similar
integrations, in three dimensions, applied to the expression (15) give the elec-
tron density p(r) and the momentum density 7(p) for the N-electron system

Thus, the Wigner function has the densities in position space and momen-
tum space as proper marginal densities. This suggests that we follow Dirac
and refer to f(g,p) as the density in phase space. There are, however, diffi-
culties with such an interpretation, for although f(g,p) is real-valued it is not
restricted to being positive or zero. The interpretation of f(g, p) as a probabil-
ity density would of course also be inconsistent with the uncertainty principle.
Nevertheless, we may say that f(q,p) is a measure of the way the phase-space
point (g, p) supports the given quantum state. This statement may be made
more precise by noting that we may also write

£(a,p) = —(lTi(a,p) ) = —Trll) (vi(a, ), (24)

where f[(q,p) is an inversion operator with respect to the phase-space point
(g,p) [16, 17, 18, 19]. It has the form

" 1 o
II{q,p) = m//el(q“‘l'p”)/ﬁe—’(q”“’”)/ﬁdudv. (25)
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It is hermitian and unitary, i. e.,

(q,p)' =1(q,p),  I(g,p)* = 1. (26)

Next, let us consider the setup of the correspondence between a quantum-
mechanical operator & and a phase-space function a(g,p). The way in which
Weyl defined this correspondence was to first represent a(g,p) by its Fourier
representation. He then identified the Fourier component of @ with respect
to the operator exp(:(du + pv)/h) with the Fourier component of a(q, p) with
respect to exp(i(qu + pv)/h). The result may be expressed by means of the
inversion operator (25) as

=~—//a(qp (g, p)dgdp. (27)
The inverse relation is

a(g, p) = 2Tr[all(q, p)). (28)

By evaluating the trace with respect to the |g) basis, one gets

alg,p) = / (a+ Slalq — L)/, (29)

This is the basis for the relation (13).

A study of Wey!’s correspondence rule (27) shows that if a(g, p) is a function
of g or p alone, then d is the same function of the operators ¢ and p. In the
more general polynomial case, one obtains the operator & from the function
a(q, p) by the replacement of ¢ and p by ¢ and p, respectively, followed by a
proper symmetrization of products of non-commuting operators. Thus, the
operator associated with the function ¢"p™

~ 1 S n T AT n r s N, i— S
6= 50 (r) ‘ng < )pqp (30)
r=0

These expressions were first set up by McCoy [20]

Having defined the Weyl correspondence, one verifies that the mapping of
operators on phase-space functions preserves the algebraic structure of the
operator space. This means, firstly, that the mapping is linear such that
linear combinations of operators are mapped onto the corresponding linear
combinations of functions. Secondly, it means that if ¢ = dl;, then the function
¢(q, p) must be uniquely determined by the functions a(q, p) and b(q, p). But it
cannot be simply the product of the two functions, for this would imply that
we associate the same functions with the operators &b and b& which cannot be
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correct, because these operators are, in general, different. Instead, ¢(q,p) is a
so-called star product of a(q, p) and b(q,p), and we write

c(q,p) = a(g,p) x b(q,p)- (31)

The multiplication is non-commutative, but it must be associative, so that the
relation

a(be) = (ab)é (32)

is conseved under the mapping.
The explicit form of the star product contained in the mapping may be
written in the following way,

a(q,p) *b(g,p) = eXp[ (6 0 a%%)}a(q,p)b(q,p)- (33)

dq 3]92

The subscript 1 on a differential operator indicates that this operator acts only
on the first function in the product a(q, p)b(q,p). Similarly, the subscript 2 is
used with operators that only act on the second function in the product

The image of the commutator ab — ba is called the Moyal bracket and
denoted {a(q,p),b(q,p)}m. It follows from the above expression that it may
be written,

a 0
falan)baphr = sin |5 (o= i) | ataitan). (39

Let us finally consider the equivalence between the trace operation and inte-
gration over phase space. A comparison of the expressions (19) and (29) shows
that the Wigner function is the Wey! transform of the operator 5x=|¢)(¢|. The
operator | )(1| has trace one, and according to Eq. (23), the Wigner function
is normalized to 1 on phase space. For this to be true, the general relation
must be

Tr(a) = 57—1-,.; / a(g, p)dgdp. (35)

For the trace of an operator product we get,

7r(ab) = 5 [ ala,p) *bla, p)ad, (36)

One finds, however, that the star product under the integral sign may be
replaced by the ordinary product, so that we also have,

1

Tr(ab) = 5=

a(q, p)b(q, p)dqdp (37)
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The reason for this simple result may be seen to be that the inversion operator
11(g,p) in (25), which generates the Weyl transformation, is equal to its own
inverse. This is the second relation in (26). The Weyl-Wigner representation
is said to be self-dual. This point has been further discussed by the author
[21, 22], in an analysis of a wider class of phase-space representations.

By using the relation (37) together with the fact that the Wigner function
is the Weyl transform of the operator 5i=-[4)(2|, we get the following important
result:

(lafp) = Tr{a) (b)) = / o(q,p) (g, p)dadp. (38)

This relation contains the justification for the relation (17). With a(q, p) being
another Wigner function it also shows that

[ e Sala p)dad = Gl i), (39)

where f1(q,p) and fa(q,p) are the Wigner functions corresponding to the two
states |11) and |¢)3), respectively.

5 The Harmonic Oscillator

As a simple example, let us consider the Wigner function for a one-dimensional
harmonic oscillator. For simplicity, we put & = 1 and introduce dimensionless
coordinates and momenta so that the Hamiltonian becomes

H=31p*+ 18 (40)

The eigenstates and their energies are given by the well-known expressions

[ 1 12
Un(q) = WHn(q)e £ E,=n+ %, n=20,1,2,... (41)

where H,(q) is the nth Hermite polynomial [23].

The Wigner function for the harmonic oscillator was first determined by
Groenewold [13], and independently by Bartlett and Moyal [24], and Tak-
abayasi [25], as well as later authors. Two independent derivations have also
been given by the present author [18, 26]. We have,

1
falg,p) = (—;)—E‘R LO(2RY),  R*=g+p, (42)
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nf (R)

Figure 1: Wigner functions for the four lowest states of
the harmonic oscillator

where L%O)(ZRZ) is a Laguerre polynomial [23],

- (m+n)!

According to the expression (24), f(q,p) equals 1/7h times the expectation
value of an operator that inverts in the phase-space point (g,p). The states
of the harmonic oscillator are alternately even and odd under inversion in the
origin. In accordance with this, we see that

R0,0 =S ga), (44)

™

The expectation value of an inversion operator can never be numerically larger
than 1. Hence we have, for any Wigner function, that

[f(g,p)| < 1/mh. (45)

The Wigner function for the lowest four states of the harmonic oscillator
are shown in Figure 1.
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6 The Free-Electron Gas

Let us now return to the three-dimensional case and the relations of Section
3. We begin by looking at a hypothetical situation where the sum in Eq. (7)
extends to infinity, and nj = 2 for all k. This corresponds to a completely
filled ‘sea’ of electrons, the number 2 referring to the two spin states. The
general completeness relation

D lerder =1 (46)

gives then that p = 2, and the Wigner function (15) becomes

2

f("‘,P)Z (2_71_557 (47)

where we have used that
(|7 = 8(r" — r"). (48)

This corresponds to two electrons per volume (275)* of phase space. It is the
value that one associates with ‘saturation’ of phase space. For a single electron,
the generalization of the relation (45) leads to the general requirement that
F(r,p)| < 1/(mh).

Next, let us consider a Wigner function corresponding to saturation for all
values of r, and for values of p for which |k| < K, where we have put p = hk.
For larger values of A, the Wigner function is taken to be zero. We want to
determine the density matrix corresponding to this distribution of electrons
which is referred to as a free-electron gas.

To this end, we note that the expression (15) for f(r,p) may be inverted
to give

p(r,7') = /f (%(1‘ + r’),p) e? (=) hgp, (49)

Let us define the relative position vector s = #—»’ and then introduce spherical
polar coordinates (k,8,¢) for the vector k relative to the direction of s. We
get then,

9 27 T K
n_ . 3 2kscosf71,2
p(r, ') = _——(27rﬁ)3/0 d¢/0 sin 8d6 h / e k*dk (50)

0]

which is readily evaluated to give

K3 sin(Ks) — Kscos(Ks)
N —
plr7) = w2 (Ks)3

, s=r—r. (51)



Density Matrnices and Phase-Space Functions 13

6 —

Figure 2: Thomas-Fermi boundary curve for the helium
atom. Atomic units.

This is a well-known result in the theory of the free-electron gas, but it 1s
usually derived with a Slater determinant of plane waves as a starting point
(See, for instance, [27]). The present derivation is a simple alternative.

By allowing the value of K to depend upon r, we make a valuable contact
to Thomas-Fermi theory [28, 29]. For an atom, we assume that A merely
depends upon the magnitude of . The expression (50) is then still valid,
but as the expression for the Wigner function shows, we must interpret K as
K(%(r +7")). With this modification. the expression(51) also remains valid

The problem in atomic Thomas-Fermi theory is to determine the boundary
curve I = K(r). This is done by variational methods, and results in the
following expression, in atomic units,

K(r) = \/?d)(r/,u), p=0.885341271/3, (52)

It is valid for all neutral atoms. ¢(r/u) is a universal function. An approximate
analytical expression has ben given by Latter [30].

Figure 2 shows the function A = K(r), with the helium atom (Z = 2) as
an example.
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7 Atoms in Phase Space

The Wigner function f(7,p) for a real atom depends on three position variables
and three momentum variables. For a closed-shell atom it is independent of
the three Euler angles that describe the orientation of the (7, p) plane. Hence,
it may be reduced to a function of (r, p,u), where r and p are the magnitudes
of r and p, respectively, and u is the angle between = and p. Integrating over
the Euler angles and multiplying by r?p?, from the volume element, gives the
function

F(r,p, u) = 8r%r’p® f (v, ). (53)

We have made a very detailed study of this function for the ground state
of the hydrogen atom [31]. It is found to be large and non-negative in a
dominant region where r and p are perpendicular to each other. Outside this
region 1t is characterized by an oscillatory behavior, although the amplitudes
of the oscillations are fairly small. Integrating F'(r, p,u) over u leads to a
function that we denote F'(r,p). Figure 3 is a contour map of this function
for the hydrogen atom. It has a large positive region and regular, albeit weak,
damped oscillations when the product of r and p is large. Similar contour
maps have been worked out for the ground state of a hydrogen atom in higher
dimensions [32].

We have performed a related analysis for a number of closed-shell Hartree-
Fock atoms [33] and presented contour maps similar to that of Figure 3, both
for the various shell contributions and for the total electron distribution We
have also related the form of the total distribution to the shape of the Thomas-
Fermi curve. A comparison between Figure 2 and Figure 3 already indicates
the satisfactory, albeit very qualitative, correlation that exists between the
quantitative phase-space description and the very approximate Thomas-Fermi
description. For further analysis of many-electron results, we refer to [33].

The expression (17) for the expectation value of a many-electron operator
A of the type (11) is a natural starting pownt for the definition of a local
position-space density for a given electronic state. Thus, we may define the
local-density function

alr) = [ atr,p)f(r,p)dp, (54)
from which the expectation value of A ermerges as

(A) = / a(r)dr. (55)
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Figure 3: Contour curves for the Wigner function
Fis(r,p) for the hydrogen atom. The contour values
are the following: positive (solid curves), 0.5, 0.2, 0.1,
0.05, 0.015; dashed, 0 0; negative (dotted) -0.01. Atomic
units.

Local densities have played a large role in the development that has led to
modern density-functional theory, and although (54) is only one out of several
possible definitions of a local density, it turns out to have a number of qualita-
tively superior features. This has been demonstrated for local kinetic-energy
densities and local exchange-energy densities in [34, 35, 36].

8 Conclusions

We have presented a brief review of the Weyl-Wigner phase-space representa-
tion of quantum mechanics, with emphasis upon its relation to the theory and
applications of the one-particle density matrix. We have stressed the funda-
mental importance of the generalized inversion operator (25) as the generator
of the Weyl transformation. It is the fact that this generator is its own in-
verse, that has caused the Weyl-Wigner representation to become the canonical
phase-space representation. A number of additional phase-space distributions
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satisfying the marginal conditions (21) and (22) may be introduced [37], and
they are sometimes used, but they are not self dual and must be used in pairs.
Phase-space distributions that do not satisfy the marginal conditions are also
used. Thus, the Husimi distribution mentioned in Section 2 is quite popu-
lar. It is everywhere non-negative and corresponds to convoluting the Wigner
function with the Wigner function for a minimum-uncertainty state. For its
use in analyzing electronic densities, see for instance [38, 39].

As a point of some historical significance, we have discussed Dirac’s early
introduction of quantum-mechanical phase-space functions. We have empha-
sized that his work on Thomas-Fermi theory may be considered a precursor of
modern phase-space theory.

The examples that we have discussed in our communication have been tied
to the harmonic oscillator, the free-electron gas, Thomas-Fermi theory, atomic
Hartree-Fock theory, and density-functional theory. For the latter, we have
discussed the introduction of local-density functions for operators of the type
(11).

In closing, we emphasize that the Weyl-Wigner representation of quantum
mechanics also has a natural role to play in several other branches of physics.
We mention, in particular, spectroscopy, quantum optics and the discussion of
the classical limit of quantum mechanics.
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Abstract

Ab initio Hartree-Fock (HF) band structures and crystal orbitals
were calculated for polyethylene, for polytetrafluoroethylene, for poly-
paraphenylene and for the nucleotide base stacks. The HF results were
corrected for correlation using the inverse Dyson equation in its diagonal
approximation. The self energy was computed in the Moeller Plesset
2 (MP2) level taking into account also relaxation. The quasi particle
energies, giving the correlation corrected band structures were iterated
until selfconsistency.The band structures of the same periodic polymers
were also computed using the density functional theory (DFT) in the
form applied in Mintmire’s program for periodic polymers.The result-
ing physically most interesting features (widths and positions of the
valence-and conduction bands, respectively, ionization, potentials and
electron aflinities, the value of the [undamental gap) of the resulting
band structures using the mentioned three different methods will be
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compared. Whenever experimental data are available they will be used
for Comparison, © 2001 by Academic Press
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1 Introduction

As it is well known, 1D, 3D and 3D polymers have a continuously increas-
ing importance in material science as structural elements (plastics) and as
biopolymers (DNA, RNA, proteins, polysacharides etc.) they play a key role
in life processes. Recently they have become important in non-linear optics,
in the construction of protheses, new kind more effective batteries with larger
stronger capacities (which is very important in the development of electric
cars) and as light emitting diodes. Further already polymer based lasers exist
and it seems so that further miniaturization of chips will be possible only if
one turns to polymers. This latter fact will make in the near future polymers
very important in computer technology, too.

Therefore, the band structure of periodic polymers it is important to un-
derstand the different physical and chemical properties of these systems. To
obtain a good quality band structure (with a fundamental gap not too far
from the experimental value) one has to perform either a Hartree-Fock (HF)
[1] crystal orbital (CO) calculation with a good quality basis set and correct
this band structure for correlation using the electronic polaron model [3] in its
ab matio form (for details see next section). The correlation corrected so-called
quasi particle band structures can be used then for the calculation of ionization
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potentials, of exciton spectra applying the intermediate exciton model, for the
determination of transport, mechanical, nonlinear optical etc. properties of
the corresponding polymers.

On the other hand, the computation of the quasi particle band structure
of a periodic polymer with a larger unit cell is very CPU time consuming.
Therefore, at least for their ground state properties density functional theory
(DFT) methods have been tried also One hopes that in the next few years
DFT methods which treat successfully the excited states and virtual bands of
periodic polymers will exist also.

The purpose of this paper is to compare HF+ correlation corrected band
structures with those computed with the help of the DFT method in the form
which is used in Mintmire’s polymer program [3]. Comparative calculations
were performed for polyethylene, for tetrafluoroethylene (teflon), for polypara-
phenylene and for the nuelcotide base stacks.

In section 2, we shall summarize the methods used and in section 3 the
results obtained for the above mentioned polymers will be compared. A short
section of conclusion will be at the end of the paper.

2 Methods

The Hartree-Fock crystal orbital (CO) method is described in numerous places
in detail, therefore here we only call the attention to the references given as [1].
It should be mentioned that the method is formulated in the 1D case not only
for simple translation, but also for general periodic symmetry operations (like
translation and rotation) [4]. In references [1] and in a recent review paper [5)
the problem of balanced and accurate enough cut off of the different types of
integrals occurring in the expressions are also discussed. One should mention
that the method is formulated and coded for 3D crystals [6].

To correct the band structure for correlation one can start from the Dyson
equation in its matrix form

G = Go + GoZG (1)
1

Go= o onr @)

G= __1__ (3)

w—elF — 3
Here Gg and G are the unperturbed, or perturbed Green’s matrices, respec-
tively, and the diagonal w and €™F matrices contain as elements the quasi
particle energies wy (the combined index I stands for the band index 2 and a
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k-value k,) and HF energies /7 respectively. Finally the non-diagonal matrix
3 is the self-energy matrix.

It was shown that in the cases of excitation and ionization energies of
molecules if one neglects the off-diagonal elements of 3 (using the CI method or
many body perturbation theory (MBPT), the error is very small [7]. Therefore,
one can expect that there is a similar situation also in the case of the band
structures of polymers.

Multiplying equ. (1) from the left by Gg ' and from the right by G ~* one
obtains the inverse Dyson equation (8]

Gol=G'+XZ (4)
and in the diagonal approximation

(G‘;l)l,f - (G —1)1,1 + (2)1:1 (5)

Since (G ), ; at a pole is 0 (w; —eff =B, = O)one obtains finally for the
quasi particle energies the equation

wr ="+ [Z(wr)l; (6)

(X is generally a function of the wys)
For [ (wr)];; one can apply in the case of polymers any size extensive
method if one wishes to apply equ.(4) for the correlation correction of the
band structure. This can be in the simplest case MBPT in its Moeller-Plesset
(MP) form [9]. In actual polymer calculations (with very few exceptions) the
MP method was applied in its second order (MP2; the MP1 energy is already
contained in the HF total energy). In this case
E(@)l,; = [Z)™]

LI

|y Vassn @Visas = Vispa)

H F
n—0 Jeoce WI +E&; r— ‘Sﬁ[ - EgF +
A,Beunoce,
* *
+ Viiap (ZVIJAB — VIJBA) (7)
HF HF HF
Jeunoce WI +ejt —ext —Ep — W
A,Beoce.

as can be shown [10] on the basis of the electronic polaron model [3] if one
takes into accountalso relaxation [11]. In equ. (5) the matrix elements Vi ap
are defined as

Vijap = <¢1 (r1) ¢s (r2)

| 0 (c1) 8 (12)) ®
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where in the 1D case ¢;(ry) etc. are HF crystal orbitals which are linear
combinations of Bloch orbitals,

¢I (1‘1) \/—_—Itz ’Lkztzczs k)Xs (9)

8=

Here 2N + 1 is the number of unit cells, m the number of Gaussians in the
unit cell, a the elementary translation, the ¢, , the LCAO coeflicients and x!
stands for the s-th basis function in the cell characterized by t.a.

The non-linear system of equations (4) - (5) can be solved with a vectorized
program quite quickly in a few iteration steps [13]. This is, however, true only
in the case of insulators or semiconductors with a non-negligible gap. In this
case among the different solutions of (4) there is always a main value with a

pole strength
-1

[8]. Not this is the case, however, for metals with partially filled bands, where
there are many P values of the order 0.1 - 0.3. In this case one has to write
into equ. (5) instead of wr, efF" and determine in this way (without) iterations)
the wy values from equ. (4)

PI=

One should mention that if in the course of the calculation of [2 (wI)I,I]
poles occurs one has to apply the principal value theorem and takes for wj-s
the real part of the result.

One should try of course to use instead of MBPT some other methods, like
the coupled cluster approach (which was introduced to shell-physics using a di-
agrammatic technique first by Cizek [13]). We have programmed this method
in the T2 + %TzTQ (Tg contains all double excitations) approximation and have
performed a band structure calculation for alternating trans polyacetylene. In
this way we have obtained 110% of the MP2 total energy per unit cell and the
decreased in a small amount as compared to the quasi particle gap obtained
with the MP2 method. On the other hand the calculation required very large
CPU times even for this system with small unit cell and with optimally local-
ized Wannier functions [14] (in the quasi particle band structure calculations it
is advantageous to perform the four index transformations from AQO-s to CO-s
for non-metallic systems in two steps. First the AO-s are transformed to Wan-
nier functions and afterwards from the Wannier functions CO-s are computed
13]).

Turning now to the density functional method applied in Mitmire’s program
[3] written for 1D periodic polymers with a general symmetry operation. The
program uses the LDA approximation with a separate exchange and correlation
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functional. For the exchange functional [16], [17] either the Gaspar-Kohn-Sham
(GKS) [16] or the Kohn-Sham [17] functionals were used. For the correlation
functional the Perdew-Zunger (PD) analytic fit [18] to the numerical electron
gas correlation results of Ceperley, and Alder [19] was applied. These exchange
and correlation functionals as well the change density were expressed as linear
combinations of auxiliary Gaussian basis sets [3]. Both these basis functions
as well the nuclear cantered Gaussians used for the CO-s were optimized for
LDA calculations by, Godbout et al. [30]. Their results can be easily expressed
in Huzinaga’s notation [31] (see [3]). The program automatically cuts off the
different types of integrals by given cut off radii [3]. The rest of the Coulomb
integrals after the cut off is calculated by a multipole expansion [32].

3 Results and their Discussion

3.1 Polyethylene and polyetrafluoroethylene

There is an HF + MP2 calculation for polyethylene (PE) [23]. A 6-31 G**-
and Clementi’s double ( basis [24] was applied and a geometry optimization
was performed both at the HF and MP2 level. In the first PE calculation no
relaxation was applied for the self energy and no iterations were performed.
This is equivalent to Suhai’s original formalism [10] which takes the differences
of the N (ground state), N+1 (one additional electron in the conduction band)
and N-1 systems (one hole in the valence band) and calculates the total energy
differences with the help of the pair correlation functions [10]. In the second
case the inverse Dyson equation with the self energy (7) was solved iteratively
[32].

The gap value obtained in the first case was 10.3 eV, while in the second
case it is 11.6 eV {35] (due to the poorer basis). In this case the lower edge of
the conduction band lies at 3.4 ¢V while €, may(QF) is at -8.3 eV. The latter
value agrees quite well with the experimental ionization potentials (7.6 - 8.8
eV) [36]. From the large gap, high lying €y mm(QPF) and low lying £y max(QF)
it is clear that there is no hope of doping PE and making it in this way
better conducting though the widths of the valence and conduction bands,
respectively, is quite large (6.5 and 5.1 eV, respectively). The gap values (10.3
and 11.6 eV, respectively) in both calculations are substantially larger than
the estimated experimental value of 8.8 eV [36]. Most probably if one would
use much more many neighbors’s interactions (in the second calculation the
number of neighbors explicitly taken into account was five), use a high level
basis set and would use for the Coulomb integrals for the part remaining after
the cut off the multipole expansion [32], one would get down the theoretical
gap close to the experimental one. One should mention that no total energy
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per. unit cell calculation was performed for PE at the correlation corrected
level.

For PE also a density functional calculation was performed [27] using both
the GKS [16] and KS [17] exchange potentials and the form of the LDA method
described above. The geometry was minimized for different dihedral angles.
The minimum of the total energy per unit cell was found in the planar zig-zag
conformation in good agreement with experiment. A second with about 0.4
kcal /mol higher lying minimum was found at a dihedral angle of 55-60° and a
rotational barrier of 3.6 - 3.7 kcal/mol of 130°. This latter result agrees also
well with the values obtained by ab initio HF calculations [28] of PE.

Band structure calculations of PE resulted in a gap of 8.0 eV which is quite
close to the above mentioned experimental value of 8.8 eV [36]. This result is
somewhat surprising because LPA calculations usually provide gaps in the case
of semiconductors by 3 to 5 smaller than the experimental ones. On the other
hand the one-electron energies lie by 3 -5 €V higher than the experimental
values. Thus the ionization potential is 7.6 - 9.8 eV [39], while our KS result
lies at -6.4 eV. It is also unusual that the two highest filled valence bands are
crossing - and 7- bands, while the cnduction band is a ¢ band.

The HF+-MP2 band structure of polytetrafluororethylene (teflon, PTFE)
with the same basis set and after geometry optimization is similar to that
of PE [25]. Due to the four negative F-atoms, the whole band structure is,
however, strongly shifted downwards. In this way the lower limit of the con-
duction band, ecmm (QP) = -5.5 eV. Therefore one can expect that with the
help of appropriate electron donor- doping electrons could be injected into
the conduction band which would increase the conductivity of this very good
insulator.

The density functional calculation [30] of teflon has given a minimum at the
dihedral angle of 164° (slightly deformed planar zig-zag conformation). Two
other local minima have been found for the helical conformations in the gauche
form at the dihedral angles of 60° and angles of 60° and 90°, respectively. The
position of the absolute minimum is in good agreement with the result of X—
ray investigation of the PTFE crystal below 393 K [31].

The LDT band structure of PTFE shows nine valence bands which are
separated into two groups. The two bands of the lower group are formed mainly
by the symmetric combination of the 3s orbitals of F, while the seven bands
of the higher lying group of valence bands are due to the 3p orbitals of F and
sp® hydrid orbitals of C. The band gap is 5.5 and 5.8 eV, respectively, for the
GKS and KS = PZ exchange functionals, respectively. They are substantially
smaller, than the -10.3 eV and 11.6 eV values, respectively, obtained for PE
and the experimental value of 8.8 eV of PE.
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3.2 Polyparaphenylene

A HF + MP2 calculation has been performed for polyparaphenylene (PPP)
[33] with Clementi’s double ¢ [24] supplemented by polarization functions with
second neighbors’ interactions and 7 k points in the MP level. The geometry
used was taken from the middle part of a terphenyl molecule which was de-
termined by X-ray diffraction [32] (for details see [32]), the torsion angles of
subsequent rings of 33.7° come also from X-ray measurements [34].

For the ionization potential (using Koopman’s theorem for the QP band
structure) 4+7.10 eV and for the electron affinity -3.31 eV was obtained. Their
difference gives a gap of 4.79 eV (in the DZ case it is 5.51 eV). The ionization
potential estimated from experiment is 5.6 - 5.7 €V [35] (by 1.4 eV larger than
our value). The experimental u.v. spectrum of PPP gives a spectroscopic
value of 3.7 eV [36]. It should be emphasized, however, that the gap value
determined on the basis of the u.v. visible spectra is usually smaller than the
real gap because of the occurrence of exciton bands. Further the still not good
enough basis, the limited number of neighbors without the treatment of long
range Coulomb interactions and by stopping the MP expansion at the second
order certainly contributes also to this discrepancy.

For PPP also an LDA calculation was performed [37] again in the way as
described in point 3. The minimum of the total energy per unit cell has been
obtained at the torsional angle of 34.8° (exp. value 33.7 ° [34]. The internal
coordinates were optimized also and they are in good agreement with recent
X-ray results on PPP crystals [38].

The band structure at 34.8° torsion angle is similar to the one obtained in
a planar conformation [37]. The value of the direct gap (which is the smallest
one) at this torsional angle is 3.54 eV, while the experimental value provided
by optical measurements is in the solid phase 3.8 eV [39] and 3.4 eV in the
gas phase [35]. Since we have performed the calculation for a single chain the
smaller gas phase value should be used for comparison. As mentioned before
the optical gap is usually smaller than the solid state physical gap, because
of the presence of exciton bands. Therefore, our theoretical gap value is by
1.5 - 3.0 eV smaller, than the gap which can be postulated on the basis of
experiments. This is not surprising, because (as mentioned also before) the
LDA gives usually too small gaps and band dispersions.

The valence and conduction band widths obtained at the torsion angle of
34.8° are 3.58 and 3.86 €V, respectively. These values are also considerably
smaller than the HF + MP2 values (calculated at 33.7° torsional angle) of 4.13
-and 5.33 eV, respectively [32]. The gas phase UPS valence band width [40] is
on the other hand only 3.9 €V [40] in rather good agreement with our 3.6 eV
result. Finally the theoretical ionization potential is 4.93 eV, while the HF +
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MP2 calculation resulted in 7.10eV [32]. The experimental UPS [41] and XPS
[41] results are 5.65 and 6.50 eV [41], respectively. If one takes the UPS result,
which refers to the gas phase, the agreement between experiment and LDA
results is quite good. For the electron affinity this calculation has provided a
value of -1.4 eV, while the HF + MP2 result is -3.2 eV [32]. (No experimental
value is available).

The results obtained for PPP show again the general trend: for ground
state properties the LDA approach works quite well, but this is not the case
for the virtual bands and therefore for the fundamental gap.

3.3 The Nucleotide Base Stacks

The stacks of the four nucleotide bases cytosine (C), adenine (A), thymine
(T) and guanine (G) were calculated in the HF and HF + MP2 level (in the
latter cases using the Dyson equation in its diagonal approximation) [43]. The
basis set was Clementi’s double one [24], but in the case of C also better basis
sets were applied. For the geometries of the stacks those of DNA B were used
[44] (3.36 stacking distance, 36° rotation around the main axis). The calcula-
tions were executed in the second neighbor’s interactions approximation. One
should mention here that though the sugar- phosphate chains in DNA were
neglected, the band structures of the nucleotide base stacks provide a rather
good approximation of that of DNA, because according to previous HF calcu-
lations [45], [46] the band structure of a homopolynucleotide is equivalent in a
rather good approximation to the superposition of the band structures of the
base stacks and that of the sugar-phosphate chain. There are K* counterions
around DNA and the phosphate groups are negatively charged, the deoxyribose
molecules have positive charges and the bases again negative ones. Therefore
these alternating charges mostly screen out each others effect [47]. Further
an early HF calculation has shown that if a C stack is surrounded by water
clusters in a way as in DNA B, the effect of the water environment has little
influence on the band structure of the C stack [48]. Taking into account all
these facts one can say that the band structures of the free nuclectide base
stacks correspond in a good approximation to those of the stacks in DNA B

Table 1 shows the quasti particle band structures obtained for the four stacks
calculated in the above described way.
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Table 1
The Quasi Particle Band Structure of the Four Nucleotide Base Stacks'
C A T G
Conduction band max. 1.92 243 1.42 2.98
min. 1.62 2.24 1.13 1.89
width 0.30 0.19 0.29 1.09
Valence band max. -7.04 -7.26 -7.96 -6.58
min. -7.20 -7.34 -8.55 -7.10
width 0.16 0.08 0.59 0.52
Gapt 8.66 9.50 9.09 8.47
(11.55) (11.84) (11.79) (10.41)
Tin eV-s

YHF gap values are given in parenthesis

From the Table one can see that the QP gaps are 3 - 3 eV-s smaller than the
HF ones, but they are still too large (the experimental values can be estimated
on the basis of the exciton spectra of the stacks to be 5.0 - 6.0 eV [49]).To test
the quality of the calculations we have investigated (1) the dependence of the
band structure of the number of neighbors explicitly taken into account, (2)
the dependence on the number of k-points used and last but not least (3) the
dependence of the results on the quality of the basis set. These tests we have
performed in the case of the simplest C stack.

The investigations have shown (1) that the QP band structures hardly
change going from the second to the third neighbor’s interactions [43]. This
obviously is due to the rather large stacking distance of 3.36 . (The third
neighbor is already 10.1 away from the first molecule). (3) The number of
k-points taken into account also practically does not change the band structure
if one goes from 7 k points to 9 [43).

We have supplemented the double { basis of the C stack by a set of d func-
tions on each non-H atom. This had a small effect on the QP band structure,
(for instance the gap changed from 8.66 to 8.17 €V), but the overall effect was
not significant.

On the other hand if we introduced 3 sets of p- functions on the positions
of the non-H atoms of a "phantom” molecule (a C molecule placed ad mid
stacking distance of 1.68 and 18° rotation without nuclear charges and elec-
trons) the effect in the HF case was not very large, but the QP band structure
changed strongly [43], [60]. The QP valence band was shifted upwards by ~0.5
eV as compared to the double { QP calculation and the QP conduction band
comes down by ~1.5 eV. This resulted in a gap of 6.60 eV instead of 8.66 eV
[43], [50]. This value is already not far from the estimated theoretical value of
5.5 eV. One can take the ratio of the double { QP gap of 8.66 in the case of

the C stack and the phantom molecule gap of 6.60 eV, %% = (.76 to scale the



Correlation Corrected Hartree-Fock and Density Functionat Computations 29

gap values of the other base stacks. One obtains in this way for A 7.33 eV, for
T 6.91 eV and for G 6.44 €V. These approximate values are not far from the
estimated experimental gap values of 5 - 6 V.

One should point out that by stopping the MP perturbation series at the
second order and still not having a very good basis set one cannot expect a
better agreement between experiment and theory.

From the double { HF band structures one can have an approximate ion-
ization potential if one uses Koopman’s theorem [51]. The agreement witli
the experimental values [52]-[56] is surprisingly good. (C: 8.7 €V (theor.), 8.9
eV (exp.); A: 8.4 eV (theor.), 8.4 eV (exp.); T: 9.3 eV (theor.), 9.1 eV (exp.)
and G: 7.7 eV (theor.), 8.3 ¢V (exp.) On the other hand the QP ionization
potentials (taking the upper edge at the valence band) are systematically by
1 - 3 eV smaller than the experimental ones. This can be understood, if we
take into account that for the QP band structures in the MP2 approximation
there is no proof for the validity of Koopman’s like theorem (as in the HF case
there is one). To obtain the right ionization potentials one had to calculate
the difference of the exact total energies of the N and N-1 systems which is of
course not the case in our calculations.

For the nucleotide base stacks + for a stack of uracil (U) molecules in
the same conformation also LDA calculations have been performed [57] in the
same way as described before. In the calculations the helix operation, which
is included in Mintmire’s code, has been used to be able to take only one base
as unit cell. Total energy per unit cell calculations have been performed either
changing the stacking distance d keeping the rotation angle constant at 36° or
reversely by d 3.36 the rotation angle was changed.

In the first series of computations for the A, C and U stack we have found
the minimum at d 3.36 in agreement with experiment, but both in the cases
of the T and G stacks, respectively, the minimum was at d = 3.30 .

In the second series of calculations keeping d constant at 3.36 we have
found in the case of the A stack the deepest minimum at 330° and a second
one lying only by 0.03 eV higher at 30°. Since a screw angle of 330° in a right
handed helix is equivalent to 30° in a left handed one, the small difference
of the energy of the two minima (most probably due to the accumulation of
numerical errors) shows an energetic equivalence of the right- and left handed
periodic helices. The case of the T stack is similar with energetically equivalent
minima at 36° and 330°. The G stack has also two equivalent minima at 36°
and 370°, but the absolute minimum lies by 0.05 eV deeper at 180°. Finally
the U stack has a deeper minimum at 30° and two shallower ones at 60° and
300°, respectively.

Turning to the band structures one can see [57] that 1) the upper edges
of the valence bands lie between -3.7 and -4.6 €V, 2) the lower edges of the
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conduction bands one can find between -0.03 and -1.3 €V, 3) the band widths
of both bands are small (values between 0.6 and 0.03 eV). The valence bands
lie essentially higher and the conduction bands lower, than in the cases of the
QP (HF + MP3) band structures [43]. Therefore the fundamental gaps are
substantially smaller (between 3.1 and 3.3 €V), than the QP ones (between
6.4 - 7.3 eV in the scaled cases [43]). The LDA gaps found for the base
stacks are certainly by 3 - 3 €V smaller than the ones estimated on the basis
of the experimental spectra. To improve the LDA results one could try to
supplement the basis set also in this case with functions centered on the nuclei
of a ”phantom” molecule as was done previously in the HF + MP2 case [43].
Further one could try to use a more sophisticated form of the DFT theory
developed for the treatment of excited states of atoms and molecules [58]. Tt
is, however, unclear, whether this would work also in the case of the band
structures of polymers,

4 Conclusion

If one compares the HF + MP?2 results witli those obtained with the help of
the DFT in the form as applied in Mintmire’s program the following general
features occur: 1) The DFT theory gives definitely better results for ground
state properties (conformations, positions and widths of the filled bands etc.)
than the HF ones. In some cases they are even better than the HF + MP2
QP band structure results. 3) On the other hand the fundamental gap (which
is in most cases too small) and the positions and widths of the unfilled bands
(at least in the used form of the DFT theory) are generally in worse agreement
with experiment than those obtained from QP band structures. 3) One hopes
that both methods will give - after some improvements - more satisfactory
results also for the unfilled part of the band structures of polymers.
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1 Introduction

The density functional theory (1) was first generalized for excited states by
Theophilou (2) and later by Gross, Oliveira and Kohn (3). Several calcula-
tions were done with this method (4). Gérling (5) also presented a density
fuctional formalism for excited states based on density functional perturba-
tion theory (6). Alternatively, time-dependent density functional theory (7,8)
is also used to obtain excitation energies. The work formalism proposed by
Sahni and coworkers (9) is applied in excited-state density functional calcu-
lations (10), too. Gorling (11) also presented a generalized density fuctional
formalism based on generalized adiabatic connection. The local scaling the-
ory of Kryachko and Ludena (12) was also generalized for excited states.

There exists a non-variational theory (13) for a single excited state. It is
based on Kato’s theorem (14,15) and the concept of adiabatic connection and
is valid for Coulomb external potential (i.e. free atoms, molecules and solids).
A variational density functional theory was also obtained for an individual
excited state (16).

In this contribution a method constructing the effective potential of a
single excited state along the adiabatic path is presented.

2 Theory for a single excited state

According to the Hohenberg-Kohn theorem of the density functional theory
the ground state electron density determines in principle all molecular prop-
erties. Bright Wilson (17) argued that for a Coulomb system it can be very
easily seen: Kato’s theorem (14,15) states that

1 9n(r)
2n(r) Or

) (1)

r=Rg

where the partial derivatives are taken at the nuclei 8. So the cusps of the
density tell us where the nuclei are (Rg) and what the atomic numbers Zg
are. Moreover, the integral of the density gives us the number of electrons:

N = /n(r)dr. (2)
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Thus from the density the Hamiltonian can be readily obtained from which
every property of the system can be determined. One has to emphasize, how-
ever, that this argument holds only for Coulomb systems, while the density
functional theory is valid for any external potential.

Kato’s theorem is valid not only for the ground state but also for the
excited states. Consequently, if the density n, of the 1-th excited state is
known, the Hamiltonian H is also in principle known and its eigenvalue
problem

HU, =EY, (k=0,1,..,17,..) (3)

can be solved, where

H=T+V+V, (4)
N 1 )
=329, )
1=1
R N-1 % 1
Vee = ’ (6)
k=1 7=1+1 e — 1y
and
A N M
V=>Y -Z;/Ire - Ry|, (7)

k=1J=1

are the kinetic energy, the electron-electron energy and the electron-nucleon
operators, respectively.

We mention by passing that there are certain special cases, where Eq. (1)
do not provide the atomic number. The simplest example is the 2p orbital
of the hydrogen atom. In this case the spherical average of the derivative of
the wave function is zero and the value of the wave function is also zero at
the nucleus. It means, that though Kato’s theorem (1) is valid in this case,
too, it does not give us the desired information, that is the atomic number.
Similar cases occur in those highly excited atoms, ions or molecules, for
which the spherical average of the derivative of the wave function is zero
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at a nucleus, that is where we have no s-electrons. Pack and Brown (18)
derived cusp relations for the wave functions of these systems, while a recent
study (19) focused on the appropriate nuclear cusp conditions on the density
corresponding to the excited states, particularly the non s-states. It was
found that the atomic number can be easily obtained from higher-order cusp
relations.

Using the concept (10,21) of adiabatic connection Kohn-Sham-like equa-
tions can be derived. It is supposed that the density is the same for both
the interacting and non-interacting systems, and there exists a continuous
path between them. A coupling constant path is defined by the Schrédinger
equation

AW = Bpuye ®)
where
H =T +aV,.+ V2. (9)

The subscript 2 denotes that the density of the given excited state is supposed
to be the same for any value of the coupling constant c. @ = 1 corresponds
to the fully interacting case, while oz = 0 gives the non-interacting system:

A0t = Eogt (10)

For a = 1 the Hamiltonian fIZ" is independent of 7. For any other values of
« the ’adiabatic’ Hamiltonian depends on 4, we have different Hamiltonian
for different excited states. Thus the non-interacting Hamiltonian (o = 0)
is different for different excited states. The potential V,* is given by the
condition that the density of the given excited state is fixed. In this paper a
method to determine V,* self-consistently is proposed.

3 Pauli potential for an excited state

It has been shown (22) that the ground-state electron density ng satisfies the
differential equation

5V +o(e) + w(r)| o) = pndl*(e) (11)
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where v(r) is the external potential and w(r) is a local effective potential. u
is the chemical potential (23) (equal to the negative of the ionization energy
(24)). Eq. (11) can also be written as

1
—5 V2 + 0+ vks| 1y (r) = enrng (x) (12)

where vk is the Kohn-Sham potential, while v, is the so-called Pauli poten-
tial. It has been proved (23,25) that the highest occupied orbital energy of
the ground-state density functional theory is

EM =L (13)

Similar equations can be derived in the excited-state theory. In the fol-
lowing section the conterpart of Eq. (11)

[—%Vz +o(r) + w,(r)} n'?(r) = pn(r) (14)

is derived for the excited state 1. The one-electron equations of the non-
interacting system have the form

1
(-39 +020)] 6 = 365, (15)
The density n, of the excited state is
M
1=1

where the occupation numbers A} can be 0 or 1. M corresponds to the highest
occupied orbital. Writing ¢}, as

1/2
b = X! (17)
and substituting it into Eq. (15) one arrives at

1
—5 V2t + vf] n/2(r) = éyn/*(r) (18)
where the Pauli potential of the excited state ¢ has the form
1 vV Vnl/?
L= VP, - M 19
T T M T T, (19)

?

A comparison of Eqgs. (15) and (18) leads to

w,zv;,-kvf—v (20)
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4 Construction of the potential V,*

Now, the method of Levy, Perdew and Sahni (22) is generalized for excited
states. Let us write the Hamiltonian H? in Eq. (9) in the form

3

where

B2y =Ty + V2 (rn) (22)

Z

and
N-1

(T, +V2(xy)) + %a (23)

J=1
Eqgs. (21)-(23) specify a partition of the Hamiltonian in which H® Yy is the

Hamiltonian acting only on the electron N. The wave function ¥}* has a
subscipt k£ denoting that it is the kth eigenfunction of the Hamiltonian Hy.

(We consider the ¢th excited state of the Hamiltonian H of the real system
with the density n,. The corresponding eigenstate of the Hamiltonian H;y

is the kth. k can be different from i.) The wave function ¥;® can be written
as

Ty = N7V o) 0 (24)

where ®3", . is an antisymmetric wave function defined by this equation.
From the definition (24) and Eq. (2) follows that

(PR | PN ) = 1. (25)

Subtract Ep%_,Uy* from both sides of Eq. (8), multiply by @3, and
integrate:

(N1 kB~ B 1 [WE%) = i QN1 41 TR7) - (26)

As Ep%_, is the total energy of that IV —1 electron system (the one obtained
after removing the HOMO electron from the N-electron excited state)

= B~ B (27)



Effective Potential of a Single Excited State Along the Adiabatic Path M4

It is well-known that p, is determined by the long-range asymptotic decay
of the electron density (26,22,27,28). p, is the same for any value of «, as

the density is kept fixed along the adiabatic path. After simple manipulation
Egs. (24) - (27) lead to

1
-39 02 (0) + we@)| nl/* () = pnl(r) (28)
where
w)(ry) = (%"_1,k|ffff‘zv 1= BN O ) +

l(-)N—l,lc (I‘, rN)

1
= [1Vn @82, Pday...doy-
5 [ IV, oo doy-1doy + —

dr . (29)

z denotes both the space and spin coordinates, while ¢ denotes a spin coor-
dinate.

O x(r,TN) /I " klfdrs. dey_dodoy (30)

If a =1 Eq. (28) gives Eq. (14), while & = 0 corresponds to Eq. (18)
with

vy = wi= — vl — vk, (31)

where v% and v, are the Coulomb and exchange-correlation potentials, re-
spectively. As the density is fixed along the adiabatic path Eqgs. (14) and
(28) dictate that

w4 vf =w, +v =0} + v, (32)
Eq. (32) makes it possible to construct the potential

vwW=w v - w. (33)
Egs. (29) and (33) leads to
v o= v— <q)}\’la—1,k|ﬂ3N 1~ EBgnoa|®N )

(O |Hy1 ~ Exy_,|Py_1)
—-/|VN<I> ey dzy_doy
= / (VN @y, *dzy...dzy_1doy

On_1(r,TN) — 0% 1k(r, ry)
II‘-—I'Nl

dr . (34)

7
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From expression (34) the potential v® can be in principle constructed. As
we know the density of the given excited state n,, using Kato’s theorem we
now the Hamiltonian . That means that we also know the Hamiltonian
Hy_,, the wave function ®_, and g,. With an initial trial v* the Schrodinger
equation (8) can be solved and with the wave function @3, , and eigenvalue

Ey%_, the potential (34) can be calculated. Then the Schrédinger equation
(8) is solved again with this potential and so on. The procedure goes on until
self-consistency is reached.

5 Discussion

Expression (34) makes it possible to determine the local ’external’ poten-
tial self-consistently for any value «. The construction is not necessarily
unique, it might happen that there are more than one potentials for given
n,, H, Hy_;, ®,_, and g,. The substitution of the potential (34) into the
Schrédinger equation (8) results in an eigenvalue problem that might have
several solutions.

For oo = 0 it has recently been shown (29) that for a given electron
configuration, that is for given occupation numbers, the potential v? can
be uniquely obtained. This statement can be straighforwardly generalized
for any value a. Of course, we have to bear in mind that we do not have
one-electron Kohn-Sham-like equations if @ # 0. Even in these cases can
one, however, define the electron configuration with the occupation numbers
defined by the eigenvalues of the one-electron density matrix. It is a possible
way to make distinction between the solutions of the eigenvalue problem.

The derivation presented is valid both for non-degenerate and degenerate
states. For degenerate case we select one wave function of the interacting
Hamiltonian (4) and obtain the potential (34). Starting out from another
wave function corresponding to the same degenerate excited-state energy an-
other potential can be gained from Eq. (34), because the densities calculated
from the different degenerate wave funtions are generally different.

There is, however, another way of treating degeneracy, which has already
been proposed (30). This approach is based on using density matrices instead
of the density. Consider the solutions of the degenerate excited state of the
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Schrédinger equation
HT)=E%) (1=12...,9), (35)

where g, is the degeneracy. Instead of treating one wave function V! the
density matrix defined in subspace S*

D=3 w, ) (W (36)

=1

is introduced, where the weighting factors w? should satisfy the conditions

9
1= Z wfy (37)
=1
and
wi, >0. (38)

In principle, any set of weighting factors w?, satisfying conditions (37) and
(38) can be used. The subspace density is defined as

e
=3 ul / |0 dsy dxy...dxn (39)
r=1

The superscript ¢ in n* and the subspace density matrix D* denotes that
they are constructed from wave functions that belong to the subspace S°.
One is free to select the values of the weighting factors w}, they only should
satisfy the conditions (37) and (38). If the weighting factors w! are all
equal, the density has the property of transforming according to the totally
symmetric irreducible representation. So, for instance, for atoms the density
will be spherically symmetric. But it is possible to select other values for
the weighting factors w?. This approach has the advantage that with equal
weighting factors the density has the symmetry of the external potential.

In this subspace approach we have a single (subspace) density and a single
effective potential that can be easily derived from (26) after making the same

manipulation, multiplying with ®3™ ;. (2}, ..., Zy_;) and summing for the
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whole subspace. The only difference is in the fact that the new expression
(34) contains the subspace density matrix instead of the wave functions:

wi(ry) = /diL‘1-~-deN—1 (fI{fN_l — B DY 1k

=z

> [ dor. doy adon o Vo, DL %ﬂdr, (40)
where
Oak(e) = [ DN, doa..doy_sdodoy (41)
The final expression (34) has then the form:
vy o= v-— /d:l:l...dIL'N—l (ﬁ;’,?v_1 - E;}a_m) ;\,la—l,k .
+/dx1...de_1 (fIN_l - Ey_,) k—llz,zz
—%/dml...de_ldaNVr;erN xof-l,kL,:z
+%/d$1---de—1dUer;\,v‘rN ?v—llzlzx
_/ (O 1(r,rn) = ofy 4 (r, rN)'dr . (42)
Ir — ry]

It was emphasized at the beginning that the present theory is valid for
external Coulomb potential. It does not mean, however, that the Kohn-
Sham potential is a bare Coulomb potential as was stated in a recent paper
of Moiseyev (31). Only the true external potential should be a Coulomb
potential. Proceeding along the adiabatic path the ’external’ potential v
includes not only the bare nuclear Coulomb potential v but there are other
terms arising from the interaction of electrons. This can be clearly seen from
Eq. (34). The first term v is the external Coulomb potential, while all the
other terms are coming from the electron-electron interaction. a = 0 gives
the Kohn-Sham potential. The Kohn-Sham potential as was constructed
above contains classical repulsion and exchange-correlation potentials besides
the external Coulomb potential v. Kato’s theorem can be derived from an
arbitrary eigenfunction of an interacting Hamiltonian. (Not only in case
of a bare Coulomb field.) A recent paper of March et al. (32) presents
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cusps conditions for the electron-electron interaction energy density that also
supports the arguments above.
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Abstract

Gradient corrections to the kinetic-energy density (KED) functional are derived,
using the regular, two-component relativistic Hamiltonian of van Lenthe, Baerends
and Snijders. The KED functional obtained depends on the external field potential
and remains valid in the case of large momenta of electrons. © 2001 by Academic Press
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1. Introduction

The first approach in which the charge density o of a many-electron system was used
to describe the properties of the system was the Thomas-Fermi model [1, 2]. This ap-
proach basically consisted in considering atomic electrons as independent fermions.
The model was further developed to include terms accounting for exchange interac-
tions (Dirac, 1930) [3] as well as a correction stemming from the inhomogenity of
the system (von Weizsdcker 1935) [4]
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An exact theoretical foundation for dealing with systems of interacting fermions
in terms of the fermion distribution in the system has been provided by the theorem
of Hohenberg and Kohn [5]. These authors have established that all the properties of
a many-electron system in a non-degenerate ground state are fully determined by its
charge density They have also proven the existence and uniqueness of the energy
functional of the charge density:

Hp=Tlol+ [pOW @ s [[PRED e gl

and formulated the varational principle for the ground-state charge density p. In Eq
(1), T1p] 1s the kinetic-energy density functional, the next two terms represent the
electron-external field and electron-electron Coulomb interactions, and E,.[o] is the
exchange-correlation functional. The external field potential V(7 ) determines the
properties of the system. However, the explicit form of the above functional is not
known. Several useful approximations have been proposed, the Thomas-Ferm mo-
del and its extensions being one of them

Another topic in the investigation of many-electron systems 1s the inclusion of
relativistic effects These effects are important 1n the study of heavy atoms and elec-
tron systems in strong fields. A fully relativistic treatment requires solving the Breit-
Dirac equation, the result being a four-component wavefunction. However, solving
this equation 1s not necessary when there is no process of creation or annihilation of
particles with negative energy. In this case, it is convenient to use a two-component
approach, reached by reducing the Dirac Hamiltonian through the Foldy-Wouthuysen
transformation or the Pauli elimination of small components. Many authors [6, 7, 8,
9] have pointed out the disadvantages of the resulting two-component Hamziltonians,
connected with: (i) the use of an expansion of the square-root operator outside its
range of convergence; (ii) the operation of the resulting Hamiltonian on the Hilbert
space, (iil) some peculiarities of the Hamiltonian close to the origin of the Coulomb
potential. Therefore, in this paper we use the transformation method proposed by van
Lenthe, Baerends and Snijders (LBS) [10] - which avoids the problems mentioned
above - to derive the kinetic-energy density functional in the framework of the two-
component formalism

In the next part we give a brief overview of the LBS two-component approxima-
tion. In the third part we carry out the gradient expansions of the density matrix and
of the kinetic-energy density. In the conclusion we discuss the resulting expression
and compare 1t with the standard non-relativistic one.
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2. Regular two-component relativistic Hamiltonian

The Dirac Hamiltonian works on a four-component wavefunction ¥,

¢ U4} Vs
VY= = = , 2
(zj ’ ('I’z), o (V/J @

where ¢ represents the large components and y the small components Keeping in
mind the form of the Pauli matrices & , the Dirac equation becomes:

V(F)p+cG.py =Ed

cG.pp+V -2mc* )y =Ey )

where V(7 ) is the Coulomb field potential.
Eliminating the small component yields

1= CmE+E-VY me&.p ¢=(1/2me)[1+(E-V)/2m ' 6.5 ¢= X &, “4)
H* ¢=VgrmcS.p X ¢=Vgt(1/2) 6.5 [I+(E-V)2mT G p¢=Ep. (5
The Hamiltonian H°* is energy dependent and the large component ¢ is not normal-

ized, whereas @ 1s. In standard approaches one defines a normalization operator O
which satisfies the relation.

T q)*cpdr;f ¢+é+0¢dr=T y/*«//dr=f 6+ ypdr=1. (6
0 0 0 0

One possible choice for O 1s

O=V1+2*%. (7)

By eliminating the small component one obtains:

0 o

[ #oxnar=[ o1+ 2 X)par. ®)

0 0
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The operator O works on the Hamiltonian as well, i.e.:

~

A =08%0" =1+ X* X +06.p% ). ©
1+ X

b

The standard quantum mechanical approach proceeds with an expansion in powers

of (E-V)/2mc? of the factor [I+(E-V)/2mc*), in both A and O. This leads to the
well-known Pauli Hamiltonian:

=2 -4 2
HPauIz = 4 £ P p V |4 O.(VV:p) (10)
2m 8mc? 8mc 4mc

As recalled 1 the Introduction, the Hamiltonian obtained in this manner presents
many problems. The expansion of the square root in Eq. (9) in terms of (E-V)/2mc? is
justified if p* << 4mc’ but, in the Coloumb field, there are regions where electron
momenta are large and, therefore, the expansion cannot be performed. The Darwin
term AV/8mc’ behaves as a & function close to the field sources (near the nuclei). In
the case of a self-consistent procedure to solve the eigenvalue equation Hleh @ =
E®, the spin-orbit operator [1/4mc’]6.(VV x p) behaves as an attractive -1/7° poten-
tial, which leads to arbitrarily large negative energies close to the nuclei instead of a
discrete eigenvalue spectrum. The mass-velocity term p*/ 8mc? is a fourth-order dif-
ferential operator, which may produce non square-integrable functions working on
the Hilbert space. By including this term, we get a fourth-order differential equation
whuich does not lead to quantization of the energy under usual boundary conditions.

To overcome these problems, one can expand Hand O m powers of E/(2mc*-V)
[10], which yields the result:

(11)

2
H*=V+ & p—= ) G.
2mc? —Vk 2mc-—
E
2 _

QL

P
Acting on the above expansion of the Hamiltonian H** with the normalization oper-
ator O, one obtains the zeroth-order Hamiltonian A ° [10]:

Ve c?
=Vt 66— Gp -G
P ome v TP TP o (
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B =v+ep—S
P v

Qs

G.p. (12)

The approximate Hamiltonian H' incorporates the relativistic effects included at the
Pauli-Hamiltonian level, but 1t does not suffer from singularities for » — 0. Therefore
it may be used variationally [10], since 1t possesses an energy spectrum limited from
below.

3. Derivation of gradient corrections to the kinetic-energy
density functional

We shall derive gradient corrections to the Thomas-Fermi density functional for a
system of non-interacting relativistic fermions in a strong external field, using the

regular two-component relativistic Hamiltonian A °. Most of the methods used for
obtaining gradient corrections are based on a semi-classical expanston of the density
matrix.

The density matrix for a system described by the Hamiltonian A ¢ has the form.
plF.7) = 2@, (F)p (A, (13)

where @, represents the renormalized large components and f)(ﬁ % is the density
operator of the system Following the original idea of Thomas and Fermi we consider
that non-interacting particles fill all energy levels up to the Fermi level and that the
density operator is the Heaviside step-function 6 (g - H %, every level being filled by
two electrons with opposite spins. We do not consider spin-orbit interactions, using
the simplified spin-independent Hamiltoman:

s D (14)

accounting for the effects arising from the relativistic motion.
The density matrix of the considered system is'

p(F,F')=i@(f)ﬁb?(f‘)e(sp—a,):i(“')(ﬁ 6B -5), (5
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p(;:ai:,) = i(¢lx(;:ylt(’_ﬂ)+¢21(F)¢2+1(;:’))9(8F _gt) =
=23 (.Y )W —2,)= 2rlpe. - AOF). (16)

The expansion of the density matrix in powers of % 1s done using the Wigner trans-
formation [11] The Wigner transform of an operator 4 can be written as follows:

4, (p.R)= Id”exp( §)<fe-§‘21

and § = 7'-7 . The transform of the operator product C = AB is ob-

. F
R+—2—>, (17)

— —ry

=~ F+F
where R=

tained using the composition rule for the Wigner transforms of multipliers:

c, (p.R)= 4, (5, ﬁ)exp[:ﬁ(i o2 iﬂB (.R) (18)

OR 6p &p oR

The procedure for finding a semi-classical expansion of p consists of taking the
Laplace transform of the density operator:

pE)=06(s. -H®), (19)
ol 1) 5 T Losalol, -]
=§1n’{j:%e><p(ﬁep)exp(ﬂﬁ ), 20)

and setting up a differential equation for the Laplace transform'
2(B) = exp(-pH"), @

or, more precisely, for the Wigner transform of Z (B). To do so we first differentiate
Z (B) with respect to § and we obtain
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Z(p)

= 1 exp-pH") = -H 2(B). (22)

then take the Wigner transform of this equation:

_.__522;’3 )i exp{l—h{—é— 2. _é’?iﬂzw ), (23)

where ZW (B) is the Wigner transform of Z (8. To solve Eq (23) we seek a solution
of the form:

Zy(B) =expl-BF p P+ MU+ h W B, R)+ ' Wy p,R)+.. . (24)

Substituting this form for ZW into Eq. (23) and equating equal powers of #i we ob-

tain relations for the s and, subsequently, an expression for ZW. Applying the in-
verse Laplace transformation we obtain the Wigner transform of the density matrix

Y R 2 : R 2 20715 G
v = 8(E-)+7V Fé'(H—E)—?[(p.VF) ~VAPA - B+

+ z—;- [F(wir)2 +FY BV H - 2F(pVF) p.w‘f)]é"(ﬁ -E), (25)
where
o2
F=s—— (26)
and
H=Fp*+V. (27)

The density distribution is given by the diagonal part of the density matrix and 1s de-
rived using the inverse Wigner transformation [12].

pF)= plF.7)= IPW(P R-L

(28)

@)

For the Wigner transform of the kinetic energy density we take [12].
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—

tw(ﬁ,§)= zll—VRp (p,f?)+-§—2pw(ﬁ,l_é). 29)

The kinetic energy density itself is obtained through the inverse transformation of 7

“F)=1v20(7) VJ%— orlp. Ry (30)

Inserting the density distribution from Eq. (28) into Eq (30) yields the expression for
the kinetic-energy density functional;

2 5 (Vp) .. 1 V’F 1 (VFY 1 VFVp
_3 ; lga, 1 _ L 1 (31
w(v) ( P P e P R F P e P F @1

This expression depends on V through F given in Eq. (26). It can be seen that it does
not suffer from the drawbacks listed above, and that it reduces to the usual gradient-
corrected non-relativistic expression when ¥ is small.

4. Conclusion

We have derived an expression for the kinetic-energy density functional #(p) which
is seen to depend on the external field potential (7). This expression is truly relati-
vistic since we have used the two-component, zeroth-order relativistic Hamiltonian
of van Lenthe, Baerends and Snijders, which is correct even for large electron mom-
enta (while the Pauli Hamiltonian is not). In this paper, spin-orbit interactions were
omitted since we have used the scalar part of the relativistic Hamiltonian. When ¥ is
small (F*—1/2m), that is, when the Hamiltonian gets non-relativistic, our expression

turns into the well-known, Thomas-Fermi kinetic-energy density functional including
the von Weizsicker gradient correction.
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ABSTRACT

The problem of reconstruction of wave functions from a given electron density 1s
considered. A reformulation of the problem is proposed which is based on the
Fourier transform. Arising mathematical problems are studied, namely, the
properties of reduced spatial densities and their Fourier images are obtained,
which follow from known properties of the wave functions. The proposed
approach may provide a practical implementation of the Constrained Search
Approach to the DFT. © 2001 by Academic Press
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1. INTRODUCTION

1.1. The Constrained Search Approach in the Density Functional Theory

The Density Functional Theory [1-5] is an important tool for large-scale
ab initio quantum-chemical studies of complex systems, and it has incontestable
successes in theoretical investigations of the structure of matter. However, at
present its application is necessarily connected with the use of some approximated
form of the energy density functional E[p(r)] because the exact form remains
unknown. The additional problem is that the used methods of obtaining these
approximated forms provide neither an evaluation of the error introduced nor a
systematic way of improving the approximation. Hence, a search for an exact
form of the functional not only presents a theoretical challenge, but also remains
an actual and important practical problem of the Density Functional Theory. Its
solution would supply grounds both for variational derivation of precise equations
of the method and for construction of controllable approximations.

A way to obtain the exact density functional is presented by the
Constrained Search Approach [6-9]. In general, the energy functional of density
for an N-electron system in an external field v(r) can be presented as [10]

E[pl=Flp}t [ p(r)w(r)dr, (1)
where Flp] is a universal functional of density. For the class of pure-state
N-representable densities, that is, such functions p(r) that can be obtained from an

antisymmetric, normalised N-electron wave function (WF) ¥(q,,...,gn) as a result
of the reduction

p()=N [ Y(ro,, gsy.gn) V(X Oy, GoyenngN)dO Y, ..., dgy )
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(here g,=r,c, is the set of spatial and spin coordinates of the ith electron, and
integration over spins stands for summation) the "constrained search" functional

F[p] was proposed by Levy [6] (and developed by Levy [7] and Lieb [8]) in the
form

Fulpl= mf (T + WE), G)
with T and W being the many-electron kinetic and electron interaction energy
operators. The notation W[p] indicates that the infimum should be taken over all
the wave functions related to the given p by Eq. (2). For a more general case of
ensemble N-representable densities, that is, such functions p(r) that correspond to

a certain ensemble state of the N-electron system described by its density matrix
(DM)

DN(q,.....qM qi ,---»CI}V)ZE wa¥Pa(qys-qn) P, (q] os@iy)- 4)

with partial wave functions, W, , and nonnegative weights, w, , normalised by
conditions ||[¥, |I=1 and X w,=1, the "constrained search” definition of the
a

functional reads as [8,9]
Fislpl= gt (DT +W) ) (5)

where D[p] denotes all DMs connected with the given p(r) by the equality
p(r): N_" DN (r 0-1: q2>---:qN | rGl: q2>-'-:qN) dcldq2 sesey qu . (6)
The domains of both functionals, that is, the classes of pure-state and
ensemble N-representable densities, actually coincide [1] and present [11,12] the

set of all nonnegative functions p(r) normalised to N as follows:
[p(r)dr=N. (7)

1.2. The Reconstruction Problem

As follows from Eqgs. (3) and (5), a practical implementation of the
Constrained Search Approach requires for a systematic way of finding all either
WFs (for the functional Fi;[p]) or DMs (for the functional F},[p]) that reduce to

the given spatial density p(r). Let us call such a procedure the reconstruction of
WFs (or DMs) from the spatial density.

The reconstruction is an operation inverse to the reduction given by Eq. (2)
or (6) in the following sense.

Let a class of WFs (or DMs) be chosen, which we consider admussible for
the variational procedure. These have to meet general requirements The WT, for
example, is to belong to L’ and to be continuous and antisymmetrical. The DM
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must be Hermitian, antisymmetrical (within left and right argument set). and
positive definite. However, practically we can further restrict the class requiring
for other desired properties. For example, these may be properties that follow
from WF being a solution of the Shrédinger equation for a certain class of
potentials; say, for a bounded state it may be the requirement that WF belongs to
the class of fast converging functions, that is decreases exponentially at the
infinity. Also, finiteness of average kinetic energy often is required from the state.

To perform the reconstruction, we have to find such a subset of the class of
admissible WFs (or DMs) that contains all and only such elements that reduce to
the given density p(r). Equation (2) (or, resp., (6)) determines a mapping from the
mentioned subset onto the set of images, which contains the only element p(r).
The mapping is surjective by definition. We use the symbol > for the mappings
induced by the reduction:

¥ S>p; DN>p. (8)

Here ¥ and DV indicate the relevant sets, and > symbolises that the
mapping is (normally) many-to-one. The problem of inverting the mappings given
by Eq. (8) will be termed the Reconstruction Problem. It is closely related to but
does not coincide with the N-representability problem.

The latter requires for the following two questions be answered:

1) is the given function p(r) an N-representable density?

2) what is the class of N-representable densities?

For the positive answer, it is sufficient to present at least one example of WF (or
DM), which reduces to the given density (in case of the first question) or to a
common representative of the class (in case of the second question). In the second
case, it is necessary to prove also that the elements falling out of the class under
consideration cannot be obtained as a result of the reduction, that is, the set of
originals of the mapping ¥ = p is empty for such p. The Reconstruction Problem
poses a more general task: to actually find all originals of the mapping W = p for
every given p. Resolving this task automatically resolves also the N-
representability problem because the density being or not being N-representable
depends on whether the found set of originals turns out to be or, respectively, not
to be non-empty. Naturally, the Reconstruction Problem is expected to be more
complicated than the N-representability problem.

Similar reconstruction problems may be also considered for the mapping
from ¥ to the 1% and 2" order reduced density matrices (1-RDM and 2-RDM), for
the two-particle density (the diagonal element of the 2-RDM), as well as for 1-
and 2-particle spin-density matrices and spin-densities. The practical meaning of
such studies is related to the fact that every of these values may be used as the
fundamental variable in a variational theory (for a more thorough discussion, see
[4, 51). Reconstruction of k-particle RDM (k-RDM) with £ =3 and 4 from 1- and
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2-RDM, as well as 2-RDM from 1-RDM also appears to be necessary for iterative
solution of the Contracted Schrodinger Equation [15-17].

The N-representability Problem has drawn much attention (see [2, 4, 17,
18] and references therein). Number of works and results concerning the
Reconstruction Problem is much scarcer. Its complete solution may be presented
as an expansion of ¥ in terms of N-electron determinants, constructed on the so-
called equidensity orbitals [12-14]. This method has yielded some useful
evaluations for the density functional [1], but it is not applied widely i practice of
quantum chemical computations due to difficulties with handling the equidensity
orbitals. Reconstruction of #--RDM (k = 2 to 4) 1s considered by Valdemoro ef al
(see [15-17} and references therein). Reconstruction of WFs and DMs using the
Radon Transform is discussed in [19-21].

In the present paper, an independent approach to the Reconstruction
Problem is proposed, based on employment of the Fourier Transform (FT). We
reformulate the problem in such a manner that the mapping to be inverted is
replaced by a series of mappings, each of them being simpler for inversion. A
general scheme of this approach 1s outlined in Section 2.

1.3. Electron density, its Fourier Transform, and related values

Implementation of this scheme requires for some mathematical problems
to be investigated previously. Specifically, the class of FTs of eligible N-particle
spatial densities is to be determined. To find the properties of FTs belonging to
this class, one has first to know properties of their pre-images, that is N-particle
spatial densities themselves. We consider, for generality, (reduced) k-particle
spatial densities (k&-RSDs) for all £ = 1, ..., N, including here the case k = N
corresponding to non-reduced N-particle spatial density. Properties of £-RSD and
their Fourier images that follow from those of the many-electron wave function
such as the finiteness of 1ts values, its norm, and its average kinetic energy. as
well as 1ts taking complex values, normalisation and antisymmetry are studied in
Section 3.

Analytical properties of p(r), the one-electron density in position space
(corresponds to our 1-RSD), were studied by Lieb [22] These results are
expressed in terms of p”*(r). As we are specifically interested 1n studying
properties of the FT of proper densities rather than their square roots, and for all &
not only £ =1, we cannot use these results directly. However, we shall follow the
method of Ref. [22] in our study.

The available literature on properties of FTs of k-RSDs is rather scarce,

excluding 1-RSD, which is p(r). Its FT 1s merely the X-ray form-factor [23,24].
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FTs of &-RSDs were formally introduced by Thakkar er al [25] who named them
the k-electron form-factors, but they were not investigated in this work.

The one-electron momentum density y(p) which results after reducing the
square module of FT of wave function attracted more attention of researchers
because of its close connection with the Compton profile, a quantity rather
accurately measured in experiments. The momentum distribution and the
Compton profile for X-ray scattering were found by Coulson and March [26]
using the Thomas-Fermi method. Ways to extract y(p) from p(r) were proposed
using Thomas-Fermi method [27], Density Functional Theory in its general form
[27] and in the linear [27] and non-linear [28] approximation. Simultaneous
analysis of y(p) and p(r) using maximization of the sum of information entropies
in p and r spaces was performed by Gadre et al. [29]. A relationship between the
atomic electron densities in momentum and position spaces was studied through a
non-linear deformation of momentum densities by Kryachko and Koga [30], and
in the context of a finite-basis-set model problem by Harriman [31].

The problem (which is in some sense a mirror one to that studied in the
present paper) of investigation of B(r), the FT of one-electron momentum density,
was considered by Weyrich et al. [32] and by Thakkar ef al [25].

These results, however, only indirectly relate to the problems of our
interest. The only relevant result found in the literature concerns the normalisation
of FT of &-RSD [25].

2. REFORMULATION OF THE RECONSTRUCTION PROBLEM

2.1 Reduced electron densities and their Fourier images

We present here main definitions and relationships for further references.
Consider a time-independent N-electron wave function, ¥ (q,,....qN), where
qi=rko} are spatial and spin coordinates of the kth electron. The state is not
required to be stationary. Define (cf. Ref. [33]) the N-electron spatial density as a
result of reduction (summation) of squared module of the wave function over
spins:

PM@,,...,xN)=N1 ), [1¥(ro, 0,0, ., rnon) |2 ©

(here o= {o|, ... 6N}) and reduced k-particle spatial density as a result of its
further reduction over N — k spatial coordinates:
Pke,,...xp) =[N =K 1] [ PN(r,,..., tN) drg,,..drN . (10)
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We restrict here ourselves to studying only pure states because the case of
ensemble states involves some technical complications but does not differ in
principle.

Egs. (9) and (10) define, in particular, the following two mappings:

¥>pPN>p (1n
both of them being many-to-one.

Consider also the FT of Pk (for a certain &, 1< k< N),

Fk (k,,..., k) =

Qn)k2 [ Pk(r,..... rp) exp [ ik, *...+ Kgrg ) dr,..drg , (12)
and the inverse FT of its image F¥,

Pk(r,....rp) =

Q@ry k2 [ Fk (K,,..., kp) exp [i(k,xr+...+ Kjrg ) dk,...dK . (13)

2.2. An alternative approach to the reconstruction

Let us observe that, as it follows from Eqs. (12) and (10),

Fk (k) = Qry V" (V= 1) 1] FNK,0.....,0). (14)
This means that, unlike the densities of orders 1 and N that are related by Eq. (10)
containing integration, their FTs are related in a simpler manner, namely, F' 1s
merely a restriction of FV to a 3-dimensional plane. This relationship between
FTs of l-particle and N-particle spatial densities is the key equation of the
advanced approach. Its defines the (many-to-one) mapping

FNS>F (15)
in such a form that the reconstruction of all FV related to the given F' by Eq. (14)
appears to be simpler than that for PN and P' related by an integral as in Eq. (10).

Now, instead of the chain of mappings given by Eq. (11), we can consider
another chain connecting the same initial and final items:

¥Y>PNo FNSF o P, (16)
where the four consecutive mappings are given by Egs. (9), (12), (14), and (13),
respectively. We used here two-sided arrows to stress that the respective mappings
are bijective. Each of the intermediate relationships (12), (13), and (14) is simpler
for studying the corresponding direct and inverse mappings than the complete
mapping PN > P! defined by Eq. (10).

Inversion of the mapping ¥ = PN consists in splitting of the PNV in 2N
admissible terms (cf. Eq. (9)), each of them being a squared spin component of V.
(In the present work, we do not require ¥ to describe a state with defimte total
spin; otherwise, the number of independent spin components naturally reduces.)
Inversion of the mappings PN <> FN and F' <> P' is inversion of the FT, which 1s
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well-studied [34]. Therefore, the efforts should be directed to inversion of the
mapping FV > F'. Respectively, the Reconstruction Problem may be reformulated
as follows:
To find all such FN(K,... , kp) that the restriction of each of them onto the 3-plane
(k,0,....0) in R*N is the given F'(k).

It is simple to derive from Eqs. (12) and (10) a more general relationship
than Eq. (14):

Fk(k,,.... kp) = Qr) TR [(N=D T[N -k 1] Fl(k,,..., K .0,...,0),

I<k<IEN, a7n

which may be used, if necessary, for other cases of reconstruction or studies on
N-representability. For example, the practically important problem of
determination of the class of N-representable two-particle densities P*(r,, r,) [18]
reduces to the following problem:
To find the class of such F’(k,, k,) that each of them can be presented as the
restriction onto the 6-plane (k,, k,,0,...,0) in RN of at least one function FV, k...
kj) belonging to the class of Fourier images of eligible N-densities.

Answers to such questions require for investigation into properties of F',
F?, and FN. Some of these properties are considered in the following Section. For
the sake of both brevity and generality, we study properties of Pk k=1, .., N,
and we use them to derive propetties of FK, k=1, ..., N.

3. PROPERTIES OF ELECTRON DENSITIES AND THEIR FOURIER
IMAGES

3.0. Technical remarks

For the sake of brevity, we shall employ the following notations for
integrals in the direct space (cf. [22])

[= ldr,..dry; (18)
["=dr,.dry; (19
fF=3 ldrg,..dry. (20)

It is obvious that | =[ '[*; that Z | converts to | at £ = N: and that [ converts to [

at k= 0. Now, using Egs. (9) and (10), Pk may be presented in the short form
Phk=N1[N-K) 1] [l 1)
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In this Section, we derive some properties of A-RSDs and their FTs. The
original properties of the wave function inducing the mentioned properties are
shown in the titles of sub-sections. The methods we use to investigate the
properties of &-RSD follow in general lines the classical work by Lieb [22] where
those of p'* were studied We will make use of Cauchy and Bunjakowsky-
Schwarz inequalities, that in our case give

[ Al 2< I £120 L gl forany f; L f e L2, (22)

3.1. Finiteness of wave function norm.

The normalisation integral must converge:

[1W]?<co, (23)
that is ¥ e L? (R*N). In terms of RSD thus may be rewritten as

[Pk <o, (24)
As Pkis by definition non-negative, this means that

Pke L' (R*%); and (25)

(Phy e L1* (R°k). (26)

As the integration in Eq. (24) may be considered as taking of the FT at all ki, zero,
this may be written as

FKQO ..., 0) < . (27)
This requirement is necessary and sufficient for FX to correspond to a
normalisable pre-image.

3.2. Normalisation.

For the wave function normalised by

flel?=1, (28)
k-RSD defined by Eq. (10) obeys the normalisation condition

["PE=NT[(N-K)1". (29)
In analogy with the left part of Eq. (27), the same may be written as

FkKO ,...00=Qm) > N1 [(N-k) 1] 7" (30)

Egs. (29) and (30) present the normalisation conditions for A&-RSD and its FT,
respectively. In particular,
['P'=N; F'0)=Qn™N; 31)
["PN=N1; FN@,..,00=02r)>N> N 1. (32)
The normalisation condition similar to that given by Eq. (30) was found in Ref
[25] for k-RSD normalised otherwise than in the present work.
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3 3. Finiteness of kinetic energy.

To provide finite values of the total energy, admissible WFs are required
[22] to yield finite average kinetic energy 7 in the state ‘P,

N
TW]=-% Y, ¥V ¥=0%N[V¥| <o, (33)
i=1

that is V;¥ e L(R*M),

It follows from Eq. (21) that

|V, PEl = N1 [V =R) 1 T (VY)Y + W'Y 9

ANU'[N-BY T vl el (34)
The inequality sign appears due to bringing the module sign into the integrand.
Now, using Eqgs. (33) and (34) and applying the inequality (22), we have

['Iv,Pkl<2NtV-R) 1 Tl vl v

SANUWN=-R ' lvellw]2) e

=4WN-DI[N-HN'T". (35)
Together with Eq. (33) this means that [ | V, Pk| < . and hence
V, Pke L' (R°k). (36)

It is possible also to extend some results of Ref. [22] to the square root of £-RSD.
It follows from Eqgs. (34), (21) and (22) that

v, PkIP< N1 (V-0 1] FI vl w2

SANI[N-K1™ PRIV ¥]2, (37)
that gives

v, (P2 2=| v, Pkl2/@aPy< N1 [((N-0) 117 FFlvwels  (38)
and

v, eh“’<2N-D1 [(N-0) 1] ' T. (39)
Hence, accounting for Eq. (33),

V. (PR e L' (RF),
that together with Eq. (26) means (cf. Ref. [22])

(Ph" e H' (R, (40)

3.4, Finiteness of wave function values.

Finiteness of wave function,
| W(r,6,, 1,6y, ENON) | <0 (41)
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has been stated for potentials that have no points where they diverge faster than
r 7 (r being the distance from this point in the physical 3D space). e.g., in Ref
[34]. Eq. (41), in accordance with the definition of Pk, implies finiteness of Pk

Pk(r,,..., rk)| <o, (42)
and thus finiteness of the integral
[Fk (k,,..., kg) d,...dkg = 2m)*? P ..., 0) < o, (43)

that is, Fke L' (R%).

3.5. Wave function being complex valued.

The wave function takes complex values. Hence, Pk > 0 for all values of
arguments by definition. A necessary and sufficient condition on a function k for
it being the Fourier image of a non-negative original Pk is [34] that Fk is a
positive definite function. Such a function has the following properties It is finite
and continuous; it is hermitian:

PRk, . k) = FE (K, ., —Kg); (44)
and the integral
[TFE - qy, . ki~ ) g (K - s K ¥(Qs - » Q) dK,...dK d,...dg > 0

(45)
for any g (k,, ... , ki) which is continuous and absolutely integrable in all the
space. The latter implies also [34]

| Fk (k... k)| <FKQO ..., 0), (46)
which, together with Eq. (30), gives
| FR(k,,.... k)| <@ry > N1 [(N=Fk) 1] (47)

3.6. Permutational antisymmetry of wave function.

The permutational antisymmetry of the wave function implies the
permutational symmetry of k&-RSD. It can be demonstrated as follows:

PPk=N1[N-K 1" ]*P|l¥|2= Pk (48)
and hence
S pk= pk. (49)

We used here Eq. (21) and antisymmetry of ¥ under any transposition of position-
spin coordinates. P is a permutation in a set of k position-spin coordinates, Pk

being naturally indifferent to permutation of spin coordinates, and S = (k") ' = P
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(summation made over all permutations P of & particles) is the symmetriser for &
electrons.

Further, the permutational symmetry of k-RSD implies, through Eq. (12),
that for its FT:

P Fk (ky=Fk (P'k) =

Q) k2 Pk(r) exp {~ i(PTk)er} dr=

) k2] PKPr) exp {- i(k«(Pr} d r = Fk (k). (50)

A

Here & = {k,,..., kg}, r = {ry,..., vg}, and ker = Z, kjr;. P is used in the last

equation to denote permutations in the set k or r. At the third stage of the
derivation, the invariance of Pk(r) under P was used.

4. CONCLUSIONS

A general scheme of a new approach in the Density Functional Theory is
proposed, based on reconstruction of wave functions from a given electron density
using Fourier transform. The idea consists in replacing a short chain of mappings,
which are difficult to invert, by a longer chain consisting of mappings that are
simpler to invert. A relevant mathematical technique is developed, namely, the
properties of reduced spatial densities and their Fourier images are obtained, that
follow from finiteness of the wave function, of its norm and average Kinetic
energy, as well as from normalisation and antisymmetry of the wave function and
its being complex-valued. The practical implementation of the proposed approach
remains a problem.
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Abstract

QGeneralized Sturmian basis sets make 1t possible to solve the many-
particle Schrodinger equation directly, without the use of the SCF ap-
proximation. The functions m such a basis set are solutions to the
many-particle Schrodinger equation with a weighted “basis potential”,
B,Vo(x), the weighting factor 5, being chosen in such a way as to make
all the functions in the set correspond to the same energy. For a many-
electron system, it 1s shown that when V;(x) is chosen to be the nu-
clear attraction potential, rapidly convergent solutions can be obtained
directly from a secular equation from which the kinetic energy term
has vanished The close relationship between generalized Sturmian ba-
sis functions and hyperspherical harmonics is discussed, as well as the
relationship between all the matrix elements of the theory, such as the
Shibuya-Wulfman integrals, the generalized Wigner coefficients of angu-
lar momentum theory, and the Hahn polynomials of modern numerical
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The generalized Sturmian secular equation
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8. Representation in terms of hyperspherical harmonnics
9. Alternative hyperspherical harmonics; the method of trees
10 Final remarks and conclusions

=]

1 Introduction

Early in the history of quantum theory it was thought that hydrogenlike atomic
orbitals could be used as building blocks for constructing the wave functions
of more complicated systems. However, it was quickly realized that unless the
continuum is included, hydrogenlike wave functions do not form complete sets.
To correct this defect, Shull and Lowdin [1] introduced a type of radial basis set
which consisted of Laguerre polynomials multiplied by polynomials, the expo-
nential factor being the same for the entire set. Shull and Léwdin were able to
show that such basis sets are complete; and they considered such sets to be the
natural type of basis for treating problems in atomic and molecular quantum
theory Later, Rotenberg [2,3] gave the name “Sturmian” to the Shull-Lowdin
basis sets to emphasize their connection with Sturm-Liouville theory. There is
a large and rapidly-growing literature in which one-electron basis sets of this
type are used In 1968, Goscinski [4] completed a study of Sturmian basis sets
in which he regarded such sets as solutions to the Schrédinger equation with
a zeroth-order weighted potential, the weighting factor being chosen 1n such a
way as to make all the members of the set correspond to the same energy. This
way of regarding Sturmian basis sets made generalization of the concept very
easy, and a number of authors pioneered the use of many-particle Sturmian
basis sets For example, Gazeau and Maquet [5,6] introduced two-electron
Sturmians, while Bang, Vaagen and coworkers {7,8] studied the applications of
many-particle Sturmians in nuclear physics. Herschbach, Avery and Antonsen
[9-11] discussed the properties of many-electron Sturmians, taking the “basis
potential” to be the potential of a d-dimensional hydrogenlike atom. More
recently, Aquilanti, Avery and Sauer [12-17] showed that if Vj(x) is taken
to be the actual nuclear attraction potential of a many-electron system, the
generalized Sturmians based on this potential can be used to obtain a rapidly
convergent correlated solution to the many-electron Schrédinger equation with-
out the use of the self-consistent-field approximation. We begin by illustrating
these developments, offering later a momentum-space perspective which will
show the connection with hyperspherical harmonics and generalized angular
momentum theory. For a geometrical view in a similar spirit of the quantum
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dynamics of aggregates evolving towards fragmentation, see the recent paper
of Fano and coworkers, reference [18].

2 Potential-weighted orthonormality relations

Suppose that for some potential, V5(x), we are able to find solutions to the
N-particle Schrodinger equation,

[_ > SV Bo(x) ~ B 8u(x) =0 &

where §, is a weighting factor chosen in such a way that all the solutions
correspond to the same energy, £. In equation (1) x = {x1,x2,..xy}isad =
3N dimensional vector composed of the mass-weighted Cartesiaan coordinates
of the N particles in the system. Then two members of the set of solutions
will satisfy respectively the equations,

[; %V? +E| ¢ (x) = B,Vo(x),(x) 2)

and

% E| ¢ (x) = B Vo () (x) 3)

nMZ

>

We now multiply (2) on the left by ¢% (x) and integrate over all the coordinates

/dx¢u’ [Z %VQ‘I_E ¢l/ /da:qﬁ,,,(x)VO( )¢u( ) (4)

where dz = dz1dy,dz....dzy . Similarly, interchanging v and v/,

/ dz? (x) lz V24 E| ¢y(x) =By / dzgy, (x)Vo(x)dw(x)  (5)

If we take the complex conjugate of (5) and subtract it from (4), making use
of the Hermiticity of the operator %Vf + FE, we obtain:

(8, = 8) [ dagly ()Va(x),(x) = 0 ©)
Thus if 8, # B/, we must have

[ s (0Va(x)u(x) = 0 ("
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Since we are dealing with a system with many degrees of freedom, v stands
for a set of quantum numbers. Orthogonality with respect to quantum num-
bers on which 8, does not depend (the “minor” quantum numbers) cannot
be established through equation (7). Orthogonality with respect to the minor
quantum numbers must be established - for example - through spin orthogo-
nality or symmetry properties. It is convenient to normalize our generalized
Sturmian basis set in such a way that

[ sl Pt = 2 ®

Then, assuming that we have established orthonormality with respect to the
minor quantum numbers, (7) and (8) can be combined to yield

2F
| 45 GVo(x)bu(x) = b - (9)
Let us now introduce the Fourier-transformed functions defined by
1 —IiIp X
¢.(p) = W/dm P*¢,(x)
1 1px 11
$u(x) = W/dpe ¢, (p) (10)

where d = 3N and where e'?* is a d-dimensional plane wave. Then it can
be shown [14] that the Fourier-transformed generalized Sturmians obey the
weighted orthonormality relation

2 2
[ o (ToER) 64 (0)6p) = 60 (11)
2p5 ’
as a consequence of (9), where p, is a parameter related to the energy by
2
Py
E=-=L 12
! (12

3 Generalized Sturmian expansion of a plane
wave

Equation (11) can be used to expand a d-dimensional plane wave in terms of
a set of generalized Sturmian basis functions [17,19]. Assuming completeness
of the basis set, we can write:

2 2
e (p__;; gPO) > ¢ (p)a (13)

v
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then the coeflicients a, n the expansion can be determined by multiplying
both sides of (13) by ¢!, (p) and ntegrating over dp. This gives:

IpXx + *
[astswiers = Sa i (5H8) ot o)
= Za,, vy = Gy (14)
Comparing (14) and (10), we can see that

a, = (21)%¢,(x) (15)

so that finally we obtain the expansion:
v = n)# (C5E) 5 ot ()0 (16

0

Equation (16) is the d-dimensional generalization of an expansion first obtained
in 3 dimensions by Shibuya and Wulfman [20]. The reader is also referred
to an excellent article by Weniger [21], who discusses the Shibuya-Wulfman
expansion of a plane wave, and similar expansions.

4 d-dimensional Coulomb Sturmians

If we let Vp(x) be the d-dimensional hydrogenlike potential

yA
Vo) = == a7)
where r 1s the hyperradius, defined by
=Xy X1+ X KXo+ . Xy XN =12 475+ Ty (18)

then solutions to equation (1) can be written in the form.
¢y (%) = Rox(r)¥5,u(%) (19)
where Y), ,(X) is a hyperspherical harmonic and
R A(r) =N, ,\(2p0r) e P"FA+1—n|2Xx+d — 1|2per) (20)

Here

1 2
Flalble) = 1+ % + {oF 12

b” " b(b+1) 2 (1)
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18 a confluent hypergeometric function, while

(2po)%/? A +n+d—3)! 12
2\ +d—2)! ((n “1-N2n+d- 3))

1 a normalizing constant. If the constants §, in equation (1) are chosen to be

v 27

then all the functions in the set ¢, (x) all correspond to the same energy, and
they form the type of generalized Sturmian basis set studied by Herschbach,
Avery and Antonsen [9-11]. The first few hyperradial functions R, »(r) are
shown in Table 1. Such a basis set might be used, for example, to treat the
motion of nuclei on a many-dimensional potential surface The hyperspherical
harmonics Yj (%) which appear in equation (19) are eigenfunctions of the
grand angular momentum operator

4 0 8\
2 = — —— —_—
A=-) (:171 o, , 3331) (24)

1>7

Nop = (22)

(23)

where 1, Zs, ...z4 are the Cartesian coordinaates of a d-dimensional space:
[A2= XA +d = 2)] V3,(%) =0 (25)

Hyperspherical harmonics are d-dimensional analogues of the familiar spher-
ical harmonics, and they can be constructed in such a way as to obey the
orthonormality relations

[ 49 Y3 (RVau(R) = b3 28 (26)

When the normalizing constant is that shown in equation (22) the overall
orthonormality of the d-dimensional Sturmian basis set is given by

[ w609 () bulo) = 6,2 (27)

in agreement with equation (9). The completeness property of this generalized
Sturmian basis set follows from the completeness of the set of functions r™e=Po"
(with constant pp) and from the completeness of the set of hyperspherical har-
monics. Any well-behaved single-valued function of the same variables which
falls to zero at very large values of r can be expanded in terms of this basis set.
In equation (26), u represents a set of minor indices. These may be organized
1 a variety of ways as a matter of convenience. Aquilant: and coworkers, as
well as a number of Russian authors, have discussed methods for construct-
ing orthonormal sets of hyperspherical harmonics by means of the method of
trees [32-40]. This method of constructing orthonormal sets of hyperspherical
harmonics is also discussed in reference [17].
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5 The generalized Sturmian secular equation

The momentum-space Schrédinger equation of a many-particle system has the
form [9,17].

2 2\t _ 2 1yt o ht (!
(po + P )¢ (P) = )" /de (P-p)¥({P) (28)
According to the Fourier convolution theorem,
[anvie - o)) = [ eV (x)u(x) (29)
so that (28) can be rewritten in the form:
(05 + 710 (0) =~ doe ™V (9 (30)

If we replace the d-dimensional plane wave e~ * by the complex conjugate of
the expansion (16), equation (30) becomes

1 * ! !
= S 6p) [ @V E)YE) (31)
and taking the Fourier transform of both sides, we obtain
= 536 [ g0V () (2)

Equation (32) can be iterated, starting with a trial solution; or alternatively
we can obtamn a secular equation by expanding the wave function in terms of
our generalized Sturmian basis. If we write:

= 6,(x)B, (33)
then 9 (x) will be a solution to (32) if
S WViw —2E6,,]B, =0 (34)
where
Vo = [ degl )V (x)6, (x) (35)

It is interesting to notice that the kinetic energy has vanished from the gener-
alized Sturmian secular equation.
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The hyperangular integrals needed for evaluation of the matrix elements
Vi, may be evaluated by means of the following very powerful angular in-
tegration theorem [17,44): Let d be the element of generalized solid angle,
related to the d-dimensional volume element by

dzidzs...dzg = r*dr dQ (36)

where 7 1s the hyperradius; and let F(x) be any function which can be ex-
panded as a series 1n terms of polynomials involving the Cartesian coordinates
Z1,%9,.. ,Tq Then

(d —2)N274/2 &2 2
Q F(x) = A"F
where A is the generalized Laplacian operator, defined by
d 52
0
7=1 97

6 An alternative generalized Sturmian basis
set

An alternative type of generalized Sturmian basis set, appropriate for treating
N-electron atoms, may be obtained by letting

Vo(x) = Z n (39)

be the attractive potential of the nucleus. We can build up a set of N-electron
Sturmian basis functions for this system from one-electron orbitals of the form-

Xontimm (%) = But(73)Yim (0, 6,) { ggg (40)
where
Ru(r)) = Nu(kur,)'e ™™ F(l+1— nj2l+ 2|2k,r,)
Ny — 2 (n+ 1) (41)

@+ 11\ n(n—1-1)!

and where F'(a|b|2) 1s a confluent hypergeometric function. These are just the
familiar hydrogenlike atomic orbitals (which also can be expressed in terms
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of Laguerre polynomials), except that the parameters &k, will be determined
later by means of subsidiary conditions. The one-electron hydrogenlike orbitals

satisfy
nky,

1 1
——v2+—k2—-—]x(x) —
[2 o2r oy B

[ o)l

JEEACSL:

— 3";??‘ o

Il

(42)

where we have let u stand for the set of indices {n, I, m,m,}. If we mtroduce

subsidiary conditions which require that
2 2 2 — 2
kﬂ+klﬂ+kﬂ"+' . —po

and
nku = ’I'LI]C,LI = ’I’L”k‘uu == Zﬂu

then the antisymmetrized product function

Gu(x) = |XuXwXpur-]

Z %V?] Xu (Xl)X;u (Xz)...

’I’Lku 1 . ’I’Lk)ur

1 2IL

= B 00 )

1
= _gkz —_— —k2, r_2 “+ :| X/.b(xl)X[.L’ (Xg)

(43)

(44)

(45)

(46)

(47)

The determinantal function shown in (45) is a superposition of products, all
of which satisfy (46), and therefore ¢,(x) satisfies (46), provided that the
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subsidiary conditions (43) and (44) are fulfilled. We can see that the nor-
malization condition (8) 1s automatically fulfilled by the generahzed Sturmian
basis functions in our illustrative example, since from (42),

[0Vt = =X 7 [ da o)l

uCr
k 1 P2
= -y Zt=-TN=-2 (48)
LT h T

In the case of atoms, the total potential is given by
Vi(x) = Vo(x) + V'(x) (49)
where Vj(x) is the nuclear attraction potential shown in equation (39) while
N N 1
Vix)=>> — (50)
1>7 g=1 TU

is the mterelectron repulsion potential. If we let

73, =~ [ o 6,(x)Va()6 ) (51)
T == [ e (V" ()6 (x) (52)

and . . . 12
RVE(F-F?—%I—Z‘FW—F...) (53)

then from the potential-weighted orthonormality relation (9) and the sub-
sidiary conditions (43) and (44) it follows that

Ty, =06,0ZR, (54)

The generalized Sturmian secular equation for the atom can then be rewritten
in the form-
[Ty + 60w ZRy — 8rpo] By =0 (55)

It turns out that 7,, ,, as defined by equation (52), 1s a pure number, indepen-
dent of py In a crude approximation, we can represent the ground states of the
atoms and ions in the 2-electron isoelectronic series by a single configuration:

(]5,,(){) = |X13X1_s| (56)
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Figure 1: This figure shows the electronic energy in Hartrees as a func-
tion of nuclear charge for the 6-electron isoelectronic series: C, N*t, 0%,
F3+t Nett . etc. The dots show Clementi’s Hartree-Fock values {24], while the
smooth curve was generated from equation (42).
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Similarly, the ground states of the 3-electron isoelectronic series can be ap-
proxumated by the single configuration

¢V(X) = JX15X1‘3X25' (57)

and so on In the crude one-configuration approximation, the generalized
Sturmian secular equation, (34), reduces to the requirement that

po~ ZR, +T., (58)

For the first few isoelectronic series, this becomes:

o ~ Z %—0441942 N=2
2 1

P A Zy7+7-0681870  N=3
2 2

~ Zy-+ 2 88 N=

o T+ 09935 4
2

v ~ Zv24 S 14073 N=3
171
2 4

o A~ Z,/IJFL—1 1.88329 N=6
2 5

P~ ZyT+g 241491 N=T (59)

The energies calculated from (59) agree reasonably well with Clementi’s Hartree-
Fock calculations [15,24], as illustrated in Figure 1. Higher accuracy can, of
course, be obtained by using more configurations in the basis; and with the
addition of only a few configurations, correlated solutions can be obtained
which are a considerable improvement over Hartree-Fock solutions. Excited
states can also be obtained with good accuracy from a multiconfigurational
generalized Sturmian basis set. Table 2 shows calculated values for triplet
excited states of the 2-electron isoelectronic series compared with experimen-
tal values taken from Moore’s tables [43]. The calculations were made with
a basis consisting of fifteen generalized Sturmian configurations of the form
u(X) = |X1,0,0Xnu0|- For the lower excited states, a slightly larger basis set
was used, involving functions of the form ¢,(x) = |Xw 00Xnso0| Accuracy
of the calculations is greatest for highly excited states with large Z, but in
this region of the tables, experimental values are lacking. Unlike the basis set
Ru(1)Yy (%), the generalized Sturmian basis set which results when Vp(x) is
chosen to be the attractive potential of the nuclei in the system is believed to
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lack the formal completeness property; i.e. it is believed that not every well-
behaved function of the same variables obeying the same boundary conditions
can be expanded in terms of this basis. However, one should remember that
if this extremely stringent condition were applied to the conventional many-
electron basis sets actually used in configuration interaction calculations, all
of them would be disqualified!

7 The many-center one-electron problem, and
the many-center many-electron problem

In 1965, Shibuya and Wulfman [20] introduced a generalization of Fock’s
momentum-space treatment of hydrogenlike atoms [22]. Following this ap-
proach, one can show [17] that if

Zq
=-3 60
2, - Xd )
then the one-electron equation
1_, ki
_§VJ + 9 + buk,v(%)) | ou(x;) =0 (61)
can be solved by expanding ¢,(x,) in terms of a set of one-electron Sturmian

basis functions.
X;) = Z & (%,)Cr (62)
T
or, 1IN Momentum space,

(,0” P;) Zf (py)Cr (63)

where 7 stands for the set of indices, {a,n,l, m}, and where

[ Za
& (XJ) = nk‘anm (XJ - Xa)
t Z —1 X
&(py) = nk, P 2 rim(Ps) (64)

The functions xnum have the form shown in equations (40) and (41), all of
the functions in the expansions (62) and (63) being understood to belong to
the same value of k,. Solutions to equation (61) can be found by solving the
secular equation [17]

Z [Kz’,r - b;lKT’,T] C’T

P

p=0 (65)

3
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where

[t 2',;1’]) 4 (2,6 (py) (66)

If the basis set were infinite, the matrix K? could be found by squaring K.
However, when the basis set is truncated, it 1s preferable, if possible, to evaluate
K? by means of the relation [17]

K2, == [ dn,6(x,)0(0,)¢(x,) (67)

through which K2 can be related to nuclear attraction integrals. The matrix
K can be rewnitten with the help of (64)

| 242,
Ky =4/ = Lgmim (Xar ~ Xa) (68)

2 2
m Py KL R
Sg'll’ (R) = /d3p7 ( J2k2 ,u) € pRsz/l’m' (pJ)szlm(pJ) (69)
m

The integrals shown in (69) were introduced by Shibuya and Wulfman in their
proneering paper on momentum-space quantum theory [20]. The one-electron
hydrogenlike Sturmians can be shown to obey weighted orthonormality rela-
tions analogous to (9) and (11):

where

n 1
k. / BTy X pm (%5) = Xotm (X5) = Ot 00 10 m, (70)

W Ty

2 2
p:+k .
/dsp] < ]2k2 #> f‘L’l’m’ (p])X’nlm(p]) - 6n’ 51’ lém’ (71)
u
From (71), it follows that
Clpj X; — (2 )3/2 ( ) Zanm pJ anm(xj) (72)
nlm

a relationship which is analogous to (16) Then since

X;lm(pJ) = ( )3/2 /d3xJ P Janm(xJ)
1 2
anm(xj) = (27T)3/2 /d3pJ P17 anm(pj) (73)
it follows that

1 2 X
Xnim(X; + R) = @n)i / dPp,e®r C9TRINE (D)) (74)



Sturmian Expansions for Quantum Mechanical Many-Body Problems 85

Introducing the expression (72) into (74), we obtain:

anm(X] + R Z Xn'l'm! XJ)S ’l’m’( ) (7'5)
n'l'm/
where the integrals S™™ (R) are those shown in (69). The Shibuya-Wulfman

integrals form a representation of the translation group in a 3-dimensional
space, since from (75) 1t follows that

sum (R+R') = 2 n Dt (R)SHm (R (76)
nl/lll
The Shibuya-Wulfman integrals can also be interpreted as nuclear attraction
integrals, since from (70) and (75),

n . 1
. / dstXn’l’m’ (XJ);‘anm(XJ +R)
n 3

n N 1
= Z S;L/lg/l/mn (R) E“ / dsx] Xn't'm! (XJ) T_Xn”l”m” (X])
' m g

Having solved equation (61) by means of the secular equation, (65), we then
construct the many-electron Sturmian basis function:

¢u(x) = Noloppupp - | (78)
This will be a solution to the N-electron equation

N 1 p2
PZ§W+§+@%Q)@MZO (79)
1=1

where ¥
x) = Z_:l v(%,) (80)
provided that the subsidiary condition;
K4k +ky+ .=p; (81)

and
by = byky = bk = ... = B, (82)
are fulfilled. To see this, we notice that from (61),

Z V jl SO;L X1) P (x2)..

1
= iki + bﬂk#’l}(X:[) + 5]62/ + bu/k#IU(XQ) =+ ... gou(xl)goﬂf (X2) .-

=[5+ 81600)] ulx)g () - (83)
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Since ¢, (x) is built up from products of the form ¢, (x1)p, (x2) .., and since
each of these satisfies (83), the configuration (78) satisfies (79). The normaliza-
tion factor W, is necessary in the definition of the many-electron many-center
Sturmian basis set because the functions are not automatically normalized, as
they were 1n the atomic case, and N, must be chosen so that (9) and (11)
will be fulfilled The full potential of a molecule contains not only the nuclear
attraction term, Vp(x), but also an interelectron repulsion term.

N N 1
)=2.2 — (84)
1>7 9=1"1%]
Correspondingly, we can let
1
nw=—;/¢wmmw@@@yamy+ﬂw (85)
0
where .
ﬂyz—;/@mm@%@mqu%@y (86)
0 v

In our representation, the nuclear attraction term is already diagonal because
of the potential-weighted orthonormality relation, (9). From the subsidiary
conditions, (81) and (82), it follows that

pO kz k‘2

BTt 7
so that 12
1 1 1
T3V=6V11y<—+—+—+..) (88)
? bl%’ bil bil!
Thus the generalized Sturmian secular equation for a molecule becomes
1 1 1/2
ZU: T,i:),, + (5,,1,,, (g + @ + ) — po(s,,/,,, B, =0 (89)

where the constants b, are obtained from the secular equations (48), while
. 1s the interelectron repulsion matrix-

N N 4
=——/@@, Y —dulx (90)
1>7 1=1 1]

The evaluation of this term is the heavy computational step in molecular cal-
culations using the generalized Sturmian formalism; but much progress in the
evaluation of many-center two-electron integrals involving Slater-type orbitals
has recently been made by Fernandez Rico and his co-workers in Madrid [25,26]

and by Stemnborn, Weniger and co-workers in Germany [27,28]
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8 Representation in terms of hyperspherical
harmonics

In lis famous momentum-space treatment of hydrogenlike atoms, Fock [22]
introduced a projection which maps 3-dimensional momentum space onto the
surface of a 4-dimensional hypersphere:

Uy = k?%ki p;2 = gin y sinf cos ¢

Uy = k%k_’:_ p;Z = sin x sin @ sin ¢

uz = %k:_% = sin y cos @

Uy = Zg ;iz = cos (91)

(where we have dropped the electron index, 7). He was then able to show that
the Fourier-transformed hydrogenlike orbitals can be written in the form

szlm(p) = M(p)Yn—l,l,m(ﬁ) (92)
where k52
M(p) = @‘:—PZV— (93)

is a universal factor which is independent of the quantum numbers, and where
Y),m () 1s a 4-dimensional hyperspherical harmonic:

Vi m (W) = NoyCitt (ug) sin' X Yim (65, Xp) (94)

In equation (94), N, 1s a normalizing constant

— (1) 20+ 1A= D!
My =(-1) Z(sz LT (95)
while C§(u4) is a Gegenbauer polynomial:
o L ()T +a-b)
) = X i apin) O (56)

The first few 4-dimensional hyperspherical harmonics of this type are shown in
Table 3. Fock was able to explain in this way the puzzling n2-fold degeneracy
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of hydrogenlike atoms, since (A + 1)? = n? linearly independent 4-dimensional
hyperspherical harmonics belong to a given value of the principal quantum
number, A. The generalized solid angle of the 4-dimensional hypersphere onto
which momentum-space 1s projected by Fock’s mapping is related to the vol-
ume element of momentum space by [9,17]

2%, \°
dQ = d® S 97
p<kz+p2> (97)

From (92), (93) and (97) it follows that the Shibuya-Wulfman integrals defined
in equation (69) can be rewritten in the form:

n’'l'm

sum (R) = [ dQe®BY?_ ()Y, 1 1m(l (98
1,l Nl sty

If we replace x; by R in equation (72), and if we make use of (92), we can
write:

1/2
eP R = (27)%/? (£> DYy (@) Xum (R) (99)

kl21+p2 nim

Thus the Shibuya-Wulfman integrals can also be expressed in the form:

nim 2m i
S’n’l’m’(R) = k—” Z Xn”l”m” (R)

n”lllmll

x / UL+ Ua) Y i (8) Vi1 gy (1) Yy g (1)

(100)
where we have made use of the relationship
2k2
£E_—1 101
kﬁ o + Ug (101)

which can be derived from equation (91). From equation (100), it is clear
that the Shibuya-Wulfman integrals can be expressed in terms of the general-
ized Wigner coefficients of the 4-dimensional hyperspherical harmonics [29,30].
These, in turn, are closely related to the Hahn polynomials [31] A few
Shibuya-Wulfman integrals are shown in Table 4. It can be seen from this
table, that if we let

s=k,R (102)

then the Shibuya-Wulfman integrals always consist of an exponential factor,
e™*, multiplied by a polynomial in s;, s, and s3. Thus the integrals define a
special type of polynomial, related to Legendre polynomials and Hahn poly-
nomials by equation (100).
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9 Alternative hyperspherical harmonics;
the method of trees

Interestingly, Fock’s treatment of hydrogenlike atoms [22] leads one to the
conclusion that

Xa(p) = M(p)Y,_1(8) (103)

will be a solution to the momentum-space Schrodinger equation of the atom
provided only that Y,(i1) is a 4-dimensional hyperspherical harmonic. The
minor quantum numbers need not be organized according to a scheme where
one of them is an eigenvalue of L? and the other of L,. Any alternative way
that we have of constructing an orthonormal set of hyperspherical harmonics
will lead us to a set of orthonormal solutions. General methods for construct-
ing orthonormal sets of hyperspherical harmonics have been developed by a
number of authors in Russia and Italy [32-40]. For the case of 4-dimensional
hyperspherical harmonics, the indices may be organized either according to
the chain of subgroups SO(4) D SO(3) D SO(2), or according to the chain
S0(4) D SO(2) x SO(2), as symbolized by the “trees” shown in Figure 2.

1 2 3 4 1 2 3 4

Figure 2:

If we organize the indices according to the “standard tree”, (Figure 2a), we
are led to hyperspherical harmonics of the form shown in equations (94-96).
Alternatively, we can define the hyperangles according to the relationship:

2kp,p1 . .

uy = W=SIDGSIH¢
2k

Uy = B ip;Z = sin © cos ¢
2k

uz = 2P 05O sin @

k2 + p?
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k2 _ p2
ug = k§+p2 = cos © cos & (104)

as symbolized by the second tree, (Figure 2b); and we can construct an or-
thonormal set of hyperspherical harmonics by coupling an irreducible repre-
sentation of the group of rotations in the 1,2-space, ¢"™¢, with an irreducible
representation of rotations in the 3,4-space, e#®. This leads to a set of 4-
dimensional hyperspherical harmonics of the form-

o n-1m { T 12 (n—1)/2
yn_la#,m(u) = (_]‘) ? (%2-) D(/_l,+m)/2,(p.—m)/2(—q) - ¢) 2@) ¢_ q)) (105)
The first few harmonics of this alternative type are shown in Table 5. We
can now ask - to what coordinate-space hydrogenlike Sturmians do the hyper-
spherical harmonics correspond? The answer is that they correspond, through

the relationships
U?i,um(p) = M(p)yn—l,y,m (ﬁ) (106)

and (73), to the set of solutions to the hydrogenlike atom where the separation
has been made in the paraboloidal coordinates:

A = r+2
Ao = r—2
¢ = tan™! (%) (107)

The set of paraboloidal coordinate-space hydrogenlike Sturmians which are

related to U} . (p) through an inverse Fourier transform are

Unpm (%) = Ny (ky/ Mdg)me~Pa+32)/2
X Litu-m-1y/2(kuA) Loy (kpdo)e™ - (108)

where Ny, is a normalizing constant,

Ao = J k3 [(n+n—m—1)/2[(n— p—m— 1)/2]! 100)

m{{(p+n+m—1)/2[(n - p+m—1)/2]!}?

and where L7 is an associated Laguerre polynomial. We can call this basis the
“Stark basis”, since it is the set of Sturmians which is most appropriate for
treating the Stark effect in atoms. It 1s also the basis which is most appropri-
ate for the treatment of diatomic molecules. It is possible to derive (from an
equation analogous to (106) an explicit expression for the Shibuya-Wulfman
integrals mn the Stark basis; and this expression is given in reference [42]. The
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possibilities for alternative hyperspherical harmonics and alternative hydro-
genlike Sturmians are very rich, since in addition to the two alternative trees
of Figure 2, we have the possibility of permuting the indices associated with
the “branches” of the trees. Thus, for example, we might construct a set of
harmonics quantized according to eigenvalues of the quantum analogue of the
Runge-Lenz vector. In all there are 15 alternative hydrogenlike basis sets at
our disposal, and we can choose the set most appropriate to the problem at
hand [40].

10 Final remarks and conclusions

In this paper we have emphasized the close relationships between Sturmian
basis sets and hyperspherical harmonics. The connection with generalized
angular momentum theory provides further insight as well as powerful and
flexible mathematical tools for the computation of matrix elements [45]. From
this perspective, recent advances in the theory of orthogonal polynomials of a
discrete variable are of great interest [46]. Specifically, we remarked above that
the generalized Wigner coefficients which enter expressions for the Shibuya-
Wulfman coefficients are closely related to Hahn polynomials [31]. The Hahn
polynomials are defined by the relation:

Qu(z,0,8,N) = 3F(—n,—z,n+a+F+1;a+1,-N;1) (110)

where 3F3 15 a generalized hypergeometric function. From (110), it can be seen
that n is the degree of the polynomial. z is a discrete index, and N is chosen
to be a positive mteger such that

0<nz<N (111)

Both o and g are restricted to be greater than -1. When these conditions are
fulfilled, the Hahn polynomials enjoy the discrete orthonormality relations:

N 6 ,
_OQn(x,a,ﬁ,N)Qn(x',a,ﬁ,N)wn = ’ll)?;) (112)
and
N 6n’n
ZQn(ﬂ'),OZ,IB,N)QTLI(I,O(,,B,N)'IU((L') = 7'[‘, (113)
=0 n
where (a+2)(B+N—2)(a+ B+ 1IN
w(z) = : ' ' (114)

zlalB{(N — ) (N +a+ [+ 1)!
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and

N{N+a+ 8+ (n+a)(n+a+/)2n+a+0+1)
(N=n){(N+a+8+n+Dlal(a+B)l(n+6)nl{a+ +1)

Il

Ty

(115)

If we introduce the notation [31]

“ﬂNEmn:paﬂN (116)

then the “Hahn coefficients” Q2N obey

Z Qa,ﬂ N ,,3 N - (117)

and

ZQ"‘"’N QN = b (118)

We can write in terms of these coefficients the unitary transformation matrix
< nimngm >= [ QY1 (@) Vn1m(8) (119)

which links the spherical polar hydrogenlike Sturmians with the Stark ba-
sis This applies also to the basis transformations of d-dimensional extensions
needed in many-particle problems. The same can be done for the Shibuya-
Wulfman integrals which, as we have seen above, may prove to be extremely
important to future developments in quantum theory. These integrals define a
set of polynomials, which are linked to Hahn polynomials and Laguerre poly-
nomials Because of their great practical importance, the polynomials associ-
ated with Shibuya-Wulfman 1ntegrals present a challenge to the community of
mathematicians, a community which now 1s making very rapid progress in the
general theory of polynomials' It would be highly desirable to develop efficient
methods for generating the polynomials associated with Shibuya-Wulfman in-
tegrals; and we offer this problem as a challenge to the mathematical commu-
nity.
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Table 1
d-dimensional hydrogenlike Sturmians
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Table 2
Triplet excited states of the 2-electron isoelectronic series

Calculated values are shown uppermost. Experimental values, where avail-
able (taken from Moore’s tables [43]), are shown below for comparison. The
multiconfigurational calculation made use of 15 generalized Sturmian basis
functions of the form |x1,0,0Xn0| for the levels 7s 39 — 125 33, while for lower
levels a slightly larger basis set was used, with 36 configurations, some of which
involved doubly excited states.

He Lyt Be?t B3t c4t N5+

2538 | —2.17359 | —5.10790 | —9.29368 [ —14.7300 | —21.4166 | —29.3533
expt || —2.17503 | —5.11079 | —9 29825 | —14.7372 | —21.4290 | —29.3736
3535 || —2.06815 | —4.75035 | —8.54419 | —13.4496 | —19.4663 | —26 5943
expt. || —2.06850 | —4.75214
4535 || —2.03627 | —4.63601 | —8 29825 | —13.0232 | —18.8109 | —25.6613
expt. || —2.03632 | —4.63722
5538 | —2.02250 | —4 58537 | —8 18801 | —12.8307 | —18.5136 | —25.2367
expt. || —2.02243 | —4.58618
6s 35 || —2 01529 | —4.55856 | —8.12931 | —12.7278 | —18.3541 | —25.0084
expt | —2.01519 | —4.55913
7538 || —2.01097 | —4 54251 | —8.09421 | —12.6662 | —18.2586 | —24.8715
expt. || —2.01094 | —4.54309
8535 | —200832 ] —4.53237 | —8.07182 | —12.6267 | —18.1973 | —24.7835
expt. || —2.00824
9s 35 || —2.00653 | —4.52547 | —8.05657 | —12.5999 | —18.1554 | —24.7234
expt. || —2.00641
105 35 || —2.00526 | —4.52057 | —8.04573 | —12.5807 | —18.1256 | —24.6805
expt. || —2.00512
11535 || —2.00432 | —4.51695 | —8.03773 | —12.5666 | —18.1036 | —24.6489
expt. || —2.00418
12535 | —2 00348 | —4.51421 | —8.03166 | —12.5559 | —18.0870 | —24.6250
expt | —2.00346
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Table 2 continued
He Let Be?t B3t o+t N5+
2p 3P | —2.12931 | —5.02020 | —9.16547 | —14.5625 | —21.2103 | —29 1086
expt. || —2.13297 | —5.02774 | —9.17591 | —14.5762 | —21.2290 | —29.1349
3p 3P || —2.05705 | —4.72777 | —8.51022 | —13.4044 | —19.4101 | —26.5272
expt. || —2 05789 | —4.73054
4p 3P | —2.03191 | —4.62702 | —8 28440 | —13.0045 | —18.7874 | —25.6331
expt. || —2.03213 | —4.62850
5p 3P || —2.02034 | —4.58092 | —8.18106 | —12.8212 | —18.5015 | —25.2220
expt. || —2.02036 | —4.58182
6p 3P | —2.01407 | —4.55604 | —8.12535 | —12.7223 | —18.3471 | —24.9998
expt. || —2.01401 | —4 55665
Tp 3P || —2.01023 | —4.54098 | —8.09178 | —12.6628 | —18.2542 | —24.8661
expt. || —2.01022
8 3P || —2.00783 | —4 53135 | —8.07022 | —12.6245 | —18.1943 | —24 7797
expt. || —2.00776
9p 3P | —2.00619 | —4 52476 | —8.05546 | —12.5983 | —18.1533 | —24.7207
expt | —2.00608
10p 3P || —2.00501 | —4.52005 | —8.04492 | —12.5796 | —18 1241 | —24 6786
expt. || —2 00488
11p 3P i —2 00412 | —4 51657 | —8.03712 | —12.5658 | —18 1025 | —24.6475
expt || —2.00400
12p 3P || -2.00321 | —4.51392 | —8.03120 | —12.5553 | —18.0861 | —24.6055
expt. || —2 00332
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Table 2 continued
He Lt Be?+ BB+ C4+ N5+

3d 3D || —2 05551 | —4.72178 | —8.49901 | —13 3875 | —19.3872 | —26.4982
expt. | —2.05544 | —4.72260 —19.3967

4d 3D || —2.03122 | —4.62460 | —8.28009 | —12.9981 | —18.7787 | —25 6220
expt —2.03109 | —4.62524

5d 3D || —2.01998 | —4.57971 | —8.17901 | —12.8182 | —18.4974 | —25.2168
expt. || —2.01983 | —4.58016

6d 3D || —2.01386 | —4.55535 | —8.12423 | —12.7207 | —18.3449 | —24.9970
expt. || —2 01371 | —4.55569

7d 3D || —2.01007 | ~4.54066 | —8.09102 | —12.6617 | —18.2528 | —24.8644
expt —2.01002 | —4 54093

8d 3D || —2 00772 | —4.53102 | —8.06972 | —12.6238 | —18.1935 | —24.7787
expt. || —2 00763

9d 3D || —2.00611 | —4.52453 | —8 05512 | —12.5978 | —18 1528 | —24 7200
expt. || —2.00599

10d 3D || —2.00495 | —4.51988 | —8.04467 | —12.5793 | —18.1237 | —24.6781
expt. | —2.00482

11d 3D || —2.00411 | —4 51644 | —8.03694 | —12.5655 | —18.1022 | —24.6472
expt —2.00395

12d 3D || —2.00364 | —4.51382 | —8.03105 | —12.5551 | —18.0859 | —24.6236
expt. || —2.00329

13d ®D || —2.00280 | —4.51180 | —8.02649 | —12.5469 | —18.0732 | —24.6053
expt —2.00277
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Table 2 continued
He Lt Be?t B3 c4F N3*
4f 3F | —2.03125 | —4.62493 | —8.28101 | —12.9996 | —18.7806 | —25.6242
expt. | —2.03106 | —4.62509
5f3F || —2.01999 | —4.57992 | —8.17968 | —12.8194 | —18.4991 | —25 2188
expt. || —2.01981 | —4.58008
6f 3F || —2.01373 | —4.55549 | —8.12470 | —12.7216 | —18 3462 | —24.9986
expt. | —2.01370 | —4 55565
7f 3F || —2.01010 | —4.54075 | —8.09157 | —12.6626 | —18.2541 | —24.8659
expt. | —2.01002 | —4.54090
8f 3F || —2 00775 | —4.53120 | —8.06997 | —12.6243 | —18 1942 | —24.7798
expt. | —2.00763 | —4.53134
9f 3F || —2.00613 | —4 52458 | —8.05529 | —12.5982 | —18.1534 | —24.7209
expt. || —2.00600
10f 3F || —2.00497 | —4.51992 | —8 04480 | —12.5795 | —18.1242 | —24.6788
expt. || —2.00481
11f 3F || —2.00410 | —4.51647 | —8 03703 | —12.5657 | —18.1026 | —24.6477
12f 3F || —2.00349 | —4.51384 | —8.03113 | —12.5552 | —18.0862 | —24.6241
13f 3F || —2.00275 | —4.51180 | —8 02653 | —12.5471 | —18 0735 | —24 6057
14f 3F || —2.00179 | —4.51029 | —8.02290 | —12.5406 | —18 0633 | —24 5911
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Table 3
4-dimensional hyperspherical harmonics

212 2 —V/3(uy + 1ug)?

21211 2v/3us(uy + iug)
m Vor Yyim(u)

212 0 || —v2(2u2 — u} — ud)

212 =11 —2v3us(u; — 1)

1 1/2(uy + iug)

212 -2 —\/g(ul—zuz_)?

0 —12U3
211 1 || =023 ugluy + r1usg)

—1 || —iv2(uy — 1up)

2111 0 216 ugug

201 =1 20v3 ug(ug — 2ug)

210| 0 a2 -1
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Table 4: Shibuya-Wulfman integrals, 5%

o a=1s a=2s
1s (1+s)e™® —2s%¢7/3
2s —25%7°/3 | (3+3s— 252+ s%)e™?/3

2p, || 25,(1 + s)e*/3|  s,(1+s—s%)e /3

a=2p

2p1 || (B3+3s+ 52— s —sst)e*/3

2ps s152(1+8)e™/3

2ps3 s153(1+s)e™/3
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Table 5
Alternative hyperspherical harmonics.

M ou | m V27 Yoy ngm (1)

21 0| 2 —/3(ug + 1y)?
Ao | m | V2T Yapnem(@) || 2] 0 | =2 —V/3(ug — 1uy)?
0/ 0|0 1 20210 V3(ug + ius)?
110 1 —1/2(ug +iuy) |[ 2] -2 0 V3(ug — 1u3)?

1[0 | =1| —v2ue—oug) || 2] 0 | 0 || vB(u2+u2—u2—ud)

1] 1 0 —V2(ug +uz) || 2| 1 1| ov/6(ug + rus) (ug + 1uy)

1]-110 —V2(uqg—tug) || 2] 1 | -1 16 (ug + vus)(uy — 1)

20 —1| 1 | 9v/6(us — 2us)(ug + 1uy)

2| =1 -1 | 1v/6(us — 2us)(ug — 1uy)
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Abstract

The methodology of the hyperspherical coordinate approach to tri-
atomic reactions is presented, special emphasis being given to the extension
of the hyperquantization algorithm in the symmetric patametrization to
the general case of nonzero total angular momentum. The discrete analogs
of hyperspherical harmonics, 2.e. functions orthonormal on a lattice of
points covering the interaction region, are used as basis sets to compute
the adiabatic hyperspherical states parametrically dependent on the hy-
perradius which serve as effective potentials for reactive scattering. The
relevant aspects of the method are that no integrals have to be calculated
and the Hamiltonian matrix is sparse and can be evaluated analytically,
using angular momentum coupling theory. A survey of numerical results
and extensions is given. © 2001 by Academic Press
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1 Introduction

The hyperspherical coordinate approach (see [1] for an account) has successfully
contributed to the understanding of many of the most interesting features of the
three-body quantum mechanical problem and in particular of reactive scattering
[2-7). A three-atom system possesses nine degrees of freedom, but the three
which describe over-all translations can be eliminated because of center-of-mass
conservation. Accordingly, the complete description of the dynamics of three
atoms requires the treatment of six coordinates: in the hyperspherical approach,
this is accomplished by calculating in a first step for entrance and exit channels
adiabatic eigenvalues and eigenvectors by solving a five-dimensional quantization
problem adiabatically in the hyperradius p, treated as a quasi-separable variable;
coupled-channel equations as a function of p are obtained and integrated in the
final propagation step.

The hyperradius is a measure of the total inertia of the system and is a nat-
ural reaction coordinate. At small values it corresponds to the region of strong
triatomic interaction while at large values it describes the asymptotic rearrange-
ment regions corresponding to reactants and products. The other variables span
a five-dimensional hypersphere: thus one has three orientational coordinates (for
example the Euler angles which define appropriately a rotating body frame) and
two internal ”angles”. Two basic hyperspherical parametrizations, which we re-
fer to as asymmetric and symmetric, offer two alternatives for the choice of these
angles. Both have been studied and used [8-11]. In particular, the symmetric
hyperspherical coordinates proved to be very effective when applied to the study
of triatomic reactions, and efficient algorithms are demanded to solve eigenvalue
problems at fixed values of the hyperradius, for any combination of masses, the
key problem for most systems being the high number of states one has to deal
with in the general case. We have developed and implemented a method (hy-
perquantization algorithm [12-15]), which allows the calculation of the adiabatic
(fixed hyperradius) states and wavefunctions. This step is very demanding from
a computational viewpoint: systems involving more than one atom different from
hydrogen and more than two open rearrangement channels are still very hard
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to cope with. Also, practically all reactive scattering calculations reported so
far have been carried out only on the ground potential energy surface, while our
algorithm provides a framework for the treatment of couplings to the excited
electronic states[13], such as those which arise when spin and electronic orbital
effects are considered. In principle, the technique can be formulated for more
than three bodies.

The mathematical tools of our algorithm are polynomials of a discrete variable
properly weighted and normalized to be orthogonal on a lattice of points (for
a recent account, see[15]). In the present application, they are generalized 3;
symbols or Hahn coefficients [16]. Using these quantities we build up an algebraic
representation of the eigenvalue equation with the very attractive computational
feature of providing a natural discretization of a quantum mechanical problem
(hyperquantization). Advantages are that no integrals are to be calculated, the
potential is diagonal on a discrete grid and the construction of kinetic energy
matrix is straightforward: salient features are the block tridiagonal structure
of the Hamiltonian matrix and a number of symmetry properties. Also, the
sparseness of the matrix enormously simplifies the diagonalization required to
obtain the adiabatic hyperspherical channels as a function of the hyperradius.

This step is the most time consuming, but the computing time and memory
requirements have been highly reduced by applying a sequential method of diag-
onalization and truncation of the basis[14]. For three-atom reactions there are
two choices to be made for the sequence, which are related to the two ways of
ordering the elements of the Hamiltonian matrix. The effectiveness of the reduc-
tion of each scheme is found to depend on the topology of the potential energy
surface as the hyperradius varies, the transition between the range of applicability
of the two procedures occurring astride of the appearance of the ridge line which
separates the reactants’ and products’ asymptotic channels.

The topic of body frames and their singularities as well as those of the cen-
trifugal potential and those due to the choice of internal angles is also relevant
[17]. Sources of discontinuities of the internal wavefunction have to be taken into
account in order to obtain convergent results. A proper frame is one where all
singularities lie in regions where wavefunctions vanish. This can be accomplished
using as a basis a prolate symmetric top set, 1.e. keeping constant the projection
{2 of the total angular momentum on the axis of least inertia. Within this choice
the frame singularities lie outside the dynamically accessible region for the en-
trance and exit reaction channels, and also for transition states which are close to
the collinear configuration of the three bodies. For systems with a bent transition
state an oblate top reference Hamiltonian may be more appropriate: this choice,
currently being investigated, amounts to choose a principal axis frame where the
quantization axis is perpendicular to the triatomic plane.

Quantum mechanical calculations which apply the hyperquantization algo-
rithm based on symmetric hyperspherical coordinates have been carried out on
two benchmark systems, the F+H; reaction including fine structure effects [13]
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and the He+Hj reaction [18].

In the next section we define the hyperspherical symmetric coordinates under
focus in this work. Asymmetric coordinates have been studied elsewhere[12, 19],
and some of their advantages and disadvantages assessed[10]. In section 3 essen-
tials of the hyperspherical approach are presented. In section 4 our algorithm
(hyperquantization) is presented: the transformation from a continuum basis set
into a discrete one is extended to deal with the case of any value of the total angu-
lar momentum J, as needed for calculations of observables such as cross sections
and reaction rates. In Sec. 4.1 the discrete analogs of hypherspherical harmon-
ics, 1.e. generalized 3 symbols or Hahn coefficients [16], are introduced and
some important properties used to develop our algorithm are reviewed. Sec. 4.2
provides the explicit construction of the Hamiltonian matrix, yielding adiabatic
channels eigenvalues and eigenfunctions to be used in the propagation step along
the hyperradius (Sec. 4.3). The results and some perspectives about the poten-
tialities of this method for tackling fine structure effects and four body processes
are summarized in the final Sec. 5.

2 Hyperspherical Coordinates for a three parti-
cle system

In the laboratory reference frame the motion of three particles depends on nine
variables, three of which define the position of the center-of-mass while the other
six describe the internal (e.g. rotational and vibrational) modes. The center-
of-mass, or translational, degrees of freedom are separated out introducing two
tridimensional vectors, r,, and Ry ,, which denote the vector from atom 7 to j
and the vector from the center of mass of the pair ¢j to the atom k, respectively.
The choice of these Jacobi vectors is not unique: explicitly, for the reaction of an
atom A with a molecule BC a suitable set for describing the reactants’ channel
A+BC, corresponds to the vectors rge and Ra ge. Alternatively, two other sets
of vectors, rpp and R¢ ap or 7ac and Rp ac, are more appropriate for describing
the products’ channels AB+C or AC+B. Under proper mass scaling (see below)
these three sets of vectors can be related to each other by a planar rotation of
an angle which depends only on the masses of A, B and C atoms [20] and is
an extension of the so-called skewing angle concept introduced in the thirties
in chemical kinetics. In a previous paper [21], we have shown that alternative
coordinate systems such as the Radau-Smith vectors [22] can be obtained from the
Jacobi ones by a sequence of kinematic rotations (for explicit expressions of the
(mass-dependent-only) rotation angles see[20]). The symmetric parametrization
for an n-body system [19] features the kinematic rotation angles as variables. For
three bodies, only one angle, denoted as @ following Smith [23] is sufficient. For
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each set k (or ¢ or j) of the two Jacobi vectors the mass-scaling can be written

i 1/2
= (2) e (1)

" 1/2
Rk = ('_> Rk,?]
Hoy

where p,, is the two-body reduced mass for the ij couple. The Cartesian com-
ponents of the vectors r, and Ry along the center of mass reference frame can
be viewed as the rectangular coordinates which define the positien in a six di-
mensional space of a body of mass i, conveniently identified with the three-body
reduced mass

u = yfmamym/(m, +m, +my) (2)

where m,, m, and m, are the masses of the three particles. When in this mul-
tidimensional space hyperspherical coordinate systems (i.e one radius and five
angles) are introduced, the hyperraduus is found to be:

P =ln P+ | R (3)

and enjoys the important property of being independent on the particular choice
k, or 4, or j and of being a direct measure of total inertia (see below). Being
invariant under kinematic rotations, it is referred to as a variable democratic
with respect to labeling of particles and rearrangement channels.

The five angles that define the orientation of a point on the surface of the 6-
dimensional sphere can be chosen in essentially two different ways, each offering
advantages whose exploitations make the hyperspherical approach extremely flex-
ible and powerful. Each parametrization corresponds to an alternative coupling
scheme of angular momenta and as a consequence to an alternative representation
of the Schrédinger equation for the three particles. We have given a classification
of these parametrizations [19], where - as also experienced by the vast literature
on three-body problems - it is basic to separately consider the two classes, which
we denote as asymmetric [24] and symmetric 23] hyperangular parametrizations.
The choice of the reference frame is also important.

The parametrization of hyperangles, denoted as symmetric, was first intro-
duced by Smith [23] and has been employed successfully by many for reaction
scattering problems [3, 4, 6, 7]. When the transformation to the inertia principal
axis reference frame is enforced, the spatial rotations are described in terms of
three external coordinates, for example the Euler angles (o, 3,7) orienting the
ellipsoid of inertia with respect to the center-of-mass reference frame, and the in-
ternal dynamics is best represented in terms of rotations - specified by the angle ®
- in the kinematic two-dimensional space of two orthogonal vectors whose lengths
z; and z, are democratic (or kinematic) nvariants, because do not depend on
the particular choice of the Jacobi vectors.
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The coordinate transformation from the cartesian components of the mass-
scaled Jacobi vectors to the coordinates «, 3,7, 21,22 and ® is introduced as
follows[19]:

a1 R 1 0 i

cos® —sind
e R | =D(e,5,7) 0 2y ( sin® cos® ) )
fk3 Rk3 0 0

where R is an SO(3) three x three orthogonal rotation matrix depending for
example on «, £ and 7.

The squares of £ and x5 are the eigenvalues of the scalar product matrix
between the Jacobi vectors, whose trace is the hyperradius and whose determinant
is proportional to the area A of the triangle formed by the three particles. So we
can write:

p? =1t + a3 (5)
and

4A% = 2322 (6)
The principal moments of inertia I; and I, are directly related to the kinematic
invariants

Lijp = 23
Lip = (7)

where 4 is the three-body reduced mass, Eq. (2).

We recall that in the case of three particles only two moments of inertia
need be specified, being one of them, say I3, the sum of the other two, with
the constraint I; > I;. In [25], Smith defined an angular coordinate © for the
three-body planar problem:

(h —L)/p
44

p*cos 20
p?sin 20 (8)

For the three-body problem in the physical tridimensional space, the range for ©
is from 0 to 7/4 in order to span only positive values of A.
By comparison of Eqgs. (8) with (6) and (7) we easily find:

z; = psin®
o = pcos® (9)

The two kinematic wnvariants, © and p, and the angle & are the internal co-
ordinates for the symmetric hyperspherical parametrization of the three body
problem. The hyperradius p and the area-angle © are also indicated as the col-
lective [26] coordinates, because they specify the magnitude and the position of
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the inertia ellipsoid and are independent of particle permutations. The kinematic
angle ® is a continuous generalization of the reaction skewing angle concept and
distinguishes the different shapes of all triangles with the same moments of iner-
tia. It varies between 0 and 7 and is defined within a phase factor which depends
only on masses and specifies the particular choice of Jacobi’s vectors.

In Ref.[20] we have given the explicit relationships among the variables ©
and ® and the internal angles of the asymmetric hyperspherical parametrization
as well as the distance formulae, useful for the mapping of the potential energy
surface in both parametrizations.

3 The Hyperspherical Method

In hyperspherical coordinates the kinematics of three particles is equivalent to
that of the motion of one body of mass p (Eq. (2) on the five-dimensional surface
of a sphere embedded in a six-dimensional space. The kinetic energy operator

takes the following form:
1 50 0 A?
K=——|p77—p"— — = 10
2p [p 20" Bp pz] 10)

where p is the hyperradius and the operator A? is mathematically related to
the quadratic Casimir’s operator of the six-dimensional rotation group and is
physically interpreted as the generalized or grand orbital angular momentum
operator [25]. Tts eigenvalues are A(A + 4), where X is the grand orbital angular
quantum number, and its eigenfunctions are hyperspherical harmonics [19].

The grand-orbital angular momentum operator acts on five angular variables.
If one considers the motion in the center-of-mass reference frame and utilizes
the asymmetric hyperspherical parametrization of the Jacobi vectors, the corre-
sponding harmonics are known in closed form for each value of the total angular
momentum[19]. The asymmetric hyperangular parametrization permits explicit
harmonics for any J for any number of particles, but overemphasizes a rearrange-
ment channel over the others. This is the reason why it struggles to accurately
reproduce the whole reaction. However, implementation of our algorithm and
some results have been discussed [12, 10]. In the following, we will refer to
the symmetric hyperangular parametrizations, which on the contrary enjoys the
property of treating ”democratically” all reaction channels, but for which hy-
perspherical harmonics are available in a closed form only for zero total angular
momentum. Therefore, for J greater than zero, which is important in practice,
the total Hamiltonian will be partitioned in such a way as to separate out a part
exactly solvable in proper harmonics (see below, Eqs. (13) - (16)), while the
remaining part will be treated in the propagation step.
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In symmetric hyperspherical coordinates, the A? operator reads [3, 4, 27, 28]:

1 @ P 1 (& )
2 - __ - T 2 in?2 i
A n4650 "**°%8 ~ w26 <a<1>2 J3 = 2sin20 )3 8@)
32 N 33 (11)
sin®®  cos? O

where Jq, J» and J3 are the components of the total angular momentum operators
in the principal axis reference frame and depend on three variables (e.g. the Eu-
ler angles). In the limit of a prolate top, as for example a collinearly dominated
reaction, it is most natural to identify the quantization axis z as the smallest
inertia axis, in this case J; is chosen as the component which commutes with
both J? and A%, An alternative choice, convenient in the limit of an oblate top,
considers the z axis pointing along the largest inertia axis and the component Js
ig identified as J,. The identification of J, with J, may be suited for intermedi-
ate cases. The representation of the Coriolis term, J3 8/0®, which couples the
external rotational modes to the internal angle ®, depends on the choice of the
quantization axis: when the latter is pointing along the largest inertia axis the
operator J3 is diagonal, otherwise it has to be given in terms of ladder operators.

The calculation of the reactive cross sections requires the solutions of the
following Schrédinger equation

1 50 50 A?
[—Z (P 05;;)08_,0 - ?) +V(p,®, ‘I’)] ¥ =FEV (12)
at selected values of the total energy F, the total angular momentum (included
in A%) and the parity with respect to the inversion of all coordinates. V is the
potential energy surface, which depends on the internal coordinates of Sec. 2.

Within the hyperspherical coordinates approach, the usual point of view is to
study the dynamics on a family of effective potentials parametrically dependent
on p, and treating the p dependence in a second (the propagation) step. There-
fore, the first step requires the search for solutions of the angular part of the
Schrédinger equation at given values of the hyperradius. The case of total angu-
lar momentum equal to zero is simpler and has been treated extensively[12]. Very
demanding is the treatment of J greater than zero. It has been found convenient
to first solve a restricted eigenvalue problem:

5 (0.8) +V(6.0,8)| . = o) (13)

where, for reactions with a nearly collinear transition state, A% is suggested by
the quantum mechanics of symmetric tops [3]:

A2 1 8 8 18 4

- Y gnae 2 _ _ Y L
°= " 57000 2038 T w2608 T 5226 (14)
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where in this case {2 is the projection of J on the smallest inertia axis. We
exploit the fact that the prolate top symmetry dominates not only reactants’ and
products’ configurations, but is approximately preserved along the whole reactive
event [along a similar line, we are studying an oblate top reference Hamiltonian
to describe reactions with a bent transition state].

The resulting sets of eigenvalues £(p) and wavefunctions 1, contain informa-
tion on the structure and internal modes, except the motion along the reaction
radius, p. Since eigenfunctions of A% are hyperspherical harmonics:

242\ 12 .
Y12 2 (40,29,0) = (—) exp(—w0®)d: o . o(40) (15)
AR 47 iTHITY

[here 4/(A + 2)/47 is the normalization factor], solutions of the eigenvalue equa-
tion (13) are searched through the following expansion

%= p"F Y th,(0)Y} ¢ o(40,28,0) (16)
Ao

of the adiabatic channel eigenfunctions 3,. The quantum number A takes integer
even (odd) values when ¢, is symmetrical (antisymmetrical) with respect to the
spatial inversion; accordingly, the quantum number & takes even (odd) positive
and negative values from —A 4 2Q to A — 2Q. When two of the three atoms are
identical (as in the example worked out in Ref [13]), cosine or sine functions of
29 are used to describe symmetrical or antisymmetrical behavior with respect to
the exchange of the equal atoms.

Introducing the expansion (16) in Eq.(13) and integrating over the angular
variables an eigenvalue problem is obtained:

> {/\'(/\’ +4)+15/4
o 2pp?

Sy +VE (p>} 2,000 = ) () (17)

where the kinetic energy matrix is diagonal and the potential energy matrix
elements are:

Vit aorlo) = [ Y3 2 (40,28,0)V(p, ©,8)Y; ¢ (40,28, 0) d(cos 40)d(23)

(18)
In the application of the formalism illustrated above a main drawback is the cal-
culation of highly oscillating integrals in Eq.(18). In order to calculate the eigen-
values £J(p) and eigenvectors we have proposed the hyperquantization algorithm
[12] which avoids this problem. It exploits the discrete analogs of hyperspherical
harmonics in Eq.(15) (see below, Sec. 4.1) and through a unitary transformation
on the eigenvectors ¢{}, a novel representation of (17) is obtained: this is the
stereodirected representation, to be seen in Sec. 4.2.
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4 The hyperquantization algorithm

The algorithm is now illustrated to solve the eigenvalue problem [Eq. (13)] para-
metrically in p in the two internal hyperangles of the symmetric hyperangular
parametrization. It involves "hyperquantization”, being based on the discrete
analogs of hyperspherical harmonics which are physically generalized vector cou-
pling coefficients and mathematically Hahn polynomials. The technique allows us
to obtain an alternative representation of Eq. (17) in which the potential energy
matrix is diagonal and the couplings are transferred to the kinetic energy. More-
over, no integrals have to be computed since the potential energy matrix elements
are the values of the potential energy surface on a lattice of evenly spaced points
specified by the discrete values of cos4© and ®

4.1 The discrete analogs of hyperspherical harmonics

In the previous section we have illustrated how hyperspherical harmonics can be
used as expansion basis sets in the quantum mechanics of three bodies. Here
we define their discrete analogs as the product of functions orthonormal on a set
of grid points expressed explicitly in terms of Hahn polynomials, which can be
physically interpreted as generalized 3j coefficients [16]. The Hahn polynomials
[29] are functions of a discrete variable orthonormal on a lattice of points. They
are related to the Jacobi polynomials [29] by a limiting relationship leading from
a discrete to a continuum set. They enjoy many interesting properties, in partic-
ular three-term recurrence equations with respect to the discrete variable, which
simplify the algebraic manipulations and the explicit calculations required for the
hyperquantization algorithm.

In the following, we discuss the discretization of the hyperspherical harmonics
Y3/2.0/20 in Eq.(15), which are needed as the eigenfunctions of the kinetic en-
ergy operator (14), when symmetric hyperangular coordinates are employed, the
lattice consisting of equally spaced points in cos4© and ®.

The reduced Wigner d—functions, see Eq. (15), are particular cases of Jacobi
polynomials P2#(cos@) [30] and are related to the Hahn coefficients [16] by the
following relation:

T+1NF _qems  (A+2)77 2
(7)) @ = () dhggste) 19)
where n = (A—| 0| —2] Q|)/4 is the degree of the polynomial and
I-2
cos 40 = _ﬂ—_T‘E (20)

£ is the discrete variable and both n and £ vary in the range 0 < n,{ < 1.
Note that I + 1 is the number of grid points in the discretized © range, and
(19) becomes an equality for I tending to infinity.
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The Hahn coefficients defined above in Eq. (19) (see also (26) below) consti-
tute an orthonormal set with respect to both £ and =n:

ZQQU/ZI QO‘/QI —57”1/ (21)

and

E:QQWQISZﬂJ=5&' (22)

n=0

Together with the following recurrence relation [29]
COQEL + DOQLI™ + Cle+ NQRE =0 (23)
where
D) =n(n+Q+0/2+1) - (Q+£{+ DI —&) - &I +0/2-£+1)  (24)

CE) = [EQ+ T -+ )T +0/2—£+1))F (25)

they will be exploited in the next section and are responsible for the sparseness of
the Hamiltonian matrix to be diagonalized in the hyperquantization algorithm.
The orthogonality (Eq. (21)) and dual orthogonality (Eq. (22)) properties are
the discrete analogs of the orthogonality and completeness relations for hyper-
spherical harmonics.

A previous paper [16] can be consulted for the explicit relationship of Hahn
coeflicients with generalized angular momentum coupling coefficients; analogously
to BEq. (19) we can also write:

1,9 I_,¢ A !

3t3 3t3 % IT+1\7%7 a

Ii,2 272 2771 1 -~

(_)2 : ( r_Q L _ e L. Q ) - ( 2 ) d%+%,%_%(4@T) (26)
172

2 1

where 7 = £ — I /2. The relationship becomes exact when the number of grid
points I goes to infinity. When A and o are even integers the 3;j symbol is an
ordinary vector coupling coefficient, otherwise it is referred to as a ” generalized”
vector coupling coefficient, because multiples of 1/4 appear besides the integers
and half-integers usual in quantum mechanics. This alternative form of writing
the Hahn polynomials points up the link between (hyper)angular momentum the-
ory and discrete orthogonal polynomials[15] and serves to find out their symmetry
properties. Eq. (26) is well known as the semiclassical relationship holding for
large values of the mock angular momentum 7[15].

In order to find the discrete counterparts of the functions exp(—10®), we
generalize the one adopted in Ref.[12] for the trigonometric counterparts, using
well known properties [31]. The kinematic angle varies in the range 0 < 2& < 27
[for reactions with two identical atoms, such as those involving a homonuclear



114 Vincenzo Aquilanti et al.

molecule considered so far, the exchange symmetry allows to halve the interval[12]
and use (real) trigonometric functions]. We divide the range into N equally spaced

oints:
P v

@,,:—]V; v=1,...,N (27)
and define the discrete analog of the exponential functions as follows:
1
fY, = —=exp(—wrva/2N) (28)

3V v N
The fgu coefficients are the elements of a unitary matrix

N

> I8 S, = S0 (29)

v=]

where the asterisk denotes the conjugate coefficient and

N-1
Z fg:f—é'-vu’ = 8- (30)

o=—N+1

For states of even parity, 1.e. symmetric when acted on by the inversion operator,
N is an odd number and ¢ takes only even values; for states of odd parity, NV is
even and ¢ is odd.

The equations (19) [or (26)] and (28) will next be exploited using the dis-
crete analogs of the hyperspherical harmonics in Eq.(15) to turn the quantization
problem in Eq.(17) into a form suitable for numerical applications (see also [13]).

4.2 The Stereodirected Representation

The hyperquantization algorithm in the symmetric hyperangular parametriza-
tion allows the transformation of the eigenvectors i} in Eq.(17) to a new basis
(stereodirected representation), so to obtain new eigenvectors ¢!  labeled by the
discrete variables 7 and v:

ng
tho(p) =2 Qne 212, (0) (31)

TV

where n = (A — o —2Q2) /4 denotes the degree of the Hahn polynomial and ranges
from zero to I. The coefficients Qf? ! and fgy have been defined in Eqs.(26)
and (28). As apparent e.g. in Eq. (26), the interpretation in terms of angular
momentum theory for the lattice size parameters (7 and N) and the grid labels
(7 and v) shows that the transformation (31) is actually a vector recoupling.
The projection-like 7 and v are the "steric” quantum numbers for this problem
[32-37]. Through the use of discrete analogs of the harmonics in Eq.(15) we will
obtain a very sparse and symmetric matrix representation for the kinetic energy
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while, analogously to discrete variable representations [38], the potential energy
matrix is diagonal.

When the transformation in (31) is inserted into (17), multiplying the left-
hand side by fé"uQE_y " and summing over n and o, one obtains explicitly the
elements of the kinetic energy matrix:

5 Zf”*Qm [16n(n+0/2+ 2+ 1) + (o + 2Q)(0 + 262 + 4)

K'rv‘r’u’

2up
+15/4] n‘r’ f"u’ (32)

The sum over n can be performed analytically by exploiting Eq.(23); the result
is a tridiagonal matrix with respect to the discrete variable 7

KTVT’U' = 2Hp2 Z fN* — I TT’—l + B(T’)5TT’ - C(TI + 1)57',7"4-1] J%Vv’ (33)

where

B(7) = (0 +20Q)(0 +20+4) +15/4+16 [I(I/2+ 1) — 272 + (I /2 + 7)o /2 + Q]
(34)
are the elements along the main diagonal, and (see also Eq.(25))

Clr)y=—18[(I/2 — T+ D)(I/2 =T+ 0/2+ D)(I/2+7)I/2+ T+ Q)7 (35)

specify the elements of the lower and upper tridiagonals.

In (33) the sum over o is easily carried out evaluating trigonometric functions
at the lattice points. The kinetic energy matrix is block tridiagonal as in [12],
the presence of {2 now complicating only slightly the over-all structure.

The orthogonal transformation in (31) is seen to approximately diagonalize
back the potential energy matrix whose elements V5, Were defined in Eq.(18):

V(p, 4:@-,—, 2¢y) = Z fN*QnT non’o’ (P) n' 'r fo (36)

nn/co’

Indeed, for large I, the sum over n = A— | o | =2 | Q2 |)/4 is

1
A+2\¢ zp A
Z(]-i-l) Qgﬁld;f_n,.Tm(‘]:@)zl (37)
only when (see Eq.(20))
2
cos 40, =7 +T1 (38)

and zero otherwise. Identically for the sum over n'. Similarly, for large N, the
sum over ¢ (and ¢') is
v~ xp(0®) exp(10®) ,n f

o (39)
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when (see Eq. (27))
o, =— (40)

and zero otherwise.

Therefore the elements of the potential energy matrix are the values of the po-
tential energy surface V(p,40,,2®,) at the lattice points labeled by the discrete
values of 7 and ». In conclusion, in the symmetric hyperangular parametriza-
tion and the present partition of the Hamiltonian, we have to solve the following
algebraic problem

Z [K'rm-’y’ + V(p, 4@7"7 2(1)1/’)51'1’51/11’] tﬁ-’u’(p) = E{Ztﬁ,y (P) (41)

it

to obtain the potential energy curves £ as function of p at given values of Q. As
before, only elements K., with 7/ = 7 and 7 = 7 & 1 are different for zero.

4.3 The propagation step along the hyperradius

The adiabatic eigenvalues € and eigenvectors t{!, are needed for calculating the
reactive cross sections, solving a propagation problem along p. The scattering
matrix for each total angular momentum J is obtained by integrating the following
set of ordinary coupled second order differential equations in the hyperradius-

1 & g >
+ — =€ +E FQ@ ZUM’FQz +ZW zQ’z’Fﬂ"( ) (42)
(Q;Ldp p? Qo ¢

where the matrices U and W’ accounts for all the channel couplings. Explicit
formulas are given in the literature [3, 4] and efficiently implemented by our al-
gorithm. The construction of the interaction matrix U is straightforward, its
elements being computed by treating the adiabatic eigenstates as a diabatic ba-
sis. The matrix W’ contains the rotational and Coriolis couplings. These are
J-dependent terms arising when considering those remaining terms of the A% op-
erator [compare Eq. (11) and (14)], which are not considered in the solution of
the restricted adiabatic eigenvalue problem, see Eq. (13).

To integrate the coupled-equations (42) (see e.g. [39]), the overlap between
neighboring sectors obtained by discretizing the range in p, in our algorithm
simply involves sums between eigenvectors computed at their centers p,, and p,1
of adjacent sectors:

th TV pk) 3TV pk+1) (43)

The overlap matrix O is a square matrix and has dimension dictated by the num-
ber of the adiabatic eigenstates to be taken into account to describe accurately
the dynamical behavior at the collision energies considered. Typically all open
channels and some of the lowest close channels have to be included.
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In principle, one should include in (42) all 2 values up to J: this can become
a too demanding enterprise when J increases. Experience shows [3, 40] that
indeed rapid convergence truncation to low (Q is achieved for collinearly dominated
reactions.

5 Conclusions and further remarks: towards four-
atom reactions

The hyperquantization algorithm is a general quantum mechanical method for
solving eigenvalue problems. In the theory of three-atom reactive scattering its
applications are exemplified by calculating adiabatic eigenstates at fixed values of
the hyperradius [13]. The algorithm is based on the hyperspherical coordinates
approach, reviewed in Sec. 2, and exploits generalized vector coupling coeffi-
cients (Hahn polynomials) as the discrete analogs of hyperspherical harmonics.
Applying the recurrence equation, the symmetries, the orthogonality and the
dual orthogonality properties of these polynomials has allowed us to develop an
algebraic formalism that is shown to provide a tool to investigate the quantum
dynamics of three-particle systems. The extension of the theory to J > 0 in the
symmetric representation has been presented.

From a computational point of view, the most attractive features are the
sparseness and the high symmetry of the Hamiltonian matrix. Reactive cross
sections calculated by applying the hyperquantization algorithm based on the
symmetric hyperspherical coordinates on two benchmark systems, 1.e. the F+H,
and He+H{ reactions, are shown in refs.[13, 14] and refs.[18, 40], respectively.

The F+Hj system offers the opportunity to investigate the effect of the excited
electronic states on the reactivity. The open-shell electronic structure of the
fluorine atom leads to multiple potential energy surfaces. Since the coupling
among them due to the spin-orbit interaction is localized in the asymptotic region
of the reactants, we expect the long range features of the interaction potential
to be relevant for the dynamics. In the remainder of the configuration space
the surfaces are dynamically uncoupled and the reaction proceeds only on the
lowest potential energy surface. The treatment of the dynamics including excited
electronic states and spin-orbit coupling has been initiated in [13]

The three electron He+HJ system is a prototype for an ion-molecule reaction,
and has been considered as a case study to perform a dynamical test on differ-
ent potential energy surfaces in order to provide a contribution to the present
state of the concept of chemical accuracy. Quantum mechanical calculations of
the reactive cross sections exhibit a rich resonance pattern: the results [40, 18]
illustrate its dependence both on the nature of the potential energy surface and
on the functional form used to fit the ab-initio data.

An extremely important feature of this methodology is that it can be easily
generalized to more complex reactions than a three-atom system. For tetraatomic
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systems we have contributed [41, 8] to generalize the concept of symmetric (or
democratic) hyperspherical coordinates, which proved very useful when applied
to the study of the A 4+ BC reactions. We have introduced hyperspherical coordi-
nates in the space of kinematic invariants and written the associated Hamiltonian.
Also, we have derived the interatomic distance formulae for the mapping of the
potential energy surface. In addition, we have provided an analysis of body frames
and their singularities [17]. The extension of the hyperquantization technique to
four-atom systems is therefore an objective of future work.

For the general n-body dynamics, hyperspherical and related systems of coor-
dinates have also been analyzed [21]. Within a symmetric hyperspherical coordi-
nates framework[19], these coordinates are conveniently broken up into external
(or spatial) rotations, kinematic invariants (related to the inertia moments)[26,
42] and kinematic (internal) rotations. This is a generalization of Eq. (4), see [19].
Kinematic and rotational coordinates describe collective and concerted motions,
respectively.

For a given value of the hyperradius, the space of kinematic invariants is the
surface of a right spherical triangle and is described by two angular variables
(with proper range), that leads to a tetrahedral (for tetraatomic systems) or an
octahedral (for polyatomic systems, n>5) tessellation of the sphere [42]. Alterna-
tive parametrizations in this space are available [26]. Their usefulness was shown
for the study of constrained intramolecular motions and for the collective motions
of polyatomic molecules and clusters. The ammonia umbrella inversion motion
near the oblate top configurations is a relevant example, but reactive scattering
continues to be our target. Progress has also to be recorded regarding the de-
velopment of the Hamiltonians (see e.g. [8]), but much has to be done before
numerical implementations be feasible for the A + BCD and AB + CD cases.
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Abstract
Sequences of distributed Gaussian basis sets are determined for the
Hj ground state at its equlibrium geometry. For basis sets containing
2n+1, n = 3,4, ..., 13, s-type Gaussian functions the variation principle
is employed to determine optimal exponents and positions. The depen-
dence of these optimal exponents and positions on the size of the basis
set is analyzed. © 2001 by Academic Press
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1 Introduction

The controlled reduction of basis set truncation errors is an essential pre-
requisite of a quantitative quantum chemistry and recent years have wit-
nessed a growing interest in the systematic implementation of the algebraic
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approximation[l] [2], s.e. finite basis set expansions, in both non-relativistic
and relativistic studies. Basis set truncation is often the dominant source of er-
ror in contemporary molecular electronic structure calculations and it is there-
fore not surprising that the development of basis sets continues unabated. For
about fifty years the algebraic approximation in the form of the Linear Combi-
nation of Atomic Orbitals (L.C.A.O.) method was regarded as the poor relation
of the finite difference methods which have been employed in atomic structure
calculations since the pioneering work of Hartree[3] in the 1930s. In the 1970s,
it was recognized that the algebraic approximation facilitated the integration
over the continuum that arises in the description of electron correlation by
means of many-body theories[4]. In the 1980s, it was shown that in studies of
the relativistic atomic and molecular electronic structure problem, the alge-
braic approximation affords a representation of not only the positive energy
branch but also the negative energy branch of the relativistic spectrum(5].
This facilitates the study of not only a relativistic many-body perturbation
theory but also the covering theory, quantum electrodynamics[6]. Systematic
implementation of the algebraic approximation has allowed, for example, the
Dirac-Hartree-Fock energies of atoms to be determined to an accuracy which
matches that achieved in finite difference calculations; typically 1078 — 10~°
Hartree[7].

For molecules the situation is far less satisfactory[8] and, even in non-
relativistic molecular structure calculations, the basis set truncation error is
often seen as the largest source of error[l]. Molecular basis sets constructed
from atom-centred subsets necessitate the use of functions of higher angular
quantum number, £, if high precision is to be achieved especially in correlation
studies. This has prompted a recent renewal of interest in the use of off-atom
functions of lower symmetry. Atom-centred basis sets have been most widely
used in molecular calculations but, in calculations designed to match the ac-
curacy achieved in numerical Hartree-Fock studies of diatomic molecules, it
has recently been shown that they can be usefully supplemented by off-centre
sets [9]-[12]. Indeed, by including bond centred functions in a systematically
constructed basis set for the ground state of the nitrogen molecule it has been
possible to obtain an energy that is within a few pHartree of the numerical
result. The success of these calculations suggests investigation of the construc-
tion of basis sets including off-atom basis functions in more general terms.

A promising development is the distributed basis set[13] [14] in which the
exponents and the distribution of the Gaussian functions are generated ac-
cording to empirical prescriptions. It should be noted that Gaussian functions
are particularly well suited for such a procedure since, unlike exponential basis
functions, they do not introduce a cusp. This approach is distinct from the
use Gaussian lobe functions[15] and the Floating Spherical Gaussian Orbital
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(F.S.G.0.) model [16]-[18] in that there is no attempt to mimic higher har-
monics directly and non-linear optimization is avoided. This allows the use
of large basis sets resulting in high precision. However, a central problem in
the distributed basis set approach is in deciding where the basis functions cen-
tres should be placed. In previous work, both the position and the exponents
for the functions comprising the distributed basis set have been determined
by empirical prescriptions. The Gaussian cell model [19]-[22] , a distributed
basis set in which s-type basis functions are arranged on a regular cubic lat-
tice, has been reexamined and shown to support an accuracy approaching the
1 pHartree level for the total energy of one-electron diatomic and triatomic
systems. The distribution of s-type basis functions based on a Laplace trans-
form [23] relating elliptical functions and Gaussian functions has been shown to
lead to systematic convergence for the hydrogen molecular ion. More recently,
a stochastic variational approach has been applied to the nitrogen molecule
[24].

The purpose of the present work is to investigate the optimal distribution
and exponents for a sequence of Gaussian basis sets for the ground state of the
hydrogen molecular ion at its equlibrium geometry by invoking the variation
principle. The sequence of distributions and exponents thus obtained can then
be used to devised empirical schemes for constructing distributed Gaussian ba-
sis sets for larger systems for which the optimization of non-linear parameters
would be computationally intractable.

The Floating Spherical Gaussian Orbital (FSGO) method was pursued in-
dependently in the late 1960s and early 1970s by Frost[16][17] and by Hall and
his collaborators[18]. The basis functions have the form

Xp(Cos Tps Yp» Zp) = €XP {—gp [(:1: — ;pp)z + (y — yp)2 +(z— Zp)z] } (1)

and both the exponents, ¢, and the positions (2, %y, 2,) are determined by
invoking the variation principle. The total electronic energy is determined
subject to the conditions

OF oF
— =0, — =0, =x,4,2, V 2
ac o p=,y p (2)

Details of the optimization procedures employed in the present study are given
in [25] and [26].
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2 Variationally optimized s-type Gaussian ba-
sis sets for HJ ground state

2.1 Total electronic energy

The exact ground state electronic energy of the Hy molecular ion at its equi-
librium nuclear separation of 2 bohr is known to be —0.602 634 214 494 9
Hartree [27) . We carefully optimized a sequence of distributed basis sets of
Gaussian s-type functions for this one-electron system. The results are sum-
marized in Table 1. In this Table, the basis sets are labelled 2 x n + 1. All
basis functions are centred on points lying on the line passing through the
nuclei (the z-axis). Basis sets contain an odd number of functions, have one
function centred on the bond mid-point (z = 0) and the remaining functions
are distributed symmetrically. N denotes the total number of basis functions
in a given basis set. |g| is the reduced length defined by

sl = [—]\1—4- ng]% (3)

where g, denotes the gradients defined in (2) and M is the number of non-linear
parameters. |g| provides a measure of the quality of the optimization process.
A records the difference between successive entries in Table 1 in uHartree
and § is the difference between a given entry and the exact energy, again in
pHartree. It can be seen that only 9 functions are required to support sub-
milliHartree accuracy, 13 functions can support an accuracy of 100 uHartree
and 19 functions yield an energy which an accuracy below the 10 pHartree
level. A basis set of 25 functions is seen to be capable of supporting an accuracy
at the sub-p Hartree level.
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Table 1

Total energies for the ground state of the H) molecular ion at
R=2.0 bohr supported by a sequence of variationally optimized
distributed Gaussian basis sets of s-type functions.

Basis set N E lg] A 6

2x34+1 7 —0.601 403 501 9.292 1230.713
2x44+1 9 —0.602 318 718 3.891 915.217  315.496
2x5+41 11 —0.602 512544 7.3568 193.826 121.670
2x6+1 13 —0.602 552 422 1.082  39.878 81.792
2x74+1 15 ~-0.602 604 727 2.231  52.305 29.487
2x8+1 17 —0.602623 991 0.782  19.264 10.223
2x9+1 19 —0.602 629 211 0.783 5.220 5.003
2x10+1 21 —-0.602 630 565 0.065 1.354 3.649
2x11+1 23 —0.602 632 233 0.351 1.675 1.982
2x1241 25 —0.602 633 514 0.055 1.281 0.701
2x13+1 27 —0.602 633 875 0.011 0.361 0.339

Exact! —0.602 634 214 494 9

t Madsen and Peek[27]

The energies reported in Table 1 should be compared with those reported
by Wilson and Moncrieff [13] using an ad hoc distribution based on electric
field variant basis sets associated with each of the nuclei, a subset located on
the bond centre and another subset at off-centre positions beyond the nuclei.
A near saturated set of s functions centred on each nucleus gives a total elec-
tronic energy of —0.590 950 5 Hartree. Replacing these atom-centred sets by
electric field variant sets lowers the energy to —0.602 274 4 Hartree, whilst
adding bond centre functions gives —0.602 577 5 Hartree. The addition of
off-centre subsets gives the lowest energy recorded in the study of Wilson and
Moncrieff [13] —0.602 633 861 Hartree, which lies some 0.014 pHartree above
the lowest energy reported in Table 1. However, the distributed sets investi-
gated by Wilson and Moncrieff were constructed from even-tempered subsets.
No exponent optimization was undertaken. This ad hoc distributed basis set
considered of a total of 150 basis functions (30 associated with each nucleus,
30 located at the bond centre and 30 at each of the off-centre positions beyond
the nuclei.) compared with the 27 basis functions in the largest of the sets
employed in the present calculations.

The difference, §, between the energy calculated with a given basis set 2n+1
and the exact energy is plotted as a function of n in Figure 1 on a logarithmic
scale. It can be seen that § decreases monotonically with increasing n. The
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Figure 1: Error in the total energy, 8, for the basis set [2n + 1] plotted as a
function of n.
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curve is not entirely smooth and this is probably a reflection of the extent to
which the optimization procedure has achieved a minimum.

2.2 Optimized distributions and exponents

The optimized distributions and exponents for the eleven basis sets of s-type
Gaussian considered in this work are collected in Tables 2, 3 and 4. In Table
2, the results obtained for the smallest basis sets considered, the cases n =
3, 4, 5 and 6, are presented. Because of symmetry, there are for the basis
set designated 2n 4 1 only 7 + 1 unique exponents. One basis functions must
be centred on the bond mid-point, that is (z = 0) and the remainder are
distributed in pairs at +-z,. The basis function centred on the bond mid-point
is given the index 1. The remaining functions are ordering according to their
distance from the bond mid-point.

The results obtained for the cases m = 7, 8, 9 and 10, are collected in
Table 3 whilst in Table 4 the optimal exponents and basis function positions
are given for the largest basis sets considered, the cases n = 11, 12 and 13.

In Figure 2, the optimal positions of the s-type Gaussian functions in the
smallest basis sets considered, that is n = 3, 4, 5 and 6, are plotted as a
function of the basis function index. The function with index 1 is restricted
by symmetry to be centred on the bond mid-point and z = 1 corresponds to
the nucleus. For the n = 3 case, the remaining centres are roughly equidistant
at z = 0.8, 0.9, 1.0. For the n = 4,5,6 cases, n — 2 functions are located
close to the nucleus; obviously providing a description of the electron-nucleus
cusp. The remaining 2 functions lie at about 0.2 bohr from the nucleus, in the
direction of the other nucleus, and thus provide a description of polarization
effects.

The optimal positions of the s-type Gaussian functions in the basis sets for
n =7, 8 9 and 10, are plotted as a function of the basis function index in
Figure 3. Here, in addition to the function at the bond mid-point, a subset
describing the electron-nucleus cusp and a polarization subset, there is one
function in each case which lies beyond the nucleus which could be interpreted
as describing the depletion of the electron density from this region. For the
sequence of basis sets considered in Figure 3, it is the number of functions
associated with the description of the region near the nuclei that increases
with n.

In Figure 4, the optimal positions of the s-type Gaussian functions in the
largest basis sets considered, that is » = 11, 12 and 13, are plotted as a
function of the basis function index. Here the single function lying beyond the
nucleus observed in the cases considered in Figure 3 no longer arises. Somewhat
more that half the functions in a given set are used to describe the wave
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function in the region near the nuclei and the remainder are employed to
describe polarization effects.

In Figure 5, the optimal exponents of the s-type Gaussian functions in the
smallest basis sets considered, that is n = 3, 4, 5 and 6, are plotted as a
function of the basis function index defined above on a logarithmic scale. For
these smallest basis sets the plots are approximately linear and are reminiscent
of the even-tempered sets. The basis function centred on the bond mid-point
is the most diffuse, i.e. has the smallest exponent, whilst the function closest
to the nucleus is the most contracted, i.e. has the largest exponent.

Optimal exponents of the s-type Gaussian functions in the basis sets for
n =19, 8 9 and 10, are plotted as a function of the basis function index in
Figure 6. Here the more diffuse function lying beyond the nucleus should again
be noted. An approximately linear plot is observed for the more contracted
functions in the region close to the nucleus. The function centred on the bond
mid-point remains the most diffuse function in the set and the function located
closest to the nucleus remains the most contracted.

In Figure 7, optimal exponents of the s-type Gaussian functions in the
largest basis sets considered, that is n = 11, 12 and 13, are plotted as a
function of the basis function index. Again, an approximately linear plot is
observed for the most contracted functions in the region close to the nucleus.
Furthermore, the function centred on the bond mid-point remains the most dif-
fuse function in the set and the function located closest to the nucleus remains
the most contracted.
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Figure 5: Optimal exponents of the s-type Gaussian functions in the smallest
basis sets considered, that is » = 3, 4, 5 and 6, plotted as a function of the
basis function index.
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Table 2

A sequence of variationally optimized distributed Gaussian basis
sets of s-type functions for the ground state of the Hy molecular

ion withmn =3, 4, ,5 and 6.

Basis set

2x3+1

2x44+1

2x54+1

2x6+1

N

11

13

Ao

\

\

G Zp
0.1407113(0) O
0.430 208 1 (0) =0.806 362 0 (0)
0.152 571 8 (1) =+0.891 569 5 (0)
0.852 346 3 (1) =£0.997 883 9 (0)
$p “p
0.1246514(0) ©
0.349 7599 (0) +0.793 591 9 (0)
0.1089338 (1) =0.854 232 2 (0)
0.462 5390 (1) =0.988 532 8 (0)
0.305893 5 (2) 0.996 183 5 (0)
S Zp
0.1147299 (0) 0
0.302791 4 (0) +0.789 0425 (0)
0.864 934 8 (0) +0.825 3823 (0)
0.304 500 2 (1) £0.979 979 0 (0)
0.1333319 (2) +0.9919182 (0)
0.8857394 (2) =0.999 514 4 (0)
Cp “p
0.1135388(0) O
0.293 3559 (0) +0.792 675 3 (0)
0.807 967 2 (0) £0.812 761 3 (0)
0.253104 0 (1) +0.973 493 5 (0)
0.889 358 9 (1) =+0.987 956 7 (0)
0.388 951 8 (2) +0.998 914 5 (0)
0.259 236 8 (3) +0.999 599 9 (0)
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Table 3
A sequence of variationally optimized distributed Gaussian basis

sets of s-type functions for the ground state of the H, molecular
ion withn =7, 8, ,9 and 10.

Basis set N
( Cp “p
0.094 565 8 (0) 0
0.1628801 (1) +0.718 018 5 (0)
0.229 128 5 (0) =40.760 686 2 (0)
2xT7+1 15 0.569 3755 (0) +£0.791 791 0 (0)
0.561 555 2 (1) +0.984175 1 (0)
(0)
(0)
1)

0.2451778 (2) +0.997 3131
0.1633681 (3) +0.999 399 7
[ 01687421 (1) =40.1057187

& <p
0.087 1504 (0) 0
0.1215047 (1) +0.703839 6 (0)
0.2013042 (0) =+0.753815 9 (0)
0.467 0943 (0) +0.770 641 0 (0)
2x8+1 17 4 03588542 (1) +0.9753365 (0)
0.126 1716 (2) +0.993 925 7 (0)
0.553799 2 (2) £0.998 600 0 (0)
0.369 335 8 (3)  +0.999 800 0 (0)
1) (1)

| 0.123 937 2 +0.108 982 2




Table 3 (continued)

Distributed Gausstan Basis Sets Variationally Optimized s-Type Sets

Basis set N
2x9+1 19
2x10+1 21

4

& Zp
0.086 5995 (0) 0
0.1120348 (1) +0.663 952 5 (0)
0.196 283 3 (0) £0.756 381 6 (0)
0.443 881 3 (0) +0.760 684 7 (0)
0.296 032 8 (1) +0.971 248 1 (0)
0.907 266 1 (1) £0.990 947 9 (0)
0.320 654 3 (2) £0.997 801 4 (0)
0.141 014 9 (3) +0.999 400 0 (00
0.941 305 8 (3) 4:0.100 000 0 (1)
[ 0.110 0029 (1) =40.107 740 8 (1)
( &% “p
0.0884140(0) 0
0.109 1959 (1) =+0.631 7417 (0)
0.438 794 3 (0) 0.751 3224 (0)
0.197 687 6 (0) =+0.763 751 4 (0)
0.260 480 7 (1) =+0.969 377 3 (0)
0.724 464 4 (1) 40.987 689 6 (0)
0.222 955 2 (2) £0.997 040 4 (0)
0.790 3829 (2) 4:0.998 840 3 (0)
0.348 065 7 (3) +0.999 844 7 (0)
0.231 593 4 (4) =£0.999 954 5 (0)
| 01022312 (1) =0.106 6416 (1)
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Table 4
A sequence of variationally optimized distributed Gaussian basis

sets of s-type functions for the ground state of the H; molecular

ion with » =11, 12 and 13.

Basisset N
( & p
0.083 0830 (0) O
0.451 3610 (0) £0.520 361 0 (0)
0.121124 5 (1) =£0.524 986 2 (0)
0.106 235 0 (0) 0.732 211 2 (0)
0.272 2720 (1) +0.972 007 3 (0)
2x11+1 23 { 0.1049508 (1) =0.984 0241 (0)
0.447 486 0 (0) +0.988 0049 (0)
0.751 4334 (1) +0.987 481 6 (0)
0.227 496 0 (2) £0.997 366 6 (0)
0.799 050 3 (2) +0.998 771 3 (0)
0.349 957 7 (3) +0.999 860 2 (0)
| 0.2327796 (4) +0.999 953 0 (0)
, & Zp
0.0833981 (0) O
0.784 841 0(0) £0.366 577 8 (0)
0.358 978 0 (0) +0.530 230 7 (0)
0.223 7429 (1) +0.568 555 5 (0)
0.182 861 0 (0) £0.767 245 2 (0)
0.105 959 2 (1) £0.947 901 8 (0)
2x 1241 210 09605167 (1) +0.983 5377 (0)
0.728 606 4 (1) £0.987 070 8 (0)
0.464 916 0 (0) £0.990 021 4 (0)
0.222 145 4 (2) £0.997 098 6 (0)
0.783 3717 (2) +0.998 819 2 (0)
0.344 075 5 (3) £0.999 844 4 (0)
| 0229696 2 (4) 40.999 953 8 (0)




Table 4 (continued)

Distributed Gaussian Basis Sets. Vaniationally Optimized s-Type Sets

141

Basis set N
( & p
0.0825657 (0) 0
0.761 678 0 (0) +0.410 673 9 (0)
0.345 619 0 (0) +0.506 980 7 (0)
0.211 070 6 (1) =+0.570 306 8 (0)
0.178 753 2 (0) +0.768 222 3 (0)
0.100 487 6 (1) +0.950 979 9 (0)
2x13+1 23 0.243 2181 (1) =+0.983 634 6 (0)
0.614 265 8 (1) +0.984 937 1 (0)
0.446 1329 (0) +0.986 431 9 (0)
0.170 160 4 (2) £0.995 979 9 (0)
0.522 443 2 (2) 0.998 319 0 (0)
0.184 642 3 (3) +0.999 672 2 (0)
0.811 8326 (3) =0.999 879 9 (0)
| 0.542 254 8 (4) =+0.999 991 4 (0)

3 Discussion and conclusions

We have obtained a sequence of basis sets of increasing size for the hydrogen
molecular ion containing only s-type Gaussian functions distributed along the
axis passing through the nuclei. In each basis set both the exponents and
the positions of the functions have been optimized by invoking the variation
principle. A sub-pHartree level of accuracy was achieved for the total electronic
energy by using only 27 basis functions.

The energy expectation values decreased monotonically with increasing size
of basis set. The behaviour of the optimal exponents and positions has been
analysed as a function of the basis set size. A qualitative explanation of the
observed distributions of the basis functions and their exponents has been
given in terms of the behaviour of the wave function in the regions close to the
nuclei and in terms of polarization effects. The development of a quantitative
explanation of the behaviour of the distributions and exponents as a function
of basis set size requires further investigation. Progress in this direction will
be reported.



142 V N Glushkov and S. Wilson

ACKNOWLEDGMENTS

One of us (VNG) is grateful to the University of Ozford College Visitors
Programme which provided support during the summer of 1999. SW acknowl-
edges the support of EPSRC under Research Grant GR/M74627.

References

[1] S. Wilson, in Methods in Computational Molecular Physics, ed. G.H.F.
Diercksen and S. Wilson, Reidel, Dordrecht (1983)

[2] S. Wilson, Adv. Chem. Phys. 67, 439 (1987)

[3] D.R. Hartree, The Calculation of Atomic Structures, Wiley, New York
(1957)

[4] S. Wilson and D.M. Silver, Phys. Rev. A14, 1969 (1976)
[5] H.M. Quiney, I.P. Grant and S. Wilson, Physica Scripta 36, 460 (1987)

[6] H.M. Quiney, I.P. Grant and S. Wilson, in Many-Body Methods wn Quan-
tum Chemistry, Lecture Notes in Chemistry 52, 307, edited by U. Kaldor,
Springer-Verlag, Berlin (1989)

[7] S. Wilson, in The Effects of Relativity in Atoms, Molecules and the Solid
State, edited by S. Wilson, I.P. Grant and B.L. Gyorfly, Plenum Press,
New York (1991)

[8] L. Laaksonen, I.P. Grant and S. Wilson, J. Phys. B: At. Mol. Phys. 21,
1969 (1988)

[9] D. Moncrieff and S. Wilson, J. Phys. B: At. Mol. Opt. Phys. 26, 1605
(1993)

[10] D. Moncrieff and S. Wilson, Chem. Phys. Lett. 209, 423 (1993)

[11] J. Kobus, D. Moncrieff and S. Wilson, J. Phys. B: At. Mol. Opt. Phys.
27, 2867 (1994)

[12] J. Kobus, D. Moncrieff and S. Wilson, J. Phys. B: At. Mol. Opt. Phys.
27, 5139 (1994)

[13] S. Wilson and D. Moncrieff, Molec. Phys. 80, 461 (1993)
[14] D. Moncrieff and S. Wilson, Molec. Phys. 82, 523 (1994)



Distributed Gaussian Basis Sets: Vanationally Optimized s-Type Sets 143

[15] H. Preuss, Z. Naturforsch. 11a, 823 (1956); H. Preuss, Z. Naturforsch.
19a, 1335 (1964); ibud. 20a, 17, 21 (1965); J.L. Whitten, J. Chem. Phys.
39, 349 (1963); F. Driessler and R. Ahlrichs, Chem. Phys. Lett. 23, 571
(1973); V.R. Saunders, in Methods in Computational Molecular Physics,
edited by G.H.F. Diercksen and S. Wilson, Reidel, Dordrecht

[16] A.A. Frost, J. Chem. Phys. 47, 3707 (1967)
[17] A.A. Frost, J. Chem. Phys. 47, 3714 (1967)

[18] B. Ford, G.G. Hall and J.C. Packer, Intern. J. Quantum Chem. 4, 533
(1970)

[19] L.M. Haines, J.N. Murrell, B.J. Ralston and D.J. Woodnutt, J. Chem.
Soc. Faraday Transactions II 70, 1794 (1974)

[20] B.J. Ralston and S. Wilson, J. Molec. Structure THEOCHEM 341, 115
(1995)

[21] S. Wilson, J. Molec. Structure THEOCHEM 357, 37 (1995)

[22] S. Wilson, in New Methods in Quantum Theory, Ed. C.A. Tsipis, V.S.
Popev, D.R. Herschbach and J.S. Avery, NATO ASI Series 3. High Tech-
nology - Vol. 8, Kluwer Academic Publishers, Dordrecht (1996)

[23] S. Wilson, J. Phys.B: At. Mol. Opt. Phys. 28, 1.495 (1995)
[24] S. Wilson, Intern. J. Quantum Chem. 74, 547 (1999)

[25] V.I. Karliichuk, V.N. Glushkov, A.I. Aprasyukhin, A.Y. Tsaune, J. Struc-
tural Chem. 24, 914 (1983)

[26] A.Y. Tsaune, V.N. Glushkov and A.l. Aprasyukhin, Teoreticheskaya i
Eksperimentalnaya Khimiya 24, 215 (1988)

[27) M.M.Madsen and J.M. Peek, At. Data 2, 171 (1971)



SIMILARITIES IN THE RYDBERG SPECTRA OF THE
ISOVALENT RADICALS CH; AND SiH,

I. Martin, A.M. Velasco and C. Lavin

Departamento de Quimica Fisica; Facultad de Ciencias;
47005 Valladolid, Spain

Abstract

In the present study of the Rydberg spectra of the methyl and silyl radicals, with
the molecule-adapted Quantum Defect Orbital (QDO) method, we have sought
and found important analogies between the spectral intensities of analogous
transitions in these isovalent molecules. Further similarities with the spectra of
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1. Introduction

Molecular Rydberg states are attracting increasing attention, partly due
to their unusual electronic structure and spectroscopic behaviour. A number of
molecules in specific Rydberg states have been detected as short-lived
intermediates or transient species, in the mechanisms of reactions that take
place in terrestrial laboratories, in the atmosphere, and in different astronomical
objects. The prediction of Rydberg spectra in molecules, as well as the
interpretation of available observations, is constituting a challenge to the theory.
Significant experimental advances have arisen in the last decade thanks to state-
of-the-art laser spectroscopy techniques. Yet, there is great demand for
theoretical data by the experimentalists.

The methyl radical is one of the most important free radicals in chemical
reactions. In the laboratory, CH, has been confirmed to be a good reference to
other transient species [1]. Evidence of its relevance in atmospheric and
astrophysical chemistry is increasingly abundant, and its chemical and
spectroscopic behaviour have been claimed to be of great importance in the
modelling of the interstellar molecular clouds [2]. Similarly, over the past
decade, laser spectroscopic methods have placed the silyl radical among the
best characterized transient polyatomic free radicals. Only the transient H, [3]
and CH, radicals have yielded spectra that are more abundant with excited
electronic states and are more accesible to rotational analysis [4].

The methyl and silyl radicals have been reported as playing an important
role in deposition processes that take place in plasmas as well as in etching
processes [5]. In plasmas for chemical vapor deposition (CVD) the densities of
neutral radicals, such as CH, and SiH,, appear to be of relevance in the thin film
formation. Evidence indicates that the silyl radicals govern the growth of silicon
films during CVD processing of integrated circuit chips [6]. Information on the
densities and temperatures of the plasmas are needed for the clarification of the
thin film formation mechanisms [7]. These may partly be obtained through the
knowledge of transition probability data on the participating radicals. SiH, may
also exist in interstellar space, in view of the fact that silane has already been
detected in the stellar atmosphere of a carbon-rich supergiant star IRC+10126
[8]. It appears that the SiH, radical should also be a candidate for astrophysical
observation.

The silyl radical is an isovalent analogue of the methyl radical and, like
CH,, the SiH, radical has been claimed to be a benchmark for determining the
ability of theoretical calculations to analysing and/or predicting experimental
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observations {9]. Both the methyl and silyl radicals possess low-lying electronic
states that have been shown to be predominantly Rydberg in character [9- 12].

2. Molecular Rydberg states

A very useful form in which to express a Rydberg series is:
v, =T - R/ (n-8) n

where v, is the frequency in cm™ of the transition, T is the convergence limit of
the series, or ionization energy, R is the Rydberg constant, and n is a running
integer identifying a particular member of the Rydberg series. Written in this
form, n may be taken as the true principal quantum number of the excited
orbital (“Rydberg orbital”). §,is the “quantum defect”, which typifies the entire
series, although there are many cases in which the quantum defects of the first
few members of a Rydberg series exhibit small variations before reaching a
constant value.

It has long been recognized that Eq. (1), which refers to transitions in the
centrally symmetric field of an atom, can only be approximate for a polyatomic
molecule of arbitrary nuclear configuration [13]. For sufficiently high members
of the Rydberg series the average radial electronic distance is many times
greater than an average internuclear distance so that the nuclear field
approximates a monopole rather well. It is, thus, to be expected that whilst Eq.
(1) would predict the highest members of the Rydberg series with sufficient
accuracy, and give the ionization energy with the same accuracy, the lowest
members might deviate, due to the finite extent of the nuclear framework.

The number of Rydberg series which may be observed in a given
molecule, and their intensity, is limited by the number and type of atoms which
make up the molecule, and the molecular symmetry. Consider a molecule of
AH, type. The degeneracy of the atomic orbitals of A in spherical symmetry
will be removed, at least partly, in the lowered symmetry of the molecular
framework. This leads to Rydberg orbitals of the same atomic symmetry but
different molecular symmetry. Ryberg orbitals are often designated as nATL),
where n and Zare the principal and angular momentum quantum numbers of the
orbital in atomic symmetry, and I', is the irreducible representation of the
molecular point group to which the orbital belongs.
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3. Selection rules for Rydberg transitions

In the one-electron excitation picture of an A;H molecule, the strong
transitions are expected to be those arising from the non-bonding orbitals on
atom A to Rydberg orbitals centred on the same atom {14]. Of these transitions,
the most intense will be those which obey the atomic selection rule A/=+ 1 if
they consist of one-photon transitions, in addition to the selection rules of
molecular symmetry and multiplicity. The requirement A¢= =+ 1 has long been
considered to be much less important than the latter. However, the differences
between 2+1 and 3+1 resonance-enhanced multiphoton ionization spectroscopy
(REMPI) spectra recently reported by Johnson and co-workers on the SiH,
radical [10-12] are explained by the A#=+ 2, 0 for two-photon transitions and
AZ=+ 3, £ 1 for three-photon transitions selection rule, as would one-photon
transitions be explained by AZ= + 1. Even though the /selection rules have
been very seldom used, Johnson and Hudgens [12] claim that successful
analyses of both methyl and silyl radical spectra require that the electronic
angular momenta, Z of the initial and final electronic states be considered, since
the initial and final states that produce Rydberg spectra have well-defined Zs.
These authors remark that the highest occupied orbital in the ground state and
in each Rydberg state is comprised mostly of an atomic orbital of the central
atom, as Olbrich had predicted for both the methyl and silyl radicals, in an
extensive configuration interaction calculation [9]. Johnson and Hudgens [12]
expect the AZrule to govern the Rydberg spectra of many other free radicals. In
the ground state of free radicals the highest occupied molecular orbital (HOMO)
often consists primarily of one atomic orbital which has a well-defined # All
lower MO’s form a fully-occupied molecular core of #= 0. The Rydberg states
of radicals are formed with this same molecular core and a Rydberg orbital of
well-defined # Thus, the Rydberg spectra of these radicals should conform to
the A/Zrule.

4. Objectives of the present work

It is the purpose of the present study to extend the available
spectroscopic data on CH, and SiH; to higher Rydberg transitions . Our
intensity and frequency predictions may aid in future experimental work. In
order to assess the adequacy of our theoretical procedure, the Quantum Defect
Orbital (QDO) method adapted to the treatment of molecular Rydberg states
[15], parallel results on the isovalent methyl and silyl radicals will be jointly
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examined. In addition, the correctness of our results for CH, and SiH; will be
tested not only by a comparison of the results for the two radicals but also by
extending the comparative analysis to the calculated transition intensities for

analogous n# n’/# transitions (that is, those with the same An and the same #

and # values) in their respective central atoms, C and Si, and in the “united
atom limits” of CH; and SiH,, the flourine [16] and chlorine [17] atoms,
respectively.

Similarities in the intensities of analogous electronic transitions in all the
six species might be anticipated on the following grounds. First, the methyl and
silyl radicals are isovalent analogs. They possess the same outer electron
structure in the ground state and, thereby, their Rydberg spectra may be
expected to exhibit important resemblances [10, 12] (in the absence of
accidental features such as the perturbation of one or more states belonging to
the same Rydberg series by a valence state of the same symmetry). Also, the
electronic distribution of the Rydberg states in both the methyl atoms,
respectively, in their excited states [10, 12]. In addition, over a decade ago,
Herzberg suggested the existence of significant resemblances in the Rydberg
spectrum of a molecule and that of its united atom limit [18]. From here our
mterest in seeking further analogies in the spectra of CH, and F and SiH, and
Cl], respectively.

Not irrelevant to the above similarities are the ones we have recently
reported [19] concerning the intensities of analogous transitions in homologous
atoms, that is, atoms belonging to different rows of the periodic table but falling
in the same group. These similarities are based upon the compliance of sum
rules, whenever not very complex structures are involved and/or strong
cancellation in the integrand of the transition integrals does not occur [20].

In other recent studies, such one involving a group of isoelectronic
Rydberg radicals {21] we have also found that similarities in the spectral
properties of analogous molecular systems can be established, and that those are
of great usefulness. Not only for allowing the prediction of the same type of
propetties in other molecular species analogous to the former, but also as a good
tool for assessing the reliability of our theoretical procedure.

In the method that we have presently employed to calculate absorption
oscillator strengths and Einstein emission coefficients for one-photon Rydberg
transitions in the methyl and silyl radicals, the studied transitions have been
restricted to those that not only comply with the symmetry and multiplicity
constraints but also obey the A#= + 1 selection rule. This selection rule has
obviously also been applied to our paralle] calculations on the atoms.
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5. Method of calculation

The QDO formalism adapted to deal with molecular Rydberg transitions
has been described in detail elsewhere [3] We shall, thus, only give here a very
brief summary of this method.

The QDO radial wavefunctions are the analytical solutions of a one-
electron Schrédinger equation that contains a model potential of the form

(-0, N2t+c-5,+1) 1
2r? r

V(r )a = > )]

were a represents the set of quantum numbers that define a given molecular
state. Solutions of this equation are related to Kummer functions. The parameter
J, is the quantum defect and ¢ is an integer chosen to ensure the normalizability
of the orbitals and their correct nodal pattern; the number of radial nodes is

equalto n-/-c-1.

The quantum defect, J, , corresponding to a given state, is related to the
energy eigenvalue through the following equation (which is more specific for a
given state a than Eq. (1) in Section 2),

1
E,=T-—, 3
o Am o) 3

were T is the ionization energy. Both T and E, are expressed here in Hartrees.

The absorption oscillator strength for a transition between two states a
and b may be expressed as

fla»b) =2 (E,-E,) Q{a b} | Ryl “

were Q { a — b }, referred to as the angular factors, result from the angular
integration, and the radial transition moment integrals are defined as

Ry = (R, (r)|7|R, (7)) - 5)

The detailed QDO algebraic expresions for the radial transition moments are
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given in Ref. 3.

It is relevant to mention that with the quantum defect orbitals, all the
radial transition integrals have closed-form analytical expressions, which offers,
in our view, an important computational advantage.

The values of Q { @ - b } for the symmetry group D,, , to which the
Rydberg states of both methyl and silyl radicals belong are collected in Table 1.
In this and the remaining tables we are employing a notation for the molecular
Rydberg states that is commonly found in the literature. The n/symbol of the
atomic orbital to which the molecular Rydberg orbital can be correlated is
followed by the symbol of the irreducible representation to which the Rydberg
orbital belongs within the molecular symmetry group (in parenthesis), as
indicated in Section 2.

The Einstein probabilities for spontaneus emission, or Einstein emission
coefficients, are related to the absorption oscillator strengths through the well-
known expresion,

A, =6.6702x 10" 27 (g./8) fo> (6)

where the wavelength for the transition, 7, is in Angstroms, and A,, is expresed
in seconds™. g, and g, are, respectively, the statistical weights of the initial and
final states in the absorption process.

The energy data and quantum defects employed in the present
calculations of intensities for vertical Rydberg transitions in the methyl and silyl
radicals are discussed in the section that follows.

Table I . Values of non-zero angular factors
Q{a—b} for D,, symmetry and for /=0, 1, 2.

Q{E'(p) = A'(s)} = Q{A"(s) & A"(p)} = 1/3
Q{A'(s) > E'(p)} =2/3

Q{A"(p) & A'(d)} =4/15

Q{A'/(d) > E'(p)} =2/15

Q{E'(p) » A (d)} =1/15

Q{A"p) = E"(d)} = Q{E'®) «> E'(d)} =2/5

Q{E"(d) > A"(p)} = Q{E'(p) « E"(d)} = 1/5
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6. Energy values and quantum defects

The methyl radical has been reported to be planar with a Dy, geometry in
its ground state and in all its Rydberg states, with an equilibrium bond length of
107.95 pm [9, 22- 24]. The ground state of CH, has the electron configuration:

(120 a) (1) @a™)' Z A"

The energy data chosen for our calculations have been the experimental
values supplied by Herzberg [22, 23] and by Hudgens et al. [24]. For the
ionization energy we have adopted the value of 79361.31 cm™ measured by
Houle and Beauchamp [25]. All these data are collected in Table II, where the
same type of data for SiH, has also been collected. For those Rydberg states for
which no experimental energy values were found in the literature we have made
use of Eq.(1) with the quantum defects deduced from the spectral band
assignments by Herzberg {22, 23] and those obtained by Olbrich in an extensive
configuration interaction (CI) calculation [9].

The isovalent analog of the methyl radical, the silyl radical, has been
reported to have a pyramidal geometry in its ground state as well as in its
conventional valence states, but planar, with a D, geometry, in all its Rydberg
states [9, 12, 26]. The bond lengths of SiH, inits 7 2A, ground state are equal

to 149.6 pm, with the H-Si-H angles being about 111.8°. The Si-H bond length
in the planar D,, geometry is equal to 148.2 pm. Johnson and Judgens measured
an ionization energy of 65610 cm™ [12]. The electronic structure of the ground
state of SiH, is the following

-~

(1a)* (2 B a) (1) (42) 2e)' Ga)' Z *A, ,

where the molecular orbital and state notations correspond to a C,, symmetry,
unlike that of the D,, Rydberg states [12]. In both CH, and SiH; no substantial
changes in bond length are expected for the different Rydberg states [12, 24]. In
the present work we have always dealt with vertical electronic transitions.

For SiH; we have adopted the experimental energy data supplied by
Johnson and co-workers [11, 12], including the ionization energy. For those
Rydberg states for which no experimental energies are available, we have
followed the same procedure as for CH, and deduced energy values from
reported quantum defects within a given Rydberg series. The energy data
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Table II . Rydberg excitation energies from the ground state and ionization
energies for CH, and SiH,. All values in cm™.

Rydberg state CH, Rydberg state SiH,
3sCA)) 46200 4sCCA,”) 38716
3pCE’) 58770 3d(E’) 41257
3pCA,”) 59925 4p(’E’) 48052
3dCE’) 65639 4p(CA,”) 48438
4s(A,%) 65633 3dCA,) 49787
3dCE”) 66500 3d(E”) 51602
3dCA)) 66799 55CA,%) 53578
4p(’E”) 69339 4dCA)) 56253
4pCA,”) 69736 5pCE’) 56665
55CA,) 71872 5pCA,) 56929
4d(’E”) 72227 4d(’E”) 57726
4dCA)) 72349 6sCA,’) 58819
5pCA,”) 73634 5dCA)) 59615
5pCE’) 73452 6p(A,") 60341
6sCA,’) 74655 6p(’E’) 60498
5d(E”) 74832 5dCE”) 60705
5d(A)) 74895 7s(A,’) 61255
6p(’E”) 75470 7p(°E’) 61986
6p(A,”) 75567 TpCA,”) 62060

1P 79364.31 1P 65610

adopted in the present calculations for the methyl and silyl radicals are collected
in Table II.

Table III displays the quantum defects for six Rydberg series of CH, and
SiH,, as directly taken from the literature [9] or extracted from experimental
energy data [11, 12, 22- 24]. The anomalously large quantum defects obtained
by Olbrich [9] for the 3d (E’) state for both CH, (0.172) and SiH, (0.88) are
explained [9] in terms of a possible Rydberg-valence mixing. As no
experimental data seem to be available for the 3d (°E’) state or other members
of the same Rydberg series, we have not thought it safe extrapolating higher
energy levels in the same series with the same quantum defects. We have
assigned to the higher members of five of the six Rydberg series of both
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Table III. Quantum defects corresponding to the different Rydberg series
studied in the present work for the radicals CH, and SiH,, their central atoms (C
and Si) and their united atoms (F and CI).

Rydberg state C CH, F Si SiH, Cl
(n=n’=3) (n=4,n’=3)
nsCCA,") 1.05  1.181° 1.25 1.90 1.98° 2.09
(m+tDsCA,)  1.04  1.173° 122 1.82 198 2.09
(n+2)sCA) 1.173 1.98
n+3)sCA)) 1.173 1.98
np(E’) 0.62 0.6916* 0.81 1.41 1.50 1.67
(n+1)pCE”) 0.60 0.6916 0.76 1.34 1.50° 1.57
(n+2)p(E”) 0.6916 1.50
(n+3)pCE") 0.6916 1.50
npCA,”) 062 0.624° 0.81 1.41 1.47° 1.67
(n+1)p(A,”) 060 0.624 076 1.34 1.45° 1.57
(n+2)pCA,”) 0.624 1.44°
(n+3)pCA,) 0.624 1.44
n’d(E’) 0.01 0.172° 0.04 0.02 0.88° 0.42
n’d(E”) 0.01  0.079° 0.04 0.02 0.22° 0.42
(w+1)d(’E”)  0.02  0.079  0.07 0.03 0.27°
(n’+2)dCE”) 0.079 0.27
n’d(CA,) 0.01 0.045° 0.04 0.02 0.37° 0.42
(w+1)dCA)) 0.02 0.045 0.07 0.03 0.58*
(w’+2)dCA)) 0.045 0.72°

* Deduced from assignments in the observed spectra [11, 12].
® As directly reported from ab initio calculations [9].

¢ Deduced from assignments in the observed spectra [22, 23].
¢ Deduced from assignments in the observed spectra [24].

radicals a constant  value, as done in standard procedures [10]. In this form, we
have been able to predict intensities for transitions which have not been
observed experimentally yet, in the hope that this information may be useful for
further spectroscopic assignments in CH, and SiH, in the future.
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Table III also contains the quantum defects for the central atoms of the
methyl and silyl radicals, C and Si, as well as for the radicals’ united atom
limits, F and Cl, respectively. The atoms’ quantum defects have been extracted
from their tabulated energy levels and ionization energies [27]. We may regard
Table III as composed of two groups of columns, one group comprising the &
values of C, CH, and F, and the other group the quantum defects of Si, SiH, and
Cl. The following remarks concern first the data displayed for each of the two
groups. Inspection of the quantum defects of any of the two groups reveals that
in each Rydberg series (characterized by the value of the well-defined [9, 12,
24] orbital quantum number Zand by the irreducible representation I, to which
the states belong), important similarities in the magnitude of the quantum
defects of the three species (isolated central atom, molecule and united atom)
occur. The value of § is seen to increase along a horizontal line (a given
Rydberg state) from left (isolated central atom) to right (united atom) in both
the group of the methyl radical and that of the silyl radical.

The lighter central atom (C or Si) exhibits the lowest quantum defect,
the molecule an intermediate value, and the united atom (F or Cl) the highest
value of the three. This feature helps to confirm the correctness of the & values
adopted for CH, and SiH,. As mentioned above, the Rydberg orbitals of the two
molecular species are essentially atomic orbitals centred on C or Si. Since C and
Si are placed , within the radicals, in a more complex electronic environment
than when they are isolated, their deviation from a hydrogenic behaviour is
greater and, hence, their quantum defects are larger. However, not so large as
those of the united atoms, whose more complex internal structure leads to
further deviations from a hydrogenic character and to larger quantum defects.

Very similar comments can be made if one compares one of the three
species (the isolated central atom, the radical, or its united atom) from the group
on the left- with the equivalent species from the group on the right-hand sides of
Table III. For instance, the species in the middle of each group, SiH; and CH,.
The two species possess the same outer electronic configuration, but SiH, has a
more complex internal structure. From here its larger & value in an equivalent
Rydberg state.

7. Transition intensities.

The transition intensities calculated with the molecule-adapted QDO
methodology [15] for one-photon vertical Rydberg transitions in the methyl and
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silyl radicals are presented in Tables IV and V both in the form of absorption
oscillator strengths and as Einstein emission coefficients. In Table IV we have
collected the transitions that involve the ground state of CH,, with A, (C,,)
symmetry and that of SiH,, ’A,”” (D,,). Both have been generally denoted as

np( 7). For the states belonging to the Rydberg series of CH, and SiH, the

notation is consistent with that of the D,, symmetry group, as they are all
triangular planar [9, 10- 12, 22- 24].

The intensities of all the np( %) — n’s(*A’,) transitions appear to be very

close in magnitude for the two isovalent radicals, as happens with the intensities
of the np(A,”) — n’s(A’)) and np(’E’) — n’s(*A’,) transitions, which are
displayed in Table IV. Very similar comments can be made as regards the
intensity of each of the equivalent transitions for CH, and SiH, of the two
groups that involve ns and »’p states and belong to different irreducible
representations, collected in Table V.

We have not performed calculations on transitions from, or to, the
nd(*E’) Rydberg series of SiH, According to Johnson and Hudgens [12] the
3d(’E’) state mixes with 3d(*E”’) through a valence state of E’ symmetry that
lies close in energy. As a consequence, 3d(°E’) and 3d(’E’’) are reported as not
producing detectable REMPI spectra, and to be strongly dissociative [12]. From
this anomalous behaviour may arise the large quantum defect predicted by
Olbrich for the 3d(*E’) Rydberg state [9]. We have not dealt with other
hypothetical states of either the nd(’E”) or nd(’E”’) Rydberg series of SiH; as
their stability may also be questionable. However, transitions involving the
above Rydberg series in CH,, which seem to be stable will be mentioned later.

Up to this point we have only proved the existence of similarities in the
intensities of analogous transitions for isovalent analogue radicals. We shall
next refer to the oscillator strengths calculated for several multiplet transitions
involving ns, np and nd orbitals in the respective united atom limits, F and CI.
These are displayed in Table V1. The relativistic version of the Quantum Defect
Orbital (RQDO) method [28, 29] has been used in the calculations. A rather
good accord between the oscillator strengths for the amalogous multiplet
transitions of the homologous atoms F and Cl (that is, those which are written in
the same row) is observed. This feature helps establishing the reliability of these
data, on physical grounds [19, 20]. No f-values are assigned to the higher
n’p — n’d doublet and quadruplet transitions of Cl because the involved energy
levels have been found to follow a spin-orbit coupling scheme other than LS
[16], unlike the lower levels with the same orbital angular momenta and, thus,
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Table IV. QDO absorption oscillator strengths and Einstein emission
coefficients for np( 7 ), npCA",), np(’E") - n's(*A")) transitions for CH, and SiH,.

Transition CH; (n=2) SiH, (n=3)
fe Ay(10%T) £y A;(10%™)

np( ) - (n+1)sCA,) 0.1568 6.6969 0.1529  4.5861
np(7) - (n+2)sCA,) 0.0170 1.4656 0.0206  1.1833
mp(7) - (n+3)sCA,) 0.0055 0.5686 0.0070  0.4846
np(Z) - (n+4)sCA,) 0.0025 0.2788 0.0032  0.2403

n+1)pCA,) - (n+2)sCA, : . . .

(+DpCA,) - (n+2)sCA,) 03106 02027 03135  0.1657
(n+)pCA, ) - (+3)sCA,) 00144  0.0411 00189  0.0408
(+DpCA,) - (+4)sCA,)  0.0041 00178  0.0056  0.0184

(m+DpCE) - 1+2)sCA,)  0.2989 0.2818 03071  0.1877
(n+DpCE) - (1+3)sCA,)  0.0206 0.0708 0.0214  0.0496
(nDpCE) - (n+4)s(A,)  0.0062 0.0313 0.0065  0.0227

Table V . QDO absorption oscillator strengths and Einstein emission
coefficients for nsA')) - np(CE"), n'p(*A",) transitions for CH, and SiH.,.

Transition CH, (n=3) SiH, (n=4)
fe Ay(10°57) fe  Ag10%T
nsCA,) - np(CE) 0.6034 0.2120 0.6629 0.1285
nsCA,) - (n+1)p(E) 0.0266 0.0317 0.0254  0.0182
nsCA,) - (n+2)p(E”) 0.0069 0.0114 0.0063  0.0065
nsCA,) - (n+3)pCE) 0.0029 0.0055 0.0026  0.0031
nsCA,) - npCA,") 0.2994 0.1254 0.3338 0.0702
nsCA,)) - (n+1)pCA,") 0.0199 0.0245 0.0185 0.0136
nsCA,)) - (m+2)pCA,) 0.0057 0.0095 0.0053 0.0058

nsCA,) - (1+3)pCA,") 0.0025 0.0048 0.0022  0.0027
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no direct comparison with the corresponding transitions in F can be made.

In Table VII we have grouped the f-values for different sets of
analogous transitions in the methyl radical, its isolated central atom and its
united atom limit. Before comparing their magnitudes a few remarks are in
order. Given that the atoms possess an infinite, higher symmetry than the
molecule, the states described by a given n#notation are symmetry-split in the
radical. On the other hand, there may be several different terms and multiplets
arising from a given outer n/atomic orbital if there are, as happens in both C
and F, more than one electron in the outer n shell, whilst there is only one
electron in each of the nAT",) Rydberg states of CH,. The consequence of the
difference in the number of analogous states in the atoms and the molecule is
that a comparison in the transition intensities may only be made between the
sum of the individual intensities in an n¢- n’ Z“supermultiplet” in the atoms and
the sum of the intensities of all the n/- n’# transitions that comprise all the
different irreducible representations involved (if more than one) in the molecule
(see the notation used in Tables VII-IX). A “supermultiplet” is [20] the group of
multiplets with different L-value but the same spin multiplicity which arise
from a given electron configuration in an atom.

Therefore, the oscillator strengths that are shown in Tables VII to IX are
the total ones for each group of n/ - n’/ transitions in the atoms and the
molecules. These f-values exhibit very similar magnitudes in C, CH, and F
(Table VII), Si, SiH, and CI (Table VIII) and the two groups of homologous
atomic and molecular species in the two precedent tables. It is apparent that all
the f-values for the same n/- n’# transitions both in Table VII and Table VIII,
in each of which the two atoms and the molecule are homologous in the sense
discussed above, conform generally very well. We have omitted most of the
np — n’d transitions from Table VIII because of the aforementioned deviation
from LS coupling of the higher n’d levels of chlorine. These data are also
omitted from Table IX where those of Tables VII and VIII are jointly presented.
The purpose of building up Table IX is to show that similarities between the
calculated f-values of C and Si, CH, and SiH,, and F and Cl, respectively, are
also apparent. This feature also confirms the correctness of the present
transition intensities, which rests on the physical grounds of each pair of species
having the same outer electron structure.
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Table VIIL Oscillator strengths for analogous transitions in the methyl radical,
its isolated central atom and its united atom limit.

Transition C Transition CH, Transition F

2p °P-3s°P 0.1400 2p(A)-3sCA}) 0.1568 2p *P-3s°P 0.1519
3s°P-3p *(S,P,D) 1.0110  3s(*A))-3p(*A,,’E)  0.9028 3s?P-3p*S,P,D) 0.8673
3s 'P-3p '(S,P,D) 1.0370 3s “P-3p %(S,P,D) 0.8377
3p°P-3d*P,.D) 09310 3p(A,)-3d(°E’,’A)) 1.0045 3p?P-3d*(P,D) 1.1709
3p*S-3d°P 0.5430 3p(E)-3d(°E,’E",*A,) 0.9833 3p28-3d%P 1.2050
3p °D-3d *(P,D,F)0.8900 3pD-3d*(P,D,F) 1.2010
3p 'P-3d '(P,D) 0.9630 3p*P-3d*(P,D) 1.1620
3p'S-3d'P 0.3990 3p *S-3d P 1.1749
3p 'D-3d '(P,D,F) 0.8687 3p*D-3d“P,D,F) 1.1789
3p °P-4s°P 0.2887 3pCA;,)-4s(A)) 0.3107 3p *P-4s P 0.2950
3p 3S-4s°P 0.2727 3p(E)-4s5(A)) 0.2989 3p 2S-4s P 0.2858
3p°D-4s°P 0.2432 3p D-4s ’P 0.2690
3p'P-4s'P 0.2032 3p ‘P-4s ‘P 0.2582
3p'S-4s'P 0.3166 3p *S-4s P 0.2984
3p 'D-4s'P 0.3072 3p ‘D-4s ‘P 0.2776
2p°P-3d3%(P,D) 0.1340 2p(A;)-3d(E’,%A;) 0.1093 2p?P-3d%P,D) 0.0415

Table VIII. Oscillator strengths for analogous transitions in the silyl radical,
its isolated central atom and its united atom limit.

Transition Si Transition SiH, Transition Cl
3p°P-4s°P 0.1657 3pCA;,)-4s(A) 0.1529 3p 2P-4s P 0.1603
4s°P-4p 3(S,P,D) 0.9646  4s(CA)-4p(A,,’E) 1.0015 4s?P-4p*(S,P,D) 0.9362
4s 'P-4p '(S,P,D) 0.9781 4s *P-4p %(S,P,D) 0.9033
4p *P-5s°P 0.3035 4p(*A;)-55CA,) 0.3135 4p 2P-55 2P 0.3026
4p 3S-55°P 0.3098 4p(E)-55(CA)) 0.3183 4p *8-5s 2P 0.3097
4p °D-5s5 P 0.2741 4p D-5s *P 0.2862
4p 'P-55'P 0.2068 4p *P-55 ‘P 0.2498
4p 'S-55'P 0.3219 4p *S-5s5 ‘P 0.3139
4p 'D-5s 'P 0.3131 4p ‘D-5s°P 0.2724
3p°P-3d°P,D) 0.2752  3p(A;)-3d(E",?A;) 0.2884 3p?P-3d*(P,D) 0.1448
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8. Concluding remarks

The Quantum Defect Orbital method both in its non-relativistic
molecule-adapted (QDO) and atomic relativistic (RQDOQO) formulations have
been able to reproduce the expected similarities in the intensities of analogous
Rydberg transitions in the isovalent molecules methyl and silyl radicals, as well
as in those of both their respective isolated central atoms and united atom
limits. The same type of similarities have been reproduced for the homologous
atoms C and Si, and F and Cl, respectively, whenever the levels involved in the
transitions comply with the same spin-orbit coupling scheme. We take these
features as an assessment of the reliability of our theoretical procedures.

Some practical consequences, such as the possibility of inter- or extra-
polating data for other homologous atomic and molecular species, may be
derived.

It is hoped that some of the present data, and those of future
calculations, may aid in spectroscopic measurements.
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L INTRODUCTION

Electron capture by multiply charged ionic species on atomic and molecular

targets have been shown to be important processes in astrophysics and controlled
thermonuclear fusion research, in particular the study of reactions involving
carbon, nitrogen and, more recently, boron has been stimulated by the need of
precise data for diagnostics of fusion plasmas. Translational energy spectroscopy
experiments have been carried out by McLaughlin et al. [1] on the state selective
electron capture of N** ions in collision with helium in the 4 — 28 keV impact
energy range. They show evidence of a N°*(2p®)’S dominant product channel, with
contribution of other N°*(2/2I') channels at higher energies which could not be
interpreted by their MCLZ calculations [1]. This system has also been investigated
experimentally by Okuno et al. [2], Hoekstra et al. [3] and Iwai et al. [4] who
provided total cross sections for single and double electron capture but not
accurate theoretical approach has been still performed.
We have thus undertaken an ab — initio theoretical treatment of the N**(2s) +
He(ls®) charge transfer process at ke impact energies, taking into account both
single and double electron capture channels. From a theoretical point of view, this
is an extremely complex collisional system as we have to take into account,
beyond the entry channel *Z*{ N**(2s) + He(ls")}, all the " and *IT states
correlated to the single N°7(21,21") + He(ls)} and {N°*(2I3I') + He(Is)} levels, as
well as those correlated to the {N°*(2s?2p) + He’*} and {N**(2s2p%) + He®"}
double electron capture channels. It seems thus reasonable in a first approach, to
neglect the rotational coupling <yx| i L,| wi> between Z and IT states and consider
only the transitions occurring by means of non-adiabatic radial couplings. The
collision dynamics has been performed by means of semi-classical methods using
EIKONXS algorithm.

II- MOLECULAR CALCULATIONS

The one-electron capture process has been shown experimentally [1] to be
dominant on the {N**(2p)'S + He"(1s)}capture channel contributions of
N**(n=2) levels. From atomic data [5], this corresponds to very short range curve
crossing interactions, far shorter than possible curve crossings between the entry
channel and the N°*(2/3[) + He" electron capture levels (Table 1). It seems thus
reasonable for this problem to neglect the capture on the N>*(n=3) levels and
calculate accurately the potential energy curves in the inner region mainly, then
extrapolate the potentials for larger inter-nuclear distances taking into account the
Coulomb repulsion term.

The potential energy curves and the non-adiabatic radial coupling matrix elements
have been calculated using the quantum-chemistry code MOLPRO [6].

The potential energy curves have thus been determined accurately for a large
number of inter-atomic distances in the 1.2-5 a.u. range by means of a state-
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average CASSCF/MRCI  calculation using a direct algorithm [7,8] with
configuration interaction. The calculation has been extended at the same level of
theory until R = 15.0 a.u. for the N°*(212/") and N**(25°2p) and N°*(2s2p°) levels.
The basis of atomic functions used in to represent N and He 1s the (16s, 10p, 5d,
4f16s, 2p, 1d) correlation-consistent polarized cc-pV6Z basis set of Dunning [9].
In order to obtain maximum flexibility, we have not applied any contraction of the
Gaussian primitives.

Table 1. Asymptotic experimental energies [5] and crossing points for one-electron collision
capture channels in the N* +(2s)zS + He reaction

channel energy (a.u.) R(au.)

N*'(2s)’S + He 1.9428

N**(253d)’D + He" 1.9135 102.4

N**(2s3p)°P + He" 1.8495 32.1
N**(2s3p)'P + He" 1.8431 30.1
N*(2535)'S + He" 1.7718 17.5
N*(2s3s)’S + He" 1.7187 13.4
N*(2p?°P + He" 1.0724 3.4

N*(2p?)'D + He" 0.8606 2.8
N**(2p®°P + He" 0.8001 26
N*(2s2p)'P + He* 0.5955 2.2
N**(2s3p)°P + He" 0.3065 1.8
N*(2s%)'S + He" 0.0 1.5

The asymptotic energy values extrapolated according to the Coulomb repulsion
term are presented in Table 2 and are shown to be in relatively satisfactory
agreement with the experimental data [5]. The agreement is somewhat lower for
N*(25%2p)’P + He’ and N**(257)'S+ He" levels, the difference energies between
the N°* levels being for their part correctly reproduced. The radial coupling matrix
elements have been calculated by an analytic gradient program of the MOLPRO
package. Provided that a common set of molecular orbitals is defined in a state-

Table 2. Comparision with experimental data [S] of the *Z states of (NHe)"

channel experiment (a.u.) calculation (a.u.)
N*'(25)*S + He 1.9428 1.9621
N*(2pY)'S + He' 1.0724 1.1006
N*(2p%)'D + He" 0.8606 0.8659
N*>*(2s2p?)'S + He** 1.0724 0.8855
N*(2s2p*)°D + He** 0.7172 0.7341
N**(2s2p)'P + He' 0.5955 0.6040
N*'(2s2p)°P + He' 0.3065 0.3040
N*(25%2p)*P + He** 0.2574 0.2695

N**(2s%)'S + He" 0.0 0.0
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average calculation for all the states involved, the required derivatives can be
obtained by solving a set of coupled perturbed state-averaged CASSCF equations
[10], the efficiency of the procedure arising from the use of analytic derivative
methods [11]. The calculation has been performed with the parameter A = 0.0012
au. as previously tested [12] and with the origin of the electronic
coordinates at the center of mass of the nuclei. We have not corrected the
dependence with origin of electronic coordinates of the radial coupling matrix
elements by introducing electron translation factors, but we have imposed all
couplings to be zero at R = 10 a.u. in order to avoid spurious couplings at long
range.

The 2T potential energy curves and the radial coupling matrix elements are
displayed respectively in figure 1 and figure 2. They show evidence of a very
sharp avoided crossing around R = 3.7 a.u. between the entry channel and the
{N**(2p%)'S + He'} capture level corresponding to the dominant product channel
evidenced experimentally [1]. Broader avoided crossings are exhibited between
the one-electron capture levels {N°*(2s%)'S + He'} and {N°"(2s2p)°P + He'} and
between the double capture channel {N°*(2s?2p)'S + He’*} and the single charge
exchange level {N°*(2s2p)'P + He"} around respectively 2.4 and 3.2 a.u..
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Figure 1: Adabatic gotentlal energy curves for the °Z states of NHe'". X states dissociating to: 1-
(N> (2-Y'S+He"(15)’S}; 2-{N*"(2s2p)°P+He"(15)%S}, 3-{N*(2s*2p)’P+He™"}; 4-
(N> (2s2p)'P+He"(15)’S};  5-{N*'(2s2p’)’D+He**} ; 6- {N**(2p")'D+He'(15)S}; 7-
{N*(252p?)’S+He"'}; 8-{N*'(259)'S+He"(15)°S}; 9-{N*'(2s?)*S+He(1s?)

Furthermore, our calculation exhibits an intricate interaction region observable
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for 3.44-3.6 a.u. inter-atomic distances corresponding to avoided crossings
between the {N°*(2p9)!S + He'}, {N*"(2s2p%)’S + He®*} and {N**(2s2p’Y¥'D +
He™ ) levels as well as the {N**(2p"'D + He'}channel by means of the long
range crossing between {N°*(2s2p’)’D + He’™} and {N°*(2p’)'D + He'} which
has been considered as quasi-adiabatic since it occurs at a relatively long range
inter-nuclear distance.

3

25

radial coupling (a u )

3A

45 5 55 6
Rau)

Figure 2: Non-adiabatic radial coupling matrix element between X states of NHe**
(same labels as in figure 1)

Such potential energy curves show evidence of a very complex charge exchange
mechanism, including both single and double capture channels, which might be
described by an extensive collision treatment. Such a complete treatment appears
difficult to handle, thus we have considered here only the main capture channels
in order to be compared to the experimental results.

1I-  COLLISION DYNAMICS

The collision dynamics has been treated by a semi-classical method using the
EIKONXS program [13] based on an efficient propagation method in the 1-50 kel
laboratory energy range, in order to be compared to the experimental data, in
particuler the state selective translation energy spectroscopy experiment of
McLaughlin et a.l. [1]. The total and partial cross sections are presented in figure
3. As far as the single electron capture process is concerned, our calculated values
are in satisfactory agreement with the experimental results of Iwai et a.l. [4], and
to some extent, with those of Hoeksra et a./. [3] which are somewhat lower for all
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collision energies. As the results of McLaughlin er a.l. [1]are calibrated on the
total single capture cross sections of Hoekstra [3], their partial cross sections
should then be shifted to lower values. It is clear from our calculation, in
accordance with the observation of McLaughlin et a./. [1], that the single electron
capture process is dominant on the {N°*(2p%)'S + He'} product channel. Our
calculations show also in creasing partial cross sections on {N*2p)'D +
He'}and {N’*(2s’2p)'P + He'}channels with increasing collision energy.
Nevertheless, our values are markedly lower than those of McLaughlin er a.L.[1]
and could hardly account for the peaks B and C at 28 keV.

10

crass—sections (10™"%cm’)

TV

TETTY

PR T rsees
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4 s 6 7 8 910 20 30 40
energy (keV)

Figure 3: Total and partial cross-sections of single and double electron capture with respect to
laboratory energies. — SEC : total cross section of single electron capture; — DEC: total cross
section of double electron capture; -- - SECI: total cross section on N3+('S)+ He"; SEC2.
partial cross section on N>*('S)+ He™, -- SEC3: partial cross section on N**('P)+ He"; --- DECI:
partial cross section on N**(*S)+ He**;-- DEC2: partial cross section on N**(*D)+ He?*; o: total
SEC (Iwai et al. [4]); +: total SEC (Hoekstra et al. [3]) ; *: total DEC (Hoekstra et al. [3])

The present figure exhibits also the importance of double electron capture levels,
in particular the {N’ *(2s°2p)*S + He* }channel which could not be neglected in
the consideration of the N°~ + He charge transfer process. Our total double
electron capture cross sections are necessarily significantly lower than the
measured values of Hoekstra ef al.[3] because, in this study, only the N2+(2s22p)
and N°"(2s2p”) double capture levels have been considered since we were
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essentially interested in the single electron capture process in relation with the
experiment of McLaughlin er al.[1]. The N**(2p°) and even the N°*(2s°3l) or
N?*(212131") levels should be taken into account in a complete approach of the
charge transfer reaction. Such a calculation might be considered as a first approach
of this very complex collision system which provides however a first insight into
the N** + He charge transfer mechanism and improves markedly the MLZ
approach. A complete calculation has to take account of an even greater number of
levels, in particular double capture channels which have been shown to be in tight
interaction with the single capture channels and are necessary to have an accurate
interpretation of both single and double electron capture mechanism, as well as
excited He levels intervening in the single capture process with target excitation
N*"+ He > N°" + He"(2]) [3]. Further calculations are in progress.
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Intermediate Hamiltonian Fock-space
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Abstract

An intermediate Hamiltonian Fock-space coupled cluster method is introduced,
based on the formalism developed by Malrieu and coworkers in the context of
perturbation theory. The method is designed to make possible the use of large
P spaces while avoiding convergence problems traceable to intruder states,
which often beset multi-reference coupled cluster approaches. The essence of
the method is the partitioning of P into a main P,, and an intermediate P, serv-
ing as buffer, with concomitant definition of two types of wave and excitation
operators While Malrieu’s formulation eliminated P,, — P, transitions up to
third order only, the requirement introduced here that P, — @ amplitudes
of the two excitation operators be equal makes possible an all-order method
without these dangerous transitions. This requirement is shown to be satis-
fied for sufficiently large P,. Application to atomic barium and radium yields
converged results for a large number of states not accessible by traditional
Fock-space coupled cluster. Moreover, states calculated by both methods ex-
hibit better accuracy (by a factor of 2-5) in the intermediate Hamiltonian
approach. Excellent agreement with experiment (better than 0.01 €V) is ob-
tained for the electron affinities of alkali atoms, and excitation energies of Xe
and Rn, not accessible by the traditional coupled-cluster Foclk-space method,
are calculated showing high accuracy. ©2001 by Academuc Press
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1 Introduction

The coupled-cluster (CC) method is one of the most powerful tools for atomic
and molecular calculations [1]. The basic idea of the method [2] involves an
exponential wave operator (1, which takes the zero-order wave function g into
the exact wave function ¥,

Q) = [T), 0 =exp, (1)

where S is the excitation operator. Intermediate normalization is usually as-
sumed,

(Wo|W¥) = 1. (2)

This formulation is adequate for single reference systems, which may be de-
scribed approximately by one determinant. In other cases, such as most excited
states or near curve crossings, a multireference method is required [3]. Mul-
tireference schemes involve partitioning the eigenfunctions of the zero-order
Hamiltoman Hy are into a model space P and its complementary ¢},

P=>Yloe)ol, Q=1-P (3)

v€EP

The goal is to construct an effective Hamiltonian in P, the matrix elements
of which include the approximate contribution of ). The eigenvalues of the
effective Hamiltonian give the energies of states with major components in P.

The most successful multireference coupled cluster method has been the
Fock-space (FSCC) approach [3], which provides highly accurate transition
energies and other atomic and molecular properties [4,5]. The Fock-space
scheme starts from a reference determinant, usually closed-shell, and reaches
the states of interest by adding and/or removing electrons to that determinant
The method is valence universal, meaning that one S operator is used for a
manifold of states with different numbers of valence electrons. Starting from
the reference determinant, S is written as a sum of sector excitation operators
Sm) - describing states with n valence holes (electrons removed from the
reference) and m valence particles (electrons added),

S§=) "3 s, (4)

Haque and Mukherjee [6] showed that the partitioning allows for partial de-
coupling of the Fock-space C'C equations. The equations for S0wm) involve
only S®) elements with & < n and [ < m, so that the very large system of
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nonlinear coupled equations separates into smaller subsystems. solved consec-
utively. The equations for S are iterated to convergence, S'%) and S(O1)
are then solved using the known S, and so on.

After the equations are solved in a particular sector, the effective Hamilto-
nian in that sector (assuming intermediate normalization) is constructed by

H.ag = PQHP (5)

The eigenvalues of Heg give the correlated energies of states in that sector
relative to the correlated energy of the reference determinant

The coupled cluster equations in each sector are solved iteratively Con-
vergence of the iterations is enhanced by having a large energy gap (and weak
interaction) between the P and ) subspaces. A partitioning satisfying these
conditions cannot always be affected, in particular if the simpler and more
satisfactory complete model space method is employed, with P comprising
all possible distributions of the valence electrons in a selected set of valence
orbitals. This situation often leads to intruder states [7-11], ()-space states
which couple strongly with P states and cause large excitation amplitudes
and difficult or no convergence. The problem may sometimes be overcome
by introducing an incomplete model space [8,9, 1215}, which mcludes only
the most strongly interacting state functions and leaves out potential intrud-
ers This is not always possible; in addition, an incomplete space makes the
method more complicated and is not always compatible with connectivity in
the intermediate normalization formalism [13,16-18].

Malrieu et al [11], working in the framework of low-order degenerate per-
turbation theory, realized that convergence difficulties and intruder states 1e-
sult from the strict requirements imposed on the effective Hamiltonian, namely
that all its roots must approximate eigenvalues of the real Hamiltonian H. and
its eigenvectors must be the projections on P of the corresponding eigenvec-
tors of H. This observation led them to propose a method for the construction
of an intermediate Hamiltonian, where only some eigenvalues are requred to
approximate those of the real H. Instead of the traditional partitioning of
the determinant space into P and () subspaces, Malrieu introduced three sub-
spaces: the main space P, the intermediate P,, and the complementary ¢
The corresponding operators satisfy

Pm+Pz:P7 P—I_Q:l (6)

The equations for the wave operator are now solved in two steps. At first, only
P,, — @ excitations are included, which (for adequate P,) should be relatively
easy. since P, serves as a buffer between P, and @), assuring a comfortable en-
ergy separation and avoiding the occurrence of intruder states. Next, another
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set of equations is solved, involving another (pseudo)wave operator describing
all P — () excitations. This is not an exact wave operator because it is re-
quired to generate exact energies and P projections only for P, states. The
relevant equations include an arbitrary energy constant, which may be chosen
so as to expedite convergence. This separation has been achieved by Malrieu
et al. [11] up to third order only; P, — P, excitations appear in fourth and
higher orders of the perturbation.

The intermediate Hamiltonian method is extended here to the Fock-space
coupled cluster scheme. While Malrieu et al. [11] assumed exact degeneracy
of the model space, we allow more general spaces; and, more important, in-
stead of the perturbation theory framework, the method presented here 1s
an all-order intermediate Hamiltonian Fock-space coupled-cluster (IHFSCC)
scheme. While the coupled cluster method may be regarded as an infinite-
order summation of perturbation terms, an intermediate Hamiltonian coupled
cluster scheme cannot be obtained as a straightforward extension of Malrieu’s
method, sice the P, — P, excitations appearing in fourth and higher orders
would create divergences. The formalism derived below avoids these dangerous
excitations altogether. As will be shown in the next section, the crucial step
in avoiding these excitations involves the equality of the two wave operators
discussed above for P, — () excitations. Other intermediate Hamillonian
schemes have been described in the framework of coupled-cluster [19,20] and
configuration interaction [21] approaches. A similar scheme has been proposed
by Heully et al. [22] in the framework of quasidegenerate perturbation theory.
The self-consistent quasidegenerate coupled-cluster method of Hoffmann and
Khait [23] uses similar partitioning of the function space.

The aim of the IHFSCC method is to avoid intruder states, which slow
or even prevent convergence, while employing large complete model spaces.
Completeness of the model space allows the use of the simple and convenient
intermediate normalization, with finite expansion of the cluster equation and
straightforward connectivity and energy extensivity The large model space
improves the description of the wave function and is expected to yield more
accurate energies and other properties; higher excitation energies, not accessi-
ble by traditional CC methods, may be obtained.

The basic coupled-cluster equations, following Lindgren’s approach, have
the form [24]

QIS, HolP = Q(VQ — xPVQ)_ . P, (7

conn

where the Hamiltonian is partitioned in the usual way,

H=Hy+V, (8)
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N=1+4x={expS} (9)

is the wave operator, S is the excitation or cluster operator, and the curly
brackets indicate normal order with respect to the reference determinant. The
left-hand-side of (7) gives rise to denominators of the type @ Hq — P Hy, which
may be small if the P and ) spaces are not well separated, leading to con-
vergence problems. The crux of the intermediate Hamiltonian method is the
definition of the intermediate space P,, which serves as a buffer between P,
and (), eliminating small denominators. Correlation is treated in two stages
dynamic correlation, due to Q)-space determinants, is included by the wave
operator; non-dynamic correlation, contributed by the P space, comes in by
diagonalizing the intermediate Hamiltonian in the whole model space P, which
includes both the main P,, and intermediate F,. The cluster operators and the
intermediate Hamiltonian (which plays the role of the effective Hamiltonian in
FSCC) are connected if P, and P are complete model spaces, so that calcu-
lated energies are size-extensive [18].

The IHFSCC method has been described briefly in a recent publication [25],
together with a pilot application to excited states of Sct. A full presentation
is given 1n the next section, followed by applications to a variety of atomic
systems, with comparisons to experimental and FSCC values.

2 Method

2.1 Wave operators and Bloch-type equations

The complete model space P is partitioned into a main space P, of dimension
N,, and an intermediate space P, of dimension N,. The orthogonal space
is @ = 1 — P, with dimension N,. The goal is to obtamn an intermediate
Hamiltonian H; in P with N, exact solutions of the real Hamiltonian [11],

H/P|V,,) = E, P|¥,,) (10)

where W, are the eigenstates of the exact Hamiltonlan with the largest com-
ponents in P,

H|Y,,) = E,|¥,) . (11)

It should be noted that P|¥,) and the corresponding F, are not required to
be the exact elgenfunctlons and eigenvalues of Hj; they are approximations.
which may be more or less accurate. The requirements on H; are thus less
stringent than those of the FSCC effective Hamiltonian, which is expected to
yield maximal information on all the states of P. This flexibility contributes
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to an easier convergence of the CC iterations. The diagonalization of Hy in
the whole P is designed to include non-dynamic correlation coming from £,
as well as P, states.

Two wave-like operators are defined [11] and expanded in coupled-cluster
normal-order exponential anzatze [24]. = 1+ y is a standard wave operator
m P,

OPL|Y,,) = {exp S} P |V,) = |¥,,) (12)
satisfying the wave equation
(Q + PYQHOP,, = (Q + P)HQP,. (13)

Equation (13) actually represents (N, +N,) X N, equations for the (Q+ F,)Q1F,
amplitudes It should be noted that the effective Hamiltoman corresponding
to Q, P, HQF,,, yields the eigenvalues for U, states only. The wave equation
(13) leads upon projection by ¢ to the coupled cluster equation

Q[Sa HO]Pm = Q(W'—‘(PmVQ)va (14)

where the bar indicates summation over connected terms only.
Another operator, R = 1+ A, is defined in the whole P. The corresponding
coupled-cluster ansatz is

RP|V,,) = {expT}P|V,,) = |¥,). (15)

It should be emphasized that the last equation, and therefore all equations
below derived from it, apply when operating on |¥,,) but not necessarily on
I¥,). This feature distinguishes R from a bona fide wave operator. Using
intermediate normalization we get

Q=0P, =P, +(Q+P)xPn, =0, (16)
and
R=RP=P+QAP, R'=R (17)
The intermediate Hamiltonian has the form
H;y=PHRP. (18)
Using (11) and (15), it is easily seen that Hy of (18) satisfies (10):

HP|V,) = PHRP|V,,) = PH|Y,,) = E,P|¥,,) . (19)
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To find the energies one has to determine the amplitudes of the cluster operator
QTP.

Operator relations between A and y can be derived using equations (12,15)
RP|Y,.) = RQP,L|¥.0) = [¥n) = QP V.0, (20)
which leads to
ROP, =QP,. (21)
Using (16,17) and left-projecting unto ), we get
QAP XPn = Q(x — A)P,. (22)

The system (22) includes N,, x N, equations The quantities to be determined
are QAP and QAF,,, with a total number of N, x (N, + N,). This leaves
N, x N, degrees of freedom, which may be used, for example, to choose QAP,
at will, after which QA P, may be found from (22). This freedom is used in a
different way below.

Starting from the intermediate Hamiltonian equation (10) multiplied on
the left by € and using (11,12,15), one gets

QHP|V,,) = QFE,PV,,) = E,QP, V) = En|V,,) = HY,,) = HRP|Y,,).
which together with (18) yields the wave equation
QOQHRP|V,,) = QHRP|Y,,). (23)

Equation (23) is a system of dimension N,, x N,. The N, x N, degrees of
freedom discussed above are now used to ensure that a similar equation 1s
satisfied for |U,) states too,

QQHRP|Y,) = QHRP|T,). (24)
It is now possible to combine (23) and (24) in an operator relation [11]
QOHRP = QHRP. (25)

This is a wave-like equation. A real wave equation would have R rather than

Q in (25).
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2.2 Coupled cluster equations

Using arguments similar to those of Lindgren [26], it is shown in appendix A
that equation (25) may be written in connected form

QHRP = QxHRP. (26)

The last equation may be generalized by introducing an arbitrary energy pa-
rameter F,

Q(E — H)RP = Qx(E — H)RP. (27)

The solution R of (27) satisfies the basic equation (22). The partitioning (8)
and the expressions (16) and (17) lead to

QUE - Ho)R)P = Q(VR)P = QxPrn(E — Ho — V)(P + QAP).

Assuming that Hy is a one-body operator, and using the relation

Q(xPrn(E — Ho)(P + QAP)) = QS(E — Ho) Py,

the first cluster equation for the (n) sector of the Fock space 1s obtained,

(E = H)QT™ P = Q(S(E — Ho) P+ (VE) - (B VEN™P.  (25)
Equation (26) yields
QHRP, = QxHRP,,
which may be rewritten as
QSHyP, — QH,TP, = Q(VE —XP,VR)P,,. (29)
Starting again from (26), one gets
QHRP,XPrn = QxHEP X Py,

which gives

_QHOUP = Q(VRPzX - XPmVRPzX)Prm (30)
where o is defined by

Qo P, = QAP xF,. (31)
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Table 1: Dependence of QoP,, on size of P,. Test on Mg atom, with a
18513p8d4 f basis. Mg?*t is the reference state, 2s2p electrons are correlated,
P, includes all Mg determinants with 3s, 4s, 3p, 4p, and 3d electrons.

P, orbitals Qo P, amplitudes
5-6s, Hp, 4d <1073
5-Ts, 5-6p, 4-5d, 4f <107
5-8s, 5-Tp, 4-6d, 4-5f <7-1078

It is shown in appendix B that this definition, together with (22), gives
QoPr =Q(S —T)Pn. (32)

The two equations (29) and (30) together give Eq. (14), confirming the con-
sistency of using the available degrees of freedom to derive equation (25).
Relation (30) may be rewritten as the commutator relation

Qlo, Ho|Pn = Q(cHo + VRP,x — XPnVEP,x)Pr, (33)

The last equation shows that o gets smaller as the intermediate space P, be-
comes larger. The denominators coming from the left-hand side of the equation
become large, because they involve energy differences between well-separated
P, and () states, the interaction terms on the right-hand side are at least
second-order in V, and always include products of P, — P, and P, — () inter-
actions For a large P, separating P, and @), both interactions cannot be large
at the same time. P, may therefore be chosen so that ¢ virtually vanishes, as
we indeed found in test calculations (see Table 1). For o — 0, (32) gives

QSP, ~ QT P,. (34)

QTF,, in equation (29) may therefore be 1eplaced by QSP,, yielding the
cluster equation for 5, which in the (n) sector of the Fock space has the form

QIS™, Hol P = QVR — XPuV Q)M B, (3)

where (), = 1 — P, = ) + Pp,. It should be noted that € in (35) was obtained
from R in (29) when QT P,, was replaced by QSP,,. No PSP, elements will
therefore appear in (35)

Equations (28) and (35) are the working equations of the intermediate
Hamiltonian Fock-space coupled cluster method. Eq. (35) has the same form
(and, consequently, the same diagrammatic expansion) as the conventional
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Figure 1: Examples of diagrams encountered in the IIFSCC formalism. Lines
with single arrows are summed over hole or particle lines, lines with double
arrows — over valence orbitals belonging to P, lines with triple arrows —
over valence orbitals in P (P, and P,). Diagrams a—c come from Eq. (35) and
involve S amplitudes only, with P, — @ excitations (one-body S is denoted
by a full circle, two-body .S by a horizontal line) The other diagrams come
from Eq. (28), with d—f involving T" amplitudes only (denoted by an open circle
and a double line for one-body and two-body amplitudes, respectively), while
diagrams g and h mix S and T amplitudes. A wavy line represents the V
interaction.

FSCC equation (7); the difference is that only Q.S P,, amplitudes, correspond-
ing to P,, — @) excitations, are included m (35) (see Fig. 1(a,b,c)). Note that
P,SP,, terms, which appear in the initial equation (14) for 2, have been elim-
inated. P, serves as a buffer between P,, and @, so that no intruder states can
occur After (35) is converged, Eq. (28) is solved to find QTP (Fig 1(d.e,f)).
Its diagrammatic structure is similar to that of (7) and (35), with some new
diagrams coming from the )SP,, term. Notice that the last term of Eq. (28)
involves the three spaces P, P, and ¢, and care must be taken when evalu-
ating the different terms (see examples in Fig. 1(g,h)).
The arbitrary energy F has to be chosen. It is conveniently expressed as

occ

E=Ye+C, (36)

where ¢, are orbital energies, and the summation is carried over all occupied
orbitals (" may be selected so that no small denominators appear in the
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expansion In principle, the results do not depend on the constant C': 1
truncated coupled-cluster calculations this dependence does occur Previous
calculations [25) show very weak dependence of converged energies on C over a
broad range of values. changing C by several hundred hartree modified transi-
tion energies by a few wave numbers only. The major criterion for selecting ¢
(or E) involves the convergence of the ITHFSCC iterations The denominators
in (28) are (E — Hy)Q); E should therefore fall outside the range of Q-space
zero-order energies.

As mentioned above, the relations (28) and (35) are the working equations
of the intermediate Hamiltonian coupled-cluster method. Since (28) includes S
on the right-hand side, (35) is solved first for .S, followed by solving (28) for T
There is an apparent redundancy at this stage, since the P, — @) excitations
have already been evaluated at the first stage via QS P,, amplitudes, and are
represented here again by the QT P, amplitudes. Equation (34) shows that
these two sets of amplitudes should be equal for the method to be valid, and
the calculations provide an a posteriori check on this premise (see Table 1).
Moreover, o may be estimated from equation (31) by some low-order approach
such as second-order perturbation theory, providing an a priori measure of
the adequacy of the interinediate space P,. It is worthwhile to note that an
equation similar to (28) may be derived for the wave operator S in the usual

CC method,

(E — Ho)QS™P = Q(S(E — Ho) P, + (VQ) — (x P V) P. (37)

Some tests have shown that the value of this equation for promoting conver-
gence is limited, since the £ — Hy factor on the left-hand side which forms the
denominators also multiplies S on the right-hand side.

After (28) has been solved, the intermediate Hamiltonian (18) is diagonal-
ized in P to obtain the energies. It should be noted that the diagonalization
yields energies for all P levels, however, levels with major components in P,
are expected to be calculated more accurately than levels heavily concentrated
in P,

In common with many multireference methods, IHFSCC treats correlation
in two stages: dynamuc correlation is described by virtual excitation to (J-space
determinants via the wave or cluster operator, while non-dynamic correlation
comes in by diagonalizing the effective Hamiltonian. The distinction between
the two kinds of correlation is, of course, somewhat arbitrary. The major ad-
vantage of the intermediate Hamiltonian scheme is making possible the use
of much larger P spaces than other high-order many-body methods, account-
ing thereby for a larger part of correlation, and at the same time allowing
convergence and avoiding intruders.
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3 Applications

All applications described here were carried out in the framework of the rela-
tivistic four-component Dirac-Coulomb-Breit Hamiltonian. The self-consistent-
field Dirac-Fock-Breit orbitals are first calculated [27], and correlation is then
included by relativistic Fock-space coupled cluster with single and double ex-
citations [5], either in the traditional or in the intermediate Hamiltonian form.
The first pilot application of the IHFSCC method has been described in a
recent publication [25]. The average error of the ionization potential and first
twelve excitation energies of Sct calculated by the traditional FSCC was 80
meV; IHFSCC gave an average error of 18 meV, four times smaller. Many
states not obtainable by FSCC because of convergence difficulties, were read-
ily available by the intermediate Hamiltonian method, with highly satisfactory
results. The average error of the 32 energies of excitation to P, states was 20
meV, with the largest error being 64 meV P, states, which are not required
by theory to be highly accurate, turned out rather well, with an average error
of 69 meV and maximum error of 111 meV for 21 P, states.

More recently, 1onization potentials and a large number of excitation en-
ergies for the barium and radium atoms were calculated [28] and compared
with previous FSCC work [29]. While convergence was difficult in the FSCC
approach, requiring incomplete model spaces and yielding only a limited num-
ber of states, the intermediate Hamiltonian scheme gave many more states
(including some low-lying radium states which have not been observed exper-
imentally) and better accuracy, with an average error of 0.69% or 17 meV
for 27 Ba excitation energies compared to 3.11% or 92 meV for FSCC, and a
maximum error of 35 meV vs. 475 meV for FSCC. Similar levels of accuracy
were obtained for radium [28]. In addition, many states which could not be
calculated by the traditional FSCC method were obtained, including both B,
and P, states. As expected, P, energies were somewhat less accurate than P,
values; thus, the 21 Ra Py, states had an average error of 0.74% or 24 meV,
whereas the average error for the seven P, states for which experimental re-
sults [30,31] are available was 1.34% or 52 meV. The predictions for low-lying
states which have not yet been observed are expected to have similar accuracy.

Another recent application involved an high-accuracy calculation of the
electron affinities of the alkali atoms [32]. A large basis of 37532p23d18 f10g7h61
even-tempered Gaussian-type orbitals [33] was used, and the positive M* ion
served as reference. Traditional FSCC calculations for the M~ anion converged
only when ns was the sole valence orbital and the P space included just the
ns? determinant. THFSCC calculations were carried out with P, comprising
all determinants with two electron added to M* in the lowest four unoccu-
pied s, three p, three d orbitals, or one f orbitals; P, included, in addition,
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Table 2 Electron affinities of alkali atoms (meV)

Atom Expt. FSCC THFSCC

K 501 525 510
Rb 486 519 494
Cs 472 516 480

Fr (492+2%) 542 495

occupations in three more s, three p, three d and three f orbitals

The calculated electron affinities are compared with experiment [34] in
Table 2 No experimental value is available for Fr, and we quote the recent
semiempirical result of Bahrim and Thumm [35]. Excellent agreement with
experiment (better than 0.01 eV) is obtained by IHFSCC, which is again 3-5
times more accurate than traditional FSCC.

All the applications reported above are in the two-particle sector, involv-
ing the addition of two electrons to the closed-shell reference state. Other
applications have been carried out in the one-hole one-particle sector, where
an electron is excited from an occupied to a virtual orbital. Many excitation
energies have thus been obtained for the xenon and radon atoms. The average
error for 18 5p — 65, Hp — 6p, and Hp — 5d excitation in Xe was 0 90% or
90 meV, with similar accuracy obtained for Rn. These results are remarkable,
since the traditional FSCC does not converge for any choice of valence holes
and particles, so that no excitation energies can be obtained.

4 Summary and conclusion

An intermediate Hamiltonian Fock-space coupled-cluster method has been de-
veloped. The crucial step in going from Malrieu’s formulation, which had
P,, — P, transitions in fourth and higher orders, to an all-order method elim-
inating these dangerous small-denominator transitions altogether, 1s equation
(34), requiring that P, — @ amplitudes of the two excitation operators S and
T be equal. This requirement is satisfied for sufficiently large P,. The parti-
tioning of the function space into a main space P, an intermediate P, and
a complementary @ allows convergence of the CC iterations for much larger
model spaces than before. This makes possible calculations for states which
were not accessible by CC methods, and improves the accuracy for states which
were accessible. While FSCC calculations for the Ba and Ra atoms could be
converged for a limited number of states only, and even that required resorting
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to incomplete model spaces, IHFSCC yielded a very large number of states,
including some low-lying levels which have not yet been observed experimen-
tally. The accuracy for levels obtainable by FSCC was improved by a factor of
2-5. Electron affinities of alkali atoms were reproduced to within 0.01 eV, and
very good 1esults were obtained for excitation energies of Xe and Rn, which
are not accessible at all by the traditional FSCC approach. The intermediate
Hamiltonian method shows promise of providing more and better results where
other coupled cluster schemes are less successful.
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Appendix A
Equation (25) may be written (1gnoring projections) as
HR=QHR. (A1)
Using Wick’s theorem, the left-hand side of this equation may be written as [26]
HR = {HR x R}, (A.2)

and the right-hand side is

Il

{QHR} + {ER} + {QH} + {M}
{H x QR} + {xH x QR} + {HA x QR} + {xHA x QR}
= {QHR x QR}, (A.3)

QHR

Il

where the notation in the first line describes contraction. The equations above
yield

{OR x R} = {QHR x QR}. (A.4)

The different terms resulting from the multiplications in (A 4) are linearly
independent, and the connected parts may therefore be compared, giving

E = OHE, (A.5)

confirming Eq. (26)
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Appendix B
Equation (22) gives
QAP + QAPX P = Qx P (B.1)

Applying Wick’s theorem and the exponential ansatz for the operators gives
[26]

QAPXPy = {QAPxPn} +{QAP.XP.} (B.2)
| | 1 l I _
{QAPXP,} = m;IW{QTmPLS”Pm} (B.3)

The contracted part may be separated into terms composed of products of one,
two, ..., connected clusters, all multiplied by the same disconnected operator
The term with one connected cluster is

{mz =y () (”) QWPmQ{Tm"’}B{SH}Pm} _

re=1

{Z %QW}% z (m — r)l!(n — S)!Q{Tm_r}Pl{Sn_s}Pm} =

rs=1 mon=

{QoPn(l4+ QAPNF,)},

where the definition (31) is used. The terms with two connected clusters sum
up in a similar way to {3(Qo Pn)*(1+ QAP,x Py)}, and all clusters finally give

| |
{QA P, XP,} = exp(Qo P, — 1)(1 + QAP X Py)
Together with (B.1) and (B.2), we get

QAP, + {QAPLXPWL} + {eXp(QUPm - 1)+ eXP(QUPm)(QAPz\Pm)} =QxPn
(B.4)

As 1n the derivation leading to (A.3), the connected terms of (B.4) must be
equal, giving Qo P,, = Q(S — 1')P,,, which is equation (32).
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1 Introduction

The problem we address in this paper is the computation of second and
third order properties, static and dynamic by solving, at the Full CI level,
inhomogeneous equations of perturbation theory like the following:

(H — Eo + hw)hs = (< %ol Vo > -V) o (1)

where 1), is an eigenstate of the molecular hamiltonian H with energy Ej
and V is a perturbation operator.

Equation (1) arises e.g. from a perturbation theory treatment of a mo-
lecule in an external alternating electric field of frequency w. The latter gives
rise to a time dependent harmonic perturbation of the type:

V(t) — —%I‘ LE [e—zwt + ezwt] (2)

where the vectors r and £ are the dipole operator of the molecule and
the electric field, respectively. Eq. (2) also describes the interaction of the
molecule with radiation in the dipole approximation [1], i.e. at optical frequen-
cies, when the molecular dimensions are small compared to the wavelenght
of the radiation. In this case the relevant molecular properties are the dy-
namic polarizabilities and hyperpolarizabilities and other non linear optical
properties [2], [3].

The solution of eq. (1) can be approximated by expanding both 1, and
11 in a linear space L. In case of 1, this procedure leads to the familiar
eigenvalue problem for the matrix H of the hamiltonian in the chosen basis
of the space, while eq. (1) becomes a system of linear equations (bold capital
letters denote matrices, bold lowercase denote vectors):

HVO = EOV(] (3)
(H - E() + hw)v1 = E1V0 — Wo (4)

where vo, v1 and wy, are, respectively, the vectors of the components of
the eigenvector 1y, of the first order function ¢, and of the function V.

Here we choose £ to be the full CI space; this choice gives the best approx-
imation for a given atomic basis and therefore the quantities computed can
be considered as benchmarks. However, as it is well known, the dimensions
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of full CI space grow factorially with the number of electrons and atomic
orbitals, so our problem is how to deal with large dimensions. In the case
of eigenvalue equation (3) a number of efficient algorithms have been imple-
mented [4] [5] [6]. They combine the idea of iterative methods of Krylov type
[7], like Lanczos [8] or Davidson [9], where the eigenvector is expressed as a
polynomial in H applied to a guess xq, with the direct CI technique intro-
duced by Roos [10]. In this context, the main operation one has to implement
efficiently is the following: given g vector x in full CI space, compute the
vector y = Hx, resulting from the multiplication of the hamiltonian matrix
H by vector x. In the direct CI technique, the hamiltonian matrix H is never
computed, but y is obtained directly from the one and two electron integrals.
These methods allow for the computation of very large full CI expansions
(our largest amounts to nine billions symmetry adapted Slater determinants
[11]).

Systems of linear equations can be solved using similar methods. there
exists a family of iterative methods for large sparse linear systems [12] ex-
ploiting the fundamental operation y = Hx; in quantum chemistry they have
been used by several authors [13] [14] [15].

Compared to finite field calculations, the main advantages of the direct
solution of perturbative equations are i)full exploitation of the symmetry of
the molecule, avoiding computations with non totally symmetric hamiltonians
including external fields ii) access to frequency dependent properties. The
purpose of this work is to provide benchmark computations useful to study
the effectiveness of approximate methods. For a recent review of the latter
see [16].

In the following we describe our implementation of the Full CI solution
of the perturbative equation (4) and present some calculations on the dipole
polarizability and hyperpolarizability of lithium hydiide.

2  Methods of solution

The right hand side b = E;vo — wy of the system of linear equation eq. (4) is
easily computed from the eigenvector vy of a previous full CI computation.
The perturbation operator V of eq. (1) is usually a one-electron operator
expressed in second quantized form as:
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V= ZzJVmaIaJ (5)

so its application to vo using the methods described in ref. [6] is a simple
matter. The only feature to be pointed out is the following. V is in general
non totally symmetrical, and V¢, and 1, may belong to a symmetry class
different from that of 1¢y. This requires only minor modifications of the
program. A similar application of V to a first order perturbed function is
needed to compute third order properties (see eq.s 29,30).

We rewrite eq. (4) in the simplified form:

A(mx=Db (6)

where A(n) = H — (Ey + n)I and n = hw. We notice that the matrix
A(0) is real symmetrical and has eigenvalues Ejy — Ey corresponding to the
excitation energies from state vy. It also has a null eigenvector vg; we will
assume it is non degenerate.

Equation (6) has solutions only if:

i) either detA(n) # 0 or

ii) b is orthogonal to the null space of A(n)

Condition 1) is fulfilled when 7 is different from an excitation energy Ey — Ey
and from zero. For real n, we restrict its range to *the distance of the closest
eigenvalue from FEjy; this limit is the same imposed by perturbation theory.
In this case the solution is unique. Since the right hand side b of e.q. (6) is
orthogonal to vy by construction, so is the solution x.

When 7 = 0, we fall under case ii), and eq. (6) has a linear manifold of
solutions. In this manifold we will choose the solution of minimal norm, i.e.
the one orthogonal to vy; this ensures continuity for  — 0.

A compact notation for the solutions and other quantities 1s obtained by
using the reduced resolvent [17] of the molecular hamiltonian defined accord-
ing to:

R(n) = (H-Ey—n)"'Pg (7)
x = R(n)b (8)

where Py is the projection on the eigenvector vy.
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A unified presentation of the numerical methods to solve eq. (6) can be
given in terms of variational principles. The solution of eq. (6) corresponds
to a stationary point of the quadratic forms:

1. Qi(x) = IxTA(n)x — bTx (this is nothing but Hylleraas variational
principle in the linear space £);

2. Qa(x) =]l b~ A(m)x ||

The vector r = b — A(n)x is known as the residual vector associated to
x; when its norm is zero (or small enough), x is a solution; —r is also the
gradient of );.

The stationary point is always a minimum in case of form ,; in the other
case it is a minimum only when the matrix A(n) is real and positive definite

The methods of solution can be sketched as follows:

e at iteration i-1 we are in point X,_; and the form has value Q,_1;
e move to another point x, = X, + ,p,, such that @, < Q,_1;

e a good direction p; is the residual vector r,_; of previous iteration
(steepest descent); a better one is the 'preconditioned’ residual M~'r, ;.

& choose «, to minimize @ in the direction of p;.

s stop when norm of residual is small enough; otherwise iterate.

The preconditioner M is an easily invertable matrix which corrects the
direction of steepest descent and (hopefully) speeds up convergence. In prin-
ciple, M ! should be an approximation to A™!, as precondilioner we always
use M = Diag[A(n)].

The time consuming operation is the ’multiplication’ A(n)x, which is
needed at each iteration to determine the optimal ¢, and the residual vec-
tor r. When the form involved is Q,, we get the conjugate gradient method
which is well documented in the literature {12]. This method requires the
matrix A(n) to be positive definite; this condition is fulfilled when —Ej — Aw
is greater than the minimum eigenvalue of H in the symmetry subspace of
the product V4, (which can be different from that of the eigenvector). The
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method is stable and has good convergence properties. The minimum of the
form @, is equal to

1
_Zpta-t

i.e. half the value of a second order property with a change of sign.

In other cases when A(n) is not positive definite, which is common when
dealing with excited states, we use methods based on the minimisation of
the residual norm . The convergence is usually slower and the disk space
requirements are greater. The computational cost per iteration is essentially
the same for both methods for real matrices A. In Appendix 1 we describe
in detail our implementation of the method using form .

For w = 0 the computed solution is not in general orthogonal to the
eigenvector vo; this is due to the preconditioner which introduces components
along the direction of vy. In this case we add a Schmidt ortogonalization step.

3 Applications to LiH

In this section we present the results of some test calculations of dipole po-
larizabilities & and hyperpolarizabilities 5 tensors of lithium hydride. These
quantities are the first and second derivatives, respectively, of the dipole mo-
ment with respect to the field strength; see eq. (15) in Appendix 1.

We considered three AO basis sets. Our smallest basis B66 derives
from one proposed by Sadlej [18] by uncontracting all the gaussians and
amounts to 66 AO’s. This basis was used to study « and 3 as a func-
tion of the internuclear separation, and originates Full CI spaces of the or-
der of about one million Slater determinants in Cy, symmetry. Our second
basis B109 contains 109 contracted gaussians, (11s6p3d/11s6pld) on hydro-
gen and (14s9p4d3f/14s9pld1f) on Lithium, both derived from the (11s6p)
and (13s9p) sets of van Duijneveldt [19] by adding diffuse functions (see Ap-
pendix). The dimensions of the Full CI space is about nine millions in this
case. The last basis B83 is the Roos-Sadley basis of 83 contracted gaussians
[20]; the Full CI space has dimension about three millions.

In Table 1 we report a comparison of our results of static dipole polar-
izability for the ground state with some of the most recent calculations at
equilibrium geometry. The method used was the preconditioned conjugated
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gradient; convergence to || r ||< 107% is achieved in 15 iterations for the
ground state equation in the nine billion case. The dipole polarizability of
the ground state is a sum of positive contributions, as can be seen from eq.
(28) using the spectral resolution of the reduced resolvent R(0). Therefore
larger values of polarizability are considered to mean better quality of the
computation, even if, strictly speaking, the comparison should be performed
between computations using the same unperturbed eigenvector vy (compare
Hylleraas’ variational principle [21]). The Full CI values are indeed greater,
as expected, than values computed with other methods using AO bases of
comparable quality. Coupled cluster results closely approximate the Full CI
value, as can be seen from the data computed by Lee et al. [22] and by us
using the same AQO basis (B83). From the values of ¢, reported in Table
1 and according to this criterion our largest basis B109 seems to be poorer
than expected in the A; symmetry.

In Table 2 we report similar results for the excited states A'¥* and
B!, but at the equilibrium internuclear separation of the ground state, i.e.
R.=3.015 bohr. The values are larger than those of the ground state, as ex-
pected. In this case the conjugated gradient cannot be used, and one has
to resort to method based on the minimization of the residual norm. The
convergence is slower and for large size vectors restarts (see Appendix 1) are
needed. This affects the convergence rate, which also depends upon the max-
imum dimension allowed for the iterative subspace. In general it is better
to set this limit on the dimension at the maximum value compatible with
available disk space.

Sometimes we found helpful to start from a guess generated in the follow-
ing way. Prepare a modified system with a right hand side b orthogonalized
not only to the eigenvector vy, but also to the lower lying eigenvectors of the
approptiale symmetry. Iterating on this system with the preconditoned con-
jugated gradient shows an oscillating behaviour of the residual norm, which
goes through some minima and maxima before reaching a value less than
threshold. However this does not mean real convergence, because in precon-
ditioned conjugate gradient the residual norm is computed in the metric of
the preconditioner, which is now not positive definite. We stop the procedure
at the first minimum, take the solution, complete it with the contribution of
the lower lying eigenvectors and use it as guess in the original system with
method Q.. In this way, for the excited state A'X* we got convergence to
|| r|j< 5.107% in 10 iterations (restart after 6 iterations), starting from a
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guess converged to 1072 in a dozen of conjugate gradient iterations.

In Table 3 we display some results of frequency dependent polarizability
of the ground state. The dynamic polarizability gives also the energy shift due
to the quadratic Stark effect [23]; in this case fiw = 0.1 hartree corresponds to
a wavelenght of &~ 4557 A. The values at imaginary frequency are computed
with the variant of method @, for complex systems and vectors.

In Table 4 we collect our computed values of hyperpolarizabilities and
compare them with data in the literature. The values are computed from
the first order functions according to eq.s (29-30). The hyperpolarizability
appears to be very much dependent from the method used; again coupled
cluster provides values closer to Full CI, even if the agreement is poorer com-
pared to polarizabilities. Excited state values are very large and most likely
extremely sensitive to a number of factors (quality of AO basis, accuracy of
the solution and so on).

Table 1. Comparison of static dipole moments and polarizabilities for
LiH X%+ at equilibrium R,=3.015 bohr. z is the internuclear axis; all
quantities are in a.u.

Authors 7’ sy Oz method AO basis
Tunega et al. | 2.362 | 21.88 25.41 SCF 14s8p6d5f/11s8p6d5L
[24] 2.236 | 23.49 27.07| MP2 12s8p6d5t/9s8p6d5E
2.296 | 25.78 29.60 CCSD 198 orb.s
2.204 | 25.88 29.63 | CCSD(T)
Papadopoulos | 2.365 | 21.66 25.21 SCF 13s7p3d1£/10s7p5d
et al. 2.335 1 23.11 26.95 MP2 112 orb.s
[25] 2.315 | 24.33 28.58 | MP4
Lee et al.* 2.363 | 21.92 25.28 SCF 13s8p6d2f/8s5p3d1f
[22] 2.332 | 23.90 27.06 | MP2 12s8p5d /8s5p3d
2.301 | 25.73 29.52 | CCD/BO 83 orb.s
this work™ 2.208 | 26.64 29.70 FCI 83 orb.s = 3 10% C,, det.
this work 2.299 | 26.58 29.48 FCI 10s6p3d/6s4p
66 orb.s ~ 108 C,, det.
this work 2.294 | 26.15 29.70 FCI 14s9p4d3f/14s9pld1f
11s6p3d/11s6pld
109 orb.sx 107 Cs, det.
expt. 2.314

*: R,=3.0158 bohr.
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Table 2. Comparison of static dipole moments and polarizabilities for
excited states of LiH at R,=3.015 bohr. z is the internuclear axis; all
quantities are in a.u.

State I Oy 0z | method AO/CI basis
ATt | 20111 7494 213.59 FCI 14s9p4d3f/14s9p1d1f
11s6p3d/11s6pld

109 orb.s= 107 C,, det.
ATt [ -2.011 | 75.37 211.40 FCI 10s6p3d/6sdp

66 orb.s = 10% C,, det.
Bl |-0.182 ] 155.75 209.29 FCI 10s6p3d/6sdp

66 orb.s &~ 10°% C,, det.

Table 3. Selected values of matrix elements and dynamic Full CI polariz-
abilities of LiH ground state XX " at real and imaginary frequency. R,=3.015
bohr, AO basis set 10s6p3d/6sdp (66 orb.s). z is the internuclear axis; all
quantities are in a.u.

hw ® 01 01 Jo.u1i
R< (& — E1o)ho|R(@)|(% — Evz)tho > | 9.847 | 32.10 | 11.60
< (& — Eig)tho| R(@)|(Z — Eiz)tho > | 0.000 | 0.00 | 5.782
) 41.95 | 23.21
R< (2 E1) 0| R@)|(2 — By > | 8.785 [ 38.33 [ 10 13
S< (2 = E1,)o|R(@)|(2 — Evz)tho > | 0.000 | 0.00 | 5.148
@, (w) 47.11 | 20.26

1) the wavelenght corresponding to 0.1 hartree is 4557 A.
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Table 4. Comparison of static hyperpolarizabilities for LiH at R,=3.015
bohr. z is the internuclear axis; all quantities are in a.u.

Authors State | Bzzz PBzzz | method AO basis
Tunega et al. | XISt | -426. -158. SCF 14s8p6d5f/11s8p6d5f
[24] 471 -175.| MP2 12s8pBd5f/9s8p6d5E
-514.  -232. CCSD 198 orb.s
-639. -237. | CCSD(T)
Papadopoulos | XX+ | -1055. -358. MP4 13s7p3d1{/10s7p5d
et al. [25] 112 orb.s
Lee et al.¥ | X!Z+ | -308. -188. SCF 13s8p6d2f/8s5p3d1f
[22] 742, -364. | MP2 12s8p5d/8s5p3d
-635. -593. | CCD/BO 83 orb.s
this work™ | X'S* | -655. -345. FCI 83 orb.s 3 108 Cs, det.
this work X'Tt | -661.  -350. FCI 14s9p4d3f/14s9p1dif
11s6p3d/11s6pld
109 orb.sx 107 Cs, det.
this work A'SH | -1885. 6417. FCI 14s9p4d3f/14s9p1di1f
11s6p3d/11s6pld
109 orb.sx 107 C,, det.

*: R,=3.0158 bohr.

We have performed computations with basis B66 for a number of inter-
nuclear separations, from near equilibrium (2.5 bohr) to a region of avoided
crossings (10.0 bohr), in order to assess the sensitivity of the property values
and of the computational procedure to the changes of molecular geometry.

In Table 5 we report the values of some properties of the Full CI wavefunc-
tions of the ground and first excited state of =+ symmetry; these data show
the change of the nature of the wavefunction with the internuclear separation.
In particular from the values of the occupation numbers of 20 and 3¢ natural
orbitals we seee that the ground state is essentially one-determinant in the
equilibrium region and up to & 6.5 bohr, while the first excited state starts at
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small R as two-determinant. In the avoided crossing region (6.5 to 10. bohr)
the two states undergo a strong mixing.

Modifications of the nature of the molecular wavefunction are reflected and
amplified on the values of first, second and third order properties, in order of
increasing sensitivity. This can be seeen from the values of polarizability and
hyperpolarizability reported in Table 6, which show very large oscillations.
We did not perform a detailed numerical analysis of the computation, so we
do not really know the relative accuracy of the values reported.

As previously mentioned, the rate of convergence is satisfactory at equilib-
rium geometries, when the structure of the wavefunction is relatively simple.
The convergence rate slows down at large R, and it worse for the excited state.
At R = 9.5 bohr, 80 iterations of the Qy method were needed to achieve a
convergence of 5 1075 (restart after 6 iterations)

Table 5. Properties of the LiH X*Y* and A'St wavefunctions as a function
of the internuclear separation R (bohr): ns, and ng, are the occupation
numbers of the frontier natural orbitals of o symmetry, p denotes dipole

moment of the state, and up is the transition dipole between the two states.

AO basis set 10s6p3d/6sdp (66 orb.s). z is the internuclear axis; all
quantities are in a.u.

Xet Ayt
R N9y N30 U || p Ny N3y
2.5 972328 | .0127560 | 2096 || 0.765 || -2.055 | .638506 | .358590
3.015 || .970089 | .0149270 | 2.299 | 0.951 || -2.011 | .649199 | .347872
3.5 | .965900 | .0195430 | 2.508 || 1.143 || -1.893 | .664566 | .332412
4.0 1959030 | .0272734 | 2.718 || 1.371 || -1.697 | .685742 | .311083
4494 || 948985 | 0384244 | 2 888 | 1.638 || -1.422 | .711928 | 284630
4.913 || .937090 | .0514009 | 2.976 || 1.904 || -1.110 | .738035 | .258135
5.0 .934133 | .0545988 | 2.985 || 1.964 | -1.034 | .743864 | .252203
5.5 1912931 | .0773011 | 2.950 §} 2.332 || -0.511 | .779474 | .215811
6.5 839997 | .153823 | 2.314 || 3.010 {| 1.068 [ .850359 | .142535
7.5 730333 | .266761 | 1.216 { 3.090 || 2.937 | .889646 | .101295
8.5 634929 | .363836 | -.4846 || 2.722 || 4.070 | .889204 | .101812
9.5 -.1787 4118
10.0 || .556711 | .442819 | -.1082 || 2.371 || 3.721 | .831467 | .162424
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Table 6. FCI polarizabilities and hyperpolarizabilities for LiH as a func-
tion of the internuclear separation R. AO basis set 10s6p3d/6sdp (66 orb.s).
z is the internuclear axis; all quantities are in a.u.

Ground state X3+ Excited state AT+

R Qyy fa7 Bzzz | Brxz o Olgg Bzzz | Brxz
2.500 | 18.98 | 25.70 | -309 | -232 70.14 | 210.66 | -2360 | 6486
3.015 | 26.58 | 29.48 | -694 | -355 75.37 | 21140 | -1720 | 6156
3.500 | 37.42 | 34.38 | -1439 | -553 77.51 |206.25 | -681 5644
4.000 { 54.53 | 40.79 | -2995 | -894 76.57 |198.29 | 1193 | 5242
4.494 | 81.37 | 48.78 | -6067 | -1453 || 70.47 | 188.87 | 4572 | 5081
4.913 [ 116.72 | 57.22 | -10721 | -2194 || 58.05 | 179.67 | 9394 | 5193
5.000 | 126.02 ; 59.20 | -11990 | -2386 || 54.27 | 177.59 | 10671 | 5251
5.500 | 195.90 | 72.34 | -21039 | -3779 || 22.16 | 164.40 | 19392 | 5838
6.500 | 395.84 | 107.35 | -18775 | -6945 || -61.67 | 132.13 | 11620 | 7199
7.500 | 435.04 | 141.09 | 45077 | -5731 || 102.22 | 105.79 | -74612 | 3851
8.500 | 312.52 | 158.28 | 45218 | -2456 || 593.47 | 101.31 | -121488 | -2056
9.500 | 229.96 | 164.37 | 22538 | -862 | 1294.46 | 112.24 | -34777 | -6130
10.000 | 208.08 | 165.66 | 14968 | -512 || 1650.83 | 119.91 | 223860 | -6649

4 Conclusions

The Full CI expansion technique can be applied to the perturbation theory
equations as easily as to eigenvalue problem for the wavefunction. It has
also a similar purpose, i.e. providing benchmark calculations to calibrate

approximate methods of wider applicability.
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5 Appendix

5.1 Description of the algorithm

Given the system of linear equations:

Ax=Db 9)

where the matrix A = At we look for a (pseudo)solution fulfilling

Ib— Ax ||< ¢ (10)

and expressed at iteration n, as a linear combination of n vectors hy:

X, = athy + ashs + ... + o h, (11)

where the coefficients ay are chosen in such a way to minimize the quad-
ratic form (10). At each iteration a new h, is generated according to the
prescription: h, = Diag(A) 'r,_;.

The vectors hy generate a subspace I, called the ’iterative subspace’,
growing at each iteration. This vector x,, is such that Ax, has the minimal
distance from b, i.e. it is the projection of b in the subspace AZ, spanned
by

Ah;, Ah,,... Ah,

It is desirable to have an orthogonal base of AT [, since this simplifies the
formalism. Indeed, if Apy is such a base, the projection of b in AZ[ is given
by:

n 1
Ax, = E Ap;b

k=0 APIAPk

In this way the expansion coefficients §; are independent from n, i e. once
computed,they keep their values in the following iterations. This feature also
simplifies the computation of the residual vector:

Ap; = BrAp, (12)

r, = b-Ax, (13)
Ip—Tno1 = A(Xn, — Xp-1) = GrAp, (14)

The residual is simply updated at each iteration according to eq.(14).
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In other words, we need a basis of the ’iterative subspace’ I, orthogonal
in the metric ATA, while the prescription to enlarge the iterative subspace
generates a vector not having this property. This requires the introduction of
an orthogonalization step in the algorithm, which, in its final form, looks like
that:

1. choose a guess xp, compute rp = b — Axp; a null guess is a possible
choice; set k =0

set k=k-+1

compute hy = Diag(A)~'ry_;. and write it to disk;

L

compute Ahy

5. compute all scalar products v, = p,AtAh; and Schmidt-orthogonalize
Ah; to all previous Ap, for j =1,2,...,k—1;

6. the Schmidt orthogonalized vector is Apy; write it on disk;

7. compute the square norm of Ap; and the coefficient §; according to eq.
(12);

8. update residual according to e.q. (14);
9. check convergence; if not converged, go to (2);

10. compute the expansion coefficients of the solution in the basis hy by
inverting the triangular matrix ,z;

11. compute solution by linear combination with coefficients S, of the vec-
tors hy, previously saved on disk;

12. Schmidt orthogonalize to eigenvector vy if needed and exit

The disk requirements are two vectors for each iteration step. For this
reason one puts a limit on the dimension of the iterative subspace and restarts
the procedure from the beginning using as a guess the non converged solution
obtained.

In case of a complex matrix A, the scheme is essentially the same from the
mathematical point of view. However the computer implementation is slightly
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different, because now all the vectors (but b) are complex and require twice as
much disk space. In our implementation we organized the code by separating
real and imaginary parts of vectors. The computational cost per iteration is
also doubled.

5.2 Formulae for second and third order properties

The time dependent perturbation theory is a well known subject since long
time; here we quote only two references [2], [3]. For the reader’s conveni-
ence we report here the explicit formulae, taken from [3], of the dynamic
polarizabilities and hyperpolarizabilities used in this work.

Under the action of the alternating field, eq. (2), the molecule acquires an
induced dipole moment given by:

1
w(t) = pg + € cos(wt) + %ﬂo&f + §ﬂ2€£ cos(2wt) + ... (15)

where a and @ are 2nd and 3rd rank tensors known as polarizability
and hyperpolarizabilities, respectively. These quantities can be computed by
solving the perturbation theory equations. Due to the vectorial nature of the
perturbation, first order quantities are vectors, second order quantities are 2-
tensors and so on. If we denote the cartesian components of the perturbation
operator as %, ¢, 2, and label cartesian components of tensors with indexes
z,v, %, the equations to be solved are:

[A—Eo|¢o = 0 (16)

[ - Eytw]vee = (Eio—2)t0 (17)
[ﬁ = 2w] Yaoey = Byt + (Bro — )Yy (18)
[ﬁ - Eo] Yo2zy = Bamyto + (Erz — ) %("/’+y +9-y)  (19)

By, = <olE|yo > (20)

Eory = % < ol (hy + ¥—y) > (21)

< | > being the usual scalar product in the space-spin coordinates. Notice
that the F ’s are defined in such a way to ensure the ortogonality of the right
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hand side of the equations to ¥,. This guarantees the existence of solutions
for w = 0. In this case we choose the solution orthogonal to y; in this way
we have continuity for w — 0:

e = Iy (22)
. . 1..
i‘i% Yoy = }}_I}}J Yoggy = 5 2}% Yo2ay (23)

Using the reduced resolvent notation:

w:tz = —R(ihw) (.’i‘ - Elm)'l/)o (24)
Visey = —R(F2hw)(E — E1z)R(Zhw)(§ — Eiy)tho (25)
Yioey = —R(0)(Z — Erp)R(Aw)(§ — E1y)tbo (26)

The expression of the polarizability tensor in terms of the solutions of the
previous equations is:

ax,y(w) = < "rl}O(i' - Elz)|¢+y >4+ < "»b—y(g - Ely)lwo > (27)
toy(0) = 2 <to(& — Eig)|R(O)|(§ — By, )b > static limit  (28)

For the hyperpolarizability one may fulfill eq. (15) by writing:

Bozyz(w) = %[< Yo|(& — Erz)thozy: > + < Yozey| (2 — Er2)ho > +
+ < ¢+lz|('g - Ely)¢+z >+ < w—lml(g - Ely)w—z >] (29)
ﬂZzyz(w) = < 1/’0](53 - Elz)¢+2yz >+ < "/’-—2:1:3;'(2 - Elz)d}O >+

+ < 1/)—'19:'(@ - Ely)"p+z > (30)

but, from the physical point of view it is desirable to require the tensor
B to be symmetrical in all its indexes [2]. Therefore we replace the previous
definitions with their symmetrized forms:

ﬂZZZ ~ IBZZZ (31)
;Bmzz — %(ﬂﬂ:zm + ﬂmzz —,I'— ﬂxmz) (32)

,Bzyz «— é(ﬂxyz + ,Bzzy + ﬁyzz + ﬁyzz + ﬂzzy + ﬂzyz) (33)
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Since in the static limit Byzy,(0) = fagy.(0), and given the symmetry of
the molecule LiH, the reported values of the static hyperpolarizability were
computed according to:

;Bzzz = 6< 1[)0(2 - Elz)R(O)(
IBzzz = 4< 1/)0(:2‘ - EII)R(O)(
+ 2 < ¢o(f — Erg)R(0)(2

2 — E1,)R(0)(2 — E1;)% > (34)
- E15)R(0)(2 — Evz)to > +
2 — By,)R(0)(Z — Brp)tho > (35)

S

5.3 Specification of B109 AO basis

Each contracted gaussian is specified in the form: (a1, ¢ || a2,¢ || ...) where
ay is an exponent and ¢ its contraction coefficient.

e Hydrogen s functions:
(188.614450 , 1.0 ), ( 28.276596 , 1.0 ), ( 6.424830, 1.0 ),
(1.815041, 1.0 ), ( .591063 , 1.0 ), ( .212149, 1.0 ), ( .079891,10),
(027962, 1.0 ), ( .009787 , 1.0 ), ( .003425 , 1.0 ), ( .001199, 1.0)

e Hydrogen p functions:
(2.305000 , 1.0 ), ( .806750 , 1.0 ), ( .282362 , 1.0 ), ( .098827 , 1.0 ),
(.054590 , 1.0 ), ( .012107, 1.0 )

e Hydrogen d functions:
(1.819000, .270513 || .727600, .551013 || .291040, .331087)

e Lithium s functions:
(9497.934400, 1.0 ), (1416.811200, 1.0 ), ( 321.459940, 1.0 ),
(191.124163, 1.0 ), ( 29.999891, 1.0 ), ( 11 017631, 1.0 ),
(4372801, 1.0 ), ( 1.831256, 1.0 ), ( .802261, 1.0 ),
(.362648, 1.0 ), ( .113995, 1.0 ), ( .051237, 1.0 ),
(022468, 1.0 ), ( .007860, 1.0 )

e Lithium p functions:
(13.119504, 1.0 ), ( 3.077424, 1.0 ), ( 1.098800, 1.0 ),
(.435778, 1.0 ), ( .180243, 1.0 ), ( .076133, 1.0 ),
(.032546, 1.0 ), ( .014018, 1.0 ), ( .004906, 1.0 )
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e Lithium d functions:
(.450000, .176679 || .157500,.994472 || .055125, ~1.552621 || .019294, .878690)

e Lithium f functions:
(.240000, .387778 || .096000, .401610 || 038400, .446150)
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1. Introduction

There is renewed interest [1] - [12] in the use of Brillouin-Wigner
perturbation theory in the study of the many-body molecular
electronic structure problem. This interest is fuelled by the
need to develop robust techniques for describing dynamic elec-
tron correlation effects based on multireference functions. Such
techniques are an essential ingredient of the theoretical descrip-
tion of many molecular processes and especially those involving
dissociation. Wenzel and Steiner [5] have emphasized that “the
reference energy in Brillouin-Wigner perturbation theory is the
fully dressed energy” and that further ” [this] feature guarantees
the existence of a natural gap and thereby rapid convergence
of the perturbation series.” However, it is well known that the
perturbation series originally developed by Lennard-Jones [13]
Brillouin [14] and Wigner [15] 1s not a many-body theory [16]
- [19] in that the energy components do not scale linearly with
the number of electrons [20] - [25].

Recently, we have critically re-examined [12] the single root
Brillouin-Wigner perturbation theory and 1ts application to many-
body systems. In this work, we consider the application of
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generalized Brillouin-Wigner perturbation theory to the many-
body problem. This theory was introduced by Léwdin in Part
XII of a series of papers[26]-[38] devoted to perturbation the-
ory. We again concentrate on the single reference formalism
for simplicity. Like the familiar Brillouin-Wigner perturbation
theory, the generalized theory does not scale linearly with the
number of electrons in the system and it cannot be regarded
as a “many-body” theory. Two solutions to this problem can
be identified: (3) “many-body” corrections can be derived; (u1)
the theory can be applied to an ansatz which is intrinsically
suited to “many-body” systems. In this paper, we explore both
of these avenues. In section 2, we re-examined the generalized
Brillouin-Wigner perturbation theory deriving both the Bloch
equation and the corresponding Lippmann-Schwinger equation.
The “many-body” corrections for finite-order genralized Brillouin-
Wigner perturbation theory are deduced and discussed in sec-
tion 3. In section 4, the application of the generalized Brillouin-
Wigner perturbation theory to the coupled cluster expansion is
considered and the generalized Brillouin-Wigner coupled clus-
ter theory obtained. Section 5 contains a summary and a brief
discussion of future prospects.

2. Generalized Brillouin-Wigner perturbation
theory

For quantum problems defined by the time-independent Schrodinger
equation

HU = (Ho+ AH) T = £V, H = Ho+ \Hy (1)

perturbation theory may be developed from the effective eigenequa-
tion
Heff(I)() = (9(1)0 (2)
with
Hes = [PHP + PHQ (€ — QHQ) ™" QHP] (3)
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where P is the projector onto the model function, ®y, which is
an eigenfunction of Hy,

P = @) (Pl (4)
and @) is its orthogonal complement

Q = I-P
= Z@k) (e - (5)

k0
The exact energy, &£, is given by
€ = (Do |Hegs| Ro) (6)

with
(@o | Do) = 1. (7

Various types of perturbation expansion can be obtained by
expanding the inverse operator in (3). Using the operator iden-
tity

X-v)* = Y x(vx)
n=0
= X'+ X WYX T+ XY XTlY X+ .(8)

X-V)'=X"4+XxWY(X-Y)" (9)

the widely used Rayleigh-Schrodinger perturbation theory is de-
veloped by putting

X = Eo - QHoQ and Y = QHlQ - (8 - Eo), (10)

whereas the usual Brillouin-Wigner perturbation theory is ob-
tained by taking

X=€- QH()Q and Y = QHlQ (11)
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In this paper, we consider an alternative choice for the operators
X and Y; namely,

X=¢ and Y =QHQ. (12)

This leads to what Lowdin [36] has called generalized Brillouin-
Wigner perturbation theory.
We can write

1 1&
6= 5253 I%) (% (13)

Using (3) and (6), (8) and (12) together with (13) gives the
following expansion for the energy

E = (D |H| @o) + (Do |HGH| Do) + (®o |[HGHGH| Do) +... (14)
We can then introduce the reaction operator
V=HGH+HGHGH + ... (15)
so that the energy may be written
€ = (Do [H| Do) + (o [V] Bo) (16)
Equation (15) may be written
V =HGH +HGV (17)

Equation (17) is the Lippmann-Schwinger equation [39]
Defining the wave operator[40]-[42] by

) = Q2|2) (18)

we write

£ = (@ [H| W) (19)
with

(Qo | Do) =1 (20)
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and
(B | T) =1 (21)

in the form
£ = (@0 [HO @) (22)

Comparing (16)and (22) gives
V=HQ-H

which upon substituting in (17) and rearranging yields
Q=1I1+GHQ (23)

(23) is the Bloch equation[43]. Together with (22) it provides
the fundamental equation of the generalized Brillouin-Wigner
perturbation theory.

Iteration of the equation (23) and substitution in (22) gen-
erates the generalized Brillouin-Wigner perturbation expansion
for the energy

£=51+62+€3+€4+... (24)
where the energy coeflicients, ¢;, have the general form
1\ k-1
e = (E) (@0 |H(QH)* | @) (25)

The denominator 1s simply the exact energy raised to the power
k — 1 in order k.
The energy through second order, for example, is

£ = (@0 [H| o) + ég (Dol HBs) (@4l H|20) (26

which, if we define

Wi = (@6 1] Go) (27)
Wo= 3 (o] H |D4) (4] H |80, (28)

k40
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can be written

1
E=W + EWQ (29)
or
EX—EW - Wy =0 (30)
so that 1
Er = 5 [Wl + (W1)2 + 4W2] (31)
Through third order we have
1 1 9
5=W1+EW2+§W3 (3)
where
Wis= > (D|H|Pk) (Pr|H|De) (De| H Do), (33)
k#£0,05£0
so that
EP—EWL —EW, — W3 =0 (34)

In general, the energy through order £ may be written

k
1
=3 iV (35)
p=1
where
W, = Z Z Z (@0 H|®x,) (i, | H [Br,) - (Pr,,|H Do)
k1#0 ky#0  kp—17#0
(36)

The evaluation of the W, is non-iterative The determination
of the generalized Brillouin-Wigner perturbation theory energy
in order k requires the determination of the lowest root of the k
order polynomial

k
EF - gFrw, = 0. (37)

p=1
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3. Many-body corrections to finite-order gen-
eralized Brillouin-Wigner perturbation the-
ory

Although the generalized Brillouin-Wigner perturbation theory

has a very simple form it does not scale linearly with the number

of electrons in the system and therefore does not provide a true

“many-body” theory. However, we can introduce corrections.
The exact energy may be written

£=FEy+AE (38)

where Fjy is the ground state eigenvalue of Hy and AFE is the
level shift. We can then expand the generalized Brillouin-Wigner
perturbation theory denominator in (26) as

El=Ey '+ By (-AE)ET! (39)
or
EY+E T (AE)ET = FEy7T (40)
1 o]
& = (2 IHI<I>>+EZ<<I>IH1 k) (Dk|V[®)
k#£0
1AE &
Fo Y (P H1 |Dk) (B] VD) (41)
£ FEy iz
and
1 [o,0]
(O [V @) = (P |H|‘I’>+gz<‘bk Ha| @) (2 |V] D)
p#0

MIH

g

%i"; (@ 7] @,) <@prvr¢>>}, W2)
p£O
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4. Generalized Brillouin-Wigner coupled clus-
ter theory

The Brillouin-Wigner perturbation theory can be applied to an
ansatz which is intrinsically suited to the description of “many-
body” systems and a valid many-body theory thus obtained.
Consider, as an example, the application of generalized Brillouin-
Wigner perturbation theory to the coupled cluster expansion
[44], [45], [46].

In the cluster ansatz the wave operator is written

Q=e (43)
so that equation (22) for the energy becomes
E = (Po|HQ| Do)
= (@0 [He| ®p). (44)
The wave operator satisfies equation (23) which now becomes
e’ =1+ GHe®. (45)

In general, for an N-electron system, the cluster operator, S, 18
a sum of one-body (1), two-body (Sz2), ., N-body (Sn) cluster
components defined with respect to a single reference function.
In the simplest case we make the approximation

Using equation (44) together with (1)

£ (@ |H [1 + Sa]| o)
= (D [H| Do) + (Po |H1S2| o) (47)

We take the N|...] product form of the hamiltonian

ll

1
Ho= (@0 [H] @0+ 5 3 (Al B) NIXGX5] +
A,B

Y. (AB|fICD)NIX X} XpXc] (48)

A,B,C,D
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The correlation energy is then
AE = (Dg |H152| Do) (49)

Using equation (45) the amplitudes are given by

1
£ (2% 1,1 o) = (2% |1t [1 + 8+ 55;] <1>0>. (50)
Defining

95 = (37 152 @) (51)

this becomes
1
ab __ ab Sz - ab 2
SS” - <¢” He (Do>connected + 2 <®1’-7 HS2| @0>dzsconnect5d
(52)

where the subscripts denote whether the terms are connected or
disconnected.

1 ab 2 ab
5 <(I’“ HSQ‘ (I>O>dzsconnected - ASS” (53)
Substituting (53) into (52)
gSfJb = <(1)?Jb HeSZ q>0>co’rmected + ASSZI’ (54)
E=FEy+ AE (55)
and therefore
(Bo + AE) S = (@2 [He™ @@mmcted +AES®  (56)
which is
EoSyy = (@ [He™|®0) s (57)

giving a manifestly connected scheme.
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5. Summary and prospects

In this work, we have consider the application of generalized
Brillouin-Wigner perturbation theory to the many-body prob-
lem. We have concentrated on the single reference formalism
because of its simplicity. In section 2, we re-examined the gen-
eralized Brilloumn-Wigner perturbation theory deriving both the
Bloch equation and the corresponding Lippmann-Schwinger equa-
tion. Like the famihar Brillomin-Wigner perturbation theory,
the generalized theory does not scale linearly with the num-
ber of electrons mn the system and 1t cannot be regarded as a
“many-body” theory. Two solutions to this problem were identi-
fied* (1) “many-body” corrections to the finite order generalized
Brillouin-Wigner perturbation theory were derived in section 3,
(1) the theory can be applied to an ansatz which 1s itrinsically
suited to “many-body” systems and, in section 4, the application
of the generalized Brillouin-Wigner perturbation theory to the
coupled cluster expansion was considered and the generalized
Brillouin-Wigner coupled cluster theory obtained.
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Abstract

Brillouin-Wigner perturbation theory has a number of advantages
over the much more widely used Rayleigh-Schrédinger perturbation the-
ory in studies of the electron correlation problem in atoms and mole-
cules. This article briefly reviews some historical background, the per-
ceived advantages and disadvantages of the Brillouin-Wigner perturba-
tion theory. The convergence difficulties of the Rayleigh-Schrodinger
perturbation theory when applied to problems demanding the use of
multireference formalism is described. The problems created by the ap-
pearance of intruder states, of both the “physical” and the “backdoor”
variety, in the multireference Rayleigh-Schrodinger formalism are out-
lined. Recent progress in the formulation and application of Brillouin-
Wigner methods to the atomic and molecular many-body problem is
then described. The use of Brillouin-Wigner theory in solving the equa-
tions associated with many-body theories, such as coupled cluster the-
ory, is described as well as in the development of a posteriori correc-
tions to theories which contain terms which scale non-linearly with par-
ticle number, such as limited configuration interaction or finite-order
Brillouin-Wigner perturbation theory. Particular attention is given to
multireference Brillonin-Wigner methods. © 2001 by Academic Press
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1 Introduction

For almost thirty years Rayleigh-Schrédinger perturbation theory in its “many-
body” form has been regarded as the method of choice in describing elec-
tron correlation effects in atoms and molecules. The linear proportionality of
the calculated energy or other expectation values with respect to the number
of electrons in a given system - also known as “size-consistency” or “size-
extensivity” - is seen as one the principal advantages of the many-body per-
turbation theory approach; a property that is rendered most transparent in its
diagrammatic formulation.

The method which is most usually designated “MP2” (second order many-
body perturbation theory developed with respect to a Moeller-Plesset reference
hamiltonian) is nowadays the most intensively used ab wnifto molecular elec-
tronic structure technique for describing electron correlation effects in molecu-
lar systems [1]. It is regarded as one of the most important components of the
arsenal of electronic structure methods available to the contemporary quantum
chemist combining computational efficiency with ease of interpretability. Its
computational efficiency, especially in so-called ‘direct’ algorithms [2], facili-
tates application both to large molecules and in calculations of high accuracy
for small molecular systems using extended basis sets. It is well suited to
parallel computation enabling the effective exploitation of modern computing
machines.

The “MP2” method is robust for systems for which a single reference func-
tion is appropriate, such as the ground state of the neon atom or the water
molecule at its equilibrium geometry. However, for systems where such a sim-
ple reference function is unsuitable the method becomes fragile as applications
which are best regarded as cases of “deliberate stupidity” have demonstrated.
For example, the unreliability of the “MP2” method for the ground state of
the water molecule with symmetrically stretched bonds is well documented in
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the literature. Even when multireference functions are employed the Rayleigh-
Schridinger perturbation theory can exhibit convergence difficulties. These
difficulties are associated with the so-called “intruder state problem”.

Interest in Brillouin-Wigner perturbation theory has been rekindled over
the past few years since it does possess some features which suggest that it
may provide a robust and efficient approach for the theoretical description
of correlation effects in systems demanding the use of multireference function
formalism. Brillouin-Wigner perturbation theory has not been widely used in
quantum chemistry over recent decades principally because it is not seen as
a valid many-body theory. We, therefore, present some historical background
to Brillouin-Wigner methods in section 2. In particular, we compare the ba-
sic structure of the Brillouin-Wigner perturbation theory with the Rayleigh-
Schrédinger expansion. We list the known advantages of the Brillouin-Wigner
approach as well as its disadvantages. In section 3, we briefly describe the
convergence difficulties assoicated with intruder states which can arise in the
Rayleigh-Schrodinger perturbation theory in applications to problems demand-
ing the use of multireference formalisms. In section 4, we give an overview of
recent work on the application of Brillouin-Wigner methods to many-body
systems and solving the problems described in section 3. Section 5 contains a
summary and indicates the prospects for this approach.

2 Some historical background

The theory which is today called “Brillouin-Wigner perturbation theory” was
introduced in three seminal papers published in the 1930s. The first of these
was published in 1930 by Lennard-Jones [3]. [Some authors [4], [5] refer to
the method as “Lennard-Jones-Brillouin-Wigner perturbation theory”.] Sub-
sequently, Brillouin published his contribution in 1932 [6] and Wigner’s paper
appear two year later [7].

Brillouin-Wigner perturbation theory has a number of advantages over the
Rayleigh-Schrédinger perturbation theory. It also has significant disadvan-
tages. Before describing these let us recall the basic structure of these two
theories.

We seek to develop approximate solutions of the time-independent Schrodinger
equation

HY, =£,0, p=01,2.. )

starting from some reference or model defined by the equation

Hodr = Ex®:, k=0,1,2,... (2)
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for which the solutions are known. We write the total hamiltonian in the form
H = Ho + \H; (3)

where the parameter X is used to interpolate between the unperturbed problem
(A = 0) and the perturbed problem (A = 1). Perturbation theories are devel-
oped by making expansions for the exact eigenvalue, £, and the corresponding
eigenfunction, U,

In Brillouin-Wigner perturbation theory, we obtain the following expansion
for the ground state energy of the perturbed systems

Eo=FEy+e1+eates+.. (4)

where the energy coefficients are given by
&p = (ol H (GawH1)"~ |Do) (3)

and Gpw is the Brillouin-Wigner resolvent

o=y e ©

r#0

In Rayleigh-Schrédinger perturbation theory, the expansion for the ground
state energy of the perturbed system can be written

£ = Eo+E" + EQ + EQ® + ... (7)

where the energy coefficients have a more complicated structure and the first
few terms take the form

Eo = (®o| Ho |®o) 8)
E§Y = (®o| Ha |%o) 9

ES) = (@o| HiGrsHa |®o) (10)

E® = (®o| H1GrsH1GrsHa | Do) — B (®o| H1(Grs)*Ha |@0) (1)

EY = (@] HiGrsH1GrsH1GrsH1 | o)
- (()1) (®o| H1(Grs)*H1GrsHa | o)
_E(l) (®o| H1GrsH1(Grs)*Hi | ®o)
+(E, (l)) (o] H1(Grs)*Hi | Do)
"‘E(()2) (®o| H1(Grs)*Hi | Do) (12)
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In these expressions, Ggrs is the Rayleigh-Schrédinger resolvent

s = 3 (13

Let us now turn to the advantages of the Brillouin-Wigner perturbation
theory. Brillouin-Wigner perturbation theory has five main advantages over
the Rayleigh-Schrédinger perturbation theory. These are:-

(i) Rayleigh-Schrodinger theory can be regarded as a approximation to
Brillouin-Wigner theory [3], [4]. Consider, for example, the second order en-
ergy, €9, in the Brillouin-Wigner expansion. This may be written in sum-over-
states form as

(Po| Hy |r) (24| H1 | Do)
g9 = (].4)
2 £ F,
If we make the approximation

then we are led immediately to the Rayleigh-Schrédinger second order energy
component

Do| H1 |2,) (27| Ha |D0)
B =y 4 (16)
,,;) EO - Er
If we write
€ = Ey + AE, (17)
then the denominator in (14) becomes
1 1
E-FE.  Fy—E,+AE,
1 1 1
- ~AEp) ———— 1
%—m+MPE(A“ﬂpm+M% (18)
and 1 1
(19)

E—E, Tk,

if AFy is small and the second term on the right hand side of (18) is negligible.
(i) Brillouin-Wigner theory is formally much simpler than the Rayleigh-
Schrodinger theory [4],[7]. This is evident from a comparison of equations (4),
(5) and (6) defining Brillouin-Wigner perturbation theory with (7), (12) and
(13) for the Rayleigh-Schrédinger theory. In fact, equations (4), (5) and (6)
provide a complete definition of Brillouin-Wigner perturbation theory through
all orders. The Brillouin-Wigner perturbation series is a simple geometric
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series whereas in every order beyond second order in the energy the Rayleigh-
Schrédinger perturbation theory gives rise to a very much more complicated
structure. In every order there is a principle term of the form

gy = (@o| Ha (GrsM1)" ™" o), P=1,2,... (20)

which is analogous to the Brillouin-Wigner term &, defined in (5) together with
other terms in third and higher orders which are often called ‘renormalization’
terms for reasons that will be elaborated below. There is only one ‘renormal-
ization’ term in third order, four in fourth order, thirteen in fifth order, rising
to, for example, 4,861 in tenth order of perturbation [8].

(1) Convergence of the Brillouin-Wigner perturbation theory is often more
rapid than that of the Rayleigh-Schrédinger theory for a given problem [3], [4],
[6], [9]. For example, it is well known that energy eigenvalue for a two-state
problem is given exactly by second order Brillouin-Wigner perturbation theory.
However, the Rayleigh-Schrédinger perturbation expansion, in general, has to
be taken to infinite order to solve this simple problem. Specifically, taking a
zero order matrix

6 0
| o 5 (21)
and a perturbation
_|0 8
and then solving the secular problem
— 8
B a-—c¢ 0 (23)
or
e—ac—-pF=0 (24)

gives an exact solution

.= % [a:t Jo? +4ﬂ2]. (25)

The Brillouin-Wigner perturbation expansion through second order for this
problem is
i

E—C

€= (26)

which is seen to be equivalent to equation (24) and thus the exact solu-
tion, equation(25). For the two-state problem defined above second order
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Brillouin-Wigner perturbation theory provides an exact result. The Rayleigh-
Schrodinger perturbation series for this problem can be obtained by writing
(25) in the form

[1 +vi+al, 4522 (27)

and using the identity

1, 1 5 7 2,
\/1+m—1+§m——m +-1—6$_m +2_56- ~ T026° (28)

The Rayleigh-Schrédinger expansion therefore has the form

Ry L (29)
(a4

and summation to all orders is requlred to obtained the exact energy eigen-
value.

(w) Brillouin-Wigner perturbation theory may converge for problems for
which the Rayleigh-Schrédinger theory does not [4], [7]. An example is again
provided by the two-state problem defined by (21) and (22). The Brillouin-
Wigner perturbation expansion leads to an exact solution by second order
irrespective of the particular values of the parameters defining the zero-order
problem and the perturbation, i.e. & and 8. For this problem the Brillouin-
Wigner perturbation expansion has an infinite radius of convergence. Let us
explicitly introduce the perturbation parameter, A, and determine the radius
of convergence of the Rayleigh-Schrédinger perturbation expansion. We write
the hamiltonian matrix for the perturbed problem as

100 0 p
H0+/\H1—[0 ]+)\[,B 0] (30)
which has exact solutions
€= % [a +4/(a?+ 4ﬂ2)\2)] (31)

The Rayleigh-Schrédinger perturbation expansion now takes the form
2 1 6
e= Ly + 5—3,\4 - 2%)\6 + ... (32)
o e o

The radius of convergence may be obtained directly by setting the discrim-
inant in (31) to zero, ie. a®+ 482X* = 0. We are thus led to the result
that the Rayleigh-Schrédinger perturbation expansion for the two-state model
converges for values of A satisfying

1l

>335

2|3 (33)
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For values of A which do not satisfy (33) the expansion (32) will diverge.

However, it is important to note that it is usually possible to obtain valuable
estimates of the energy eigenvalue by employing Padé approximants in cases
where the Rayleigh-Schrédinger perturbation theory diverges because such ap-
proximants are able to handle a wider class of functions than the power series
usually assumed in perturbation theory.

(v) Brillouin-Wigner perturbation theory is often more convenient to use
for degenerate problems. This is one of the properties of the method which
were emphasized by Wigner (7] in his orginal paper. Indeed the Brillouin-
Wigner perturbation theory can be formally applied to degenerate problems
without modification.

For example, setting & = 0 in the two-state problem defined by (21) and
(22) above so as to generate a degenerate problem leads immediately from (23)
and (24) to the exact solution €2 = 2. The Brillouin-Wigner second order
energy (26) becomes € = 32 /e which clearly agrees with the exact solution. On
the other hand, the non-degenerateRayleigh-Schrédinger perturbation theory
breaks down because the radius of convergence (33) is now zero.

However, in spite of the five advantages listed above, the Brillouin-Wigner
perturbation theory also has some disadvantages. Specifically, Brillouin-Wigner
perturbation theory has two disadvantages in comparison with the Rayleigh-
Schrédinger perturbation theory. These are:-

(1) Brillouin-Wigner perturbation theory is iterative, since the exact energy
is contained in the denominators arising in the expressions for the energy
components.

Consider, for example, the Brillouin-Wigner perturbation through second
order:-

(®o] Hi|®,) (] Hy Do)
£ —E,

£ = (@] Ho |Po) + (Po| M1 |Po) + D
r#0

(34)

Equation (34) is solved iteratively. The right-hand-side of this equation may
be written f*)(£) and equation(34) itself can then be put in the form

&5 = 1 (EP) (35)

Taking an initial value 852) successive application of (35) defines a sequence of
approximations 81(2) ,£ = 0,1,2,... which, if they are convergent, converge to
the second order Brillouin-Wigner energy, which we denote £@). In general, of
course, £?) is not necessarily equal to the exact energy, £.

In third order Brillouin-Wigner perturbation theory, we have

(Do Hy |D,) (.| Hi|Do)
E—-F,

£ = (0| Ho | Do) + (Po| H1 |Bo) + 3
r#0

(36)
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(Po| Hi |Dr) (Dr| Hi|Ds) (Ps|Ha | Do)
;; (S_Er) (8_Es)

The right-hand-side of this equation may be written f)(£) and equation(37)
itself can then be put in the form

51 = FOE?) (38)

(37)

As for the second order energy we take an initial value 853) and generate
successive application of (38) defines a sequence of approximations 81(3),2' =
0,1,2,... which, if they are convergent, converge to the third order Brillouin-
Wigner energy, which we denote £¢). Again, in general, £® is not necessarily
equal to the exact energy, £.

In contrast to the Brillouin-Wigner approach, the Rayleigh-Schrédinger
perturbation theory is manifestly non-iterative.

(i) Brillouin-Wigner perturbation theory is not explicitly a many-body
theory in that the energy expressions in each order do not scale linearly with
particle number. This property of the Brillouin-Wigner expansion which was
first pointed out by Brueckner in the mid-1950s is the main reason for the
paucity of applications to the atomic and molecular electronic structure prob-
lem until recent years. In their treatise on the many-body problem in quantum
mechanics, March, Young and Sampanthar write that “the Brillousn- Wigner
form of the [many-body] theory 1s completely inappropriate”. They explicitly
show that

13

. the first term N and that all succeeding terms [are] indi-
wdually negligible compared to the first term, whatever the strength
of the perturbation. However, 1t would be wrong to conclude thai
the above argument proves that the Brillouin- Wigner series 1s con-
vergent and that only the first term need by considered. Among
other reasons, we know that [the first order term] does not include
dynamical correlations between particles and these must be impor-
tant (on physical grounds) for a strongly interacting system. The
sutualion therefore must be that many (N) of the small terms be-
yond the first are of roughly comparable size, and add up to change
the energy/particle by a finite amount. Thus it will be completely
masleading to apply many-body perturbation theory in the Brilloun-
Wigner form, short of considering an infinite number of terms in
the limit of large N.”

In contract to the Brillouin-Wigner perturbation theory, it is well known
that Rayleigh-Schridinger perturbation theory in its “many-body” form does
afford a theoretical basis for the description of many-body systems. Again
March, Young and Sampanthar [10] write
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“the Rayleigh-Schridinger perturbation theory ... if carefully
and systematically used, can yield and energy/particle proportional
to N as requared, in spite of the appearance of spurious terms pro-
portional to N?, etc., mn any given order. In fact, Brueckner showed
that the non-physical terms cancel up to fourth order, and the gen-
eralization to all orders was effected by Goldstone.”

They continue

“To third order (and to any higher order) one can wn fact verify
that the terms of the Rayleigh-Schrodinger perturbation expansion
etther vanish or increase as N wn the hmit N, the non-physical
terms proportional to N%, N3, etc., all neatly cancelling each other.”

and then conclude

[14

the Rayleigh-Schridinger series 1s more useful than the
Brillouin-Wigner form in that it yrelds an expansion leading to the
energy per particle as independent of the size of the system for large
N' ”

It is for these reasons coupled with the efficiency of the corresponding computer
algorithms in low-order that Rayleigh-Schrédinger perturbation theory has
been regarded as the method of choice in describing electron correlation effects
in atoms and molecules for almost thirty years.

3 Rayleigh-Schrédinger perturbation theory and
the intruder state problem

The convergence difficulties of the Rayleigh-Schridinger theory when applied
to problems demanding the use of multireference formalisms has rekindled in-
terest in the Brillouin-Wigner theory. The appearance of intruder states in the
Rayleigh-Schrddinger theory can render it useless in, for example, applications
to molecular dissociative problems which required the use of a multireference
function. The renewed interest in Brillouin-Wigner theory is fuelled by the
need to develop a robust and efficient apparatus for the theoretical description
of such systems.

The development of a multireference perturbation theory requires the selec-
tion of a reference space or model space with respect to which a perturbation
expansion is made. This selection is based on the physics of the problem in
hand and most often involves the identification of those functions required
to accurately describe molecular dissociation. The definition of the reference
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space usually begins with the partition of the single particle states or orbitals
into three subsets as follows:-

virtual orbitals

core orbitals

The core subset is fully occupied in all reference functions. The active subset
of state functions is occupied in some of the reference functions. The virtual
subset is unoccupied in all reference functions.

For the unperturbed problem the energies associated with the reference
functions should lie below the energies associated with other functions. The
situation can be represented pictorially as follows:-

virtual space

reference space

A=0

Now for some values of the perturbation parameter, A, in the range of val-
ues of interest, i.e. 0 < |A| < 1, the energies associated with some functions
which are not in the reference space may lie below the energies of functions in
the reference space. These states are termed intruder states. Their presence
can impair or even completely destroy the convergence of multireference per-
turbation expansions. Intruder states can be divided into two types:- (%) those
satisfying

0<A<+1 (39)

and which might be termed physical intruder states since their occurrence usu-
ally has some physical origin, which, once recognized, can be used to eliminate
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them; (12) those satisfying
0>A> -1 (40)

which are unphysical and are termed backdoor intruder states. Such states are
both more difficult to identify and more difficult to eliminate.

Most formulations of many-body multireference theories require the use of a
complete active space. The reference space must consist of functions generated
by considering all possible occupancies of the active orbitals. Failure the satisfy
this requirement often destroys the linear scaling properties of the theory with
particle number. On the other hand, the imposition of this requirement can
easily lead to a situation in which functions which are not in the reference space
have an energy significantly below the energies associated with the highest
state included in the model space. Over the years a number of solutions to
this intruder state problem have been advanced but none of these are wholly
satisfactory failing to provide a robust and general framework for handling
problems which demand a multireference formulation.

4 Recent progress in Brillouin-Wigner meth-
ods for the many-body problem

Recent years have witnessed [11]-[22] a revival of interest in Brillouin-Wigner
perturbation theory principally because it is seen as a possible remedy to the
intruder state problem. Wenzel and Steiner [15] write (p. 4714)

111

. the reference energy in Brillousn-Wigner perturbation the-
ory 1s the fully dressed energy ... This feature guarantees the exis-
tence of a natural gap and thereby rapid convergence of the pertur-
bation series.”

‘We consider the application of multireference Brillouin-Wigner methods to
many-body systems. T'wo distinct approaches can be taken:-

(1) the Brillouin-Wigner perturbation theory can be employed to solve the
equations associated with an explicitly many-body method. For example, the
full configuration interaction problem can be solved in this way as can the
coupled cluster equations [23]-[25].

Huba¢ and his coworkers [11] have explored the use of Brillouin-Wigner
perturbation theory in solving the equations of coupled cluster theory. By
adopting an exponential expansion for the wave operator they obtain the
Brillouin-Wigner coupled cluster theory [11]- [14] which is entirely equivalent
to other many-body formulations for the case of a single reference function
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since the perturbation expansion is summed through all orders. The applica-
tion of the Brillouin-Wigner coupled cluster approach to the multi-reference
function problem has given some useful insights [26]-[27].

Multireference generalized Brillouin-Wigner coupled cluster theory, in par-
ticular, has been shown to have considerable potential [29, 30].

(ii) a posteriori corrections can be obtained to the Brillouin-Wigner pertur-
bation theory itself and to methods such as limited configuration interaction.
These a posteriori corrections are based on a very simple idea. We compare the
Brillouin-Wigner resolvent (6) with the Rayleigh-Schrédinger resolvent (13).
We see that they differ in denominators. Using identity relation [2§]

(E~Ey) "= (Bo— Ep) '+ (Bo— Ex) " (-AE) (£ - Ep)™' (41)
where the exact energy is written as
E=FEy+ AFE (42)

and where Fy is the ground state eigenvalue of Hy and AFE is the level shift,
we can find a posteriori size extensivity corrections to Brillouin-Wigner series.
If we adopt the fact that Rayleigh-Schridinger perturbation theory series em-
ploying the linked cluster theorem use the (Ey — E;)~! as denominator (the
theory is fully size extensive) the second term on right-hand-side of eq.(41)
can be viewed as extensivity correction term for Brillouin-Wigner series. This
simple idea was used to find a posterior: correction for limited configuration
interaction method [31] as well as for state specific multireference Brillouin-
Wigner coupled cluster theory [26],(27].

5 Summary and prospects

In this article we discussed some advantages of Brillouin-Wigner perturbation
theory over standardly in quantum chemistry used Rayleigh-Schrédinger per-
turbation theory. Beside the fact that Brillouin-Wigner perturbation theory is
not often used in quantum chemistry we believe that it has perspective to be
a many-body method. We studied the use of Brillouin-Wigner perturbation
theory for limited configuration interaction calculations as well as for coupled
cluster theory (both single reference and multireference versions). We were
able to develop a posteriori corrections to both limited configuration interac-
tion method and MRBWCC theory by comparing Brillouin-Wigner perturba-
tion theory and Rayleigh-Schrodinger perturbation theory series. We demon-
strated that these a posteriori corrections works well. This gives perspective
to MRBWCC theory because as we demonstrated this theory is simple and
its extension to more than 2 state problem makes this theory very interesting.
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By comparing both Rayleigh-Schrédinger perturbation theory and Brillouin-
Wigner perturbation theory series and their advantages and disadvantages
we believe that the method which will employ the advantages of both meth-
ods(something in between) can be developed which will be suitable for studying
"difficult molecules" which are generally of multireference character.
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Abstract

A comparison is made of the accuracy achieved in finite difference
and finite basis set approximations to the Dirac equation for the ground
state of the hydrogen molecular ion. The finite basis set calculations
are carried out using a distributed basis set of Gaussian functions the
exponents and positions of which were determined by mnvoking the vari-
ational principle for the corresponding non-relativistic problem. Using
only 27 s-type functions for the large component and a small component
basis set constructed according to the kinetic balance prescription a sub-
pHartree level of accuracy is achieved in the finite basis set solutions
when compared with the finite difference study reported by Sundholm et
al. Some advantages of the distributed basis set approach in relativistic
electronic structure studies are discussed. © 2001 by Acadennc Press
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1 Introduction

During the 1980s, it was conclusively demonstrated that the solutions of the
Dirac equation and the Dirac-Hartree-Fock equations could be successfully
approximated within the algebraic approximation or finite basis set expan-
sion technique [1]-[14]. This approximation has been routinely employed in
non-relativistic molecular electronic structure studies since the work of Hall
[15]and of Roothaan [16], [17] in the early 1950s. Attempts[18], [19] to use
this approximation in relativistic problem during the 1960s exposed certain
difficulties which were termed “the finite basis set disease”. It was not un-
til the early 1980s that the “disease” was cured [1]-[6]. Today, in studies of
the relativistic atomic and molecular electronic structure problem, it is recog-
nized that the algebraic approximation affords a representation of not only the
positive energy branch but also the negative energy branch of the relativistic
spectrum{9]. It is, therefore, a powerful tool since it facilitates the study of
not only a relativistic many-body perturbation theory but also the covering
theory, quantum electrodynamics[12].

Systematic implementation of the algebraic approximation has allowed,
for example, the Dirac-Hartree-Fock energies of atoms to be determined to an
accuracy which matches that achieved in finite difference calculations; typically
1078 — 1079 Hartree [13], [14]. A systematic approach to basis set construction
can be developed in relativistic many-body perturbation theory. Recent work
by Moncrieff and Wilson[20] on the non-relativistic neon ground state has
made a detailed comparison of many-body perturbation theory calculations
using finite basis set and finite element approximations.
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The situation is far less satisfactory for molecular systems than for atoms
[10]. Even in non-relativistic molecular structure calculations, the basis set
truncation error is often seen as the largest source of error[21]. The magnitude
of this error in molecular Dirac-Hartree-Fock calculations can be illustrated by
comparing the recently reported finite element study of the ground state of the
HCl molecule by Kullie et al [23] with the previously reported finite basis set
results of Laaksonen et al [10] and of Parpia and Mohanty [24]. For a nuclear
separation of 2.400 bohr, Kullie et al [23] used a grid of 6561 points and 5th
order polynomials to obtain a relativistic ground state energy of —461.569181
Hartree. This energy is compared with values obtained from finite basis set
studies in Table 1. In this Table, ¢ denotes the difference between the energy
supported by a given basis set and the reference energy which for the Dirac-
Hartree-Fock calculations is the finite element result of Kullie et al [23]. For
the non-relativistic calculation reported in Table 1 the reference is the finite
difference Hartree-Fock energy reported by Laaksonen et al [10]. The matrix
Hartree-Fock and matrix Dirac-Hartree-Fock calculations of Laaksonen et al
employed what could today be described as “rather modest” basis sets. Specif-
ically, they used a basis set due to Roos and Siegbahn [25] centred on the C!
atom containing functions of s and p symmetry only and an even-tempered
set centred on the H atom. It can be seen from Table 1 that an error of about
50 milliHartree is associated with this basis set. However, the difference be-
tween the Hartree-Fock and Dirac-Hartree-Fock calculations carried out with
this modest basis set is 1.465 Hartree which should be compared with the
difference of 1.456 Hartree between the finite element Dirac-Hartree-Fock and
the finite difference Hartree-Fock energies. The difference between these two
relativistic corrections is only 8.7 milliHartree, which is almost an order of
magnitude smaller than the basis set truncation errors associated with the
corresponding total energies. The molecular basis set employed by Parpia and
Mohanty [24] could be described as a one composed of large, atom-centred
even-tempered subsets. The error associated with this basis set is of the order
of 2 milliHartree.
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Table 1
Some Hartree-Fock and Dirac-Hartree-Fock calculations for the

ground state of the HCI molecule with a nuclear separation of 2.400
bohr..

Energy E/Hartree ¢/mHartree Reference

Ennr  —460.06054  52.51 Laaksonen et al (1988) [10]
Esqgr  —460.11305 Laaksonen et al (1988) [10]
Er.prr —461.52538 43.80 Laaksonen et al (1988) [10]
E,.pgr —461.5670806 2.100 Parpia and Mohanty (1995) [24]
Erepur —461.569181 Kullie et al (1999) [23]

If high precision is to be supported, molecular basis sets constructed from
atom-centred subsets necessitate the use of functions of higher angular quan-
tum number, £, particularly in electron correlation studies. This has prompted
a recent renewal of interest in the use of off-atom functions of lower symmetry.
Atom-centred basis sets have been most widely used in molecular calculations
but, in calculations designed to match the accuracy achieved in numerical
Hartree-Fock studies of diatomic molecules, it has recently been shown that
they can be usefully supplemented by off-centre sets [26]—[29]. Indeed, by in-
cluding bond centred functions in a systematically constructed basis set for the
ground state of the nitrogen molecule it has been possible to obtain an energy
that is within a few pHartree of the numerical result. The success of these
calculations suggests investigation of the construction of basis sets including
off-atom basis functions in more general terms.

The distributed basis set [30] [31] is a development which shows some
promise. In such basis sets the exponents and the distribution of the Gaussian
functions are generated according to empirical prescriptions. Gaussian func-
tions are particularly well suited for such a procedure since, unlike exponential
basis functions, they do not introduce a cusp. This approach is distinet from
the use Gaussian lobe functions[32] and the Floating Spherical Gaussian Or-
bital (F.S.G.O.) model[33]-[35] in that there is no attempt to mimic higher
harmonics directly and non-linear optimization is avoided. This allows the use
of large basis sets resulting in high precision. However, a central problem in
the distributed basis set approach is in deciding where the basis functions cen-
tres should be placed. In previous work, both the position and the exponents
for the functions comprising the distributed basis set have been determined by
empirical prescriptions. The Gaussian cell model [36], a distributed basis set in
which s-type basis functions are arranged on a regular cubic lattice, has been
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reexamined [37] and shown to support an accuracy approaching the 1 uHartree
level for the total energy of one-electron diatomic [38] and triatomic systems
[39]. The distribution of s-type basis functions based on a Laplace transform
relating elliptical functions and Gaussian functions has been shown [40] to lead
to systematic convergence for the hydrogen molecular ion. More recently, a
stochastic variational approach has been applied to the nitrogen molecule [41].
In very recent work published in this volume, Glushkov and Wilson [42] have
investigated the optimal distribution and exponents for a sequence of Gaussian
basis sets for the ground state of the hydrogen molecular ion at its equlibrium
geometry by invoking the variation principle. The sequence of distributions
and exponents thus obtained will be used to devised empirical schemes for
constructing distributed Gaussian basis sets for larger systems for which the
optimization of non-linear parameters would be computationally intractable.

The purpose of the present work is to explore the use of a distributed
Gaussian basis set in an application to the Dirac equation for the ground
state of the Hy molecular ion. At the equilibrium nuclear separation of 2
bohr the non-relativistic energy is known to an accuracy of 1071 Hartree
from the work of Madsen and Peek [43] whilst Sundholm et el [44] record
the relativistic energy to an accuracy of 10710 Hartree. Specificially, we used
the 27s basis set of distributed s-type Gaussian basis functions obtained by
Glushkov and Wilson [42] which supports a non-relativistic ground state energy
of sub-pHartree accuracy to approximation the solution of the Dirac equation
for the ground state of the hydrogen molecular ion.

2 The molecular Dirac equation in the alge-
braic approximation for distributed Gaussian
basis sets of s-type functions

For a system involving a time-independent scalar potential the Dirac equation
may be written

hpy = ety (1)
where 1)(x) is a four-component function of position
:ﬁgxg Wy (x)
_ X)) _ b \X
wea=| 400 | = () (2)
Pi(x)

and ¢y, is the corresponding eigenvalue. The Dirac hamiltonian takes the form

hp = ca-p + V(r) + fmc? (3)
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where ¢ is the speed of light, & and 3 are the 4 x 4 Dirac matrices

a= (o o o) a0 %) @

10
The o, are the Pauli matrices

01 0 — 1 0
e(10) e (0V) =6 h) e
and I is the 2 X 2 unit matrix. p is the momentum vector

Pp = —1V, (7)

and m is the mass.
For the hydrogenic molecular ions the potential V(r) takes the form

V(r) = Va(r) + Vp(r) (8)
where P 7
wm=~f;%m=~i 9)

in which Zp is the charge associated with nucleus P and rp is the distance
between the electron and nucleus P; P = A, B.

Now to recover the non-relativistic limit of the Dirac equation (1) we must
have

(0.p) (0:p) = p’1 (10)

The operator o - p has the explicit form in cartesian co-ordinates

Pz Dy — 1Py
o —_
P ( Dz + ’pr —Pz )

< (e S5 .

When the problem is formulated in the algebraic approximation by expanding
the components of ;(x) in a finite basis set, the requirement (10) leads to
what is now known as the ‘kinetic balance condition’. The matrix representa-
tion of (10) necessitates that the basis sets employed in the parametrization of
the large and small components of the relativistic eigenfunctions are matched.
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Failure to recognize this restriction was the underlying cause of the ‘finite ba-
sis set diease’ which undermined early attempts to solve the Dirac equation
and the Dirac-Hartree-Fock equations in the algebraic approximation. One
of the most damaging symptoms of this ‘disease’ was the appearance of in-
truder states destroying the clean separation of the positive and negative en-
ergy branches of the spectrum which must be seen as an essential prerequisite
of a sound treatment of many-body effects in a relativistic formalism.

Given a basis set of scalar functions y;, &k = 1,2, ..., N the large component,
¥ (x), is expanded in the basis set

Xf=Xk<(1)>+Xk((1)) (12)

The kinetic balance condition requires that the small component basis set be
generated from (12) according to the prescription

{xi} = {Nfopxi} (13)

where N; is a normalization constant. The relation (13) implies that if x§
contains an angular dependence £ then x; will be a fixed linear combination
of two functions; one with angular dependence £ — 1 and the other ¢ 4 1.
So a large component function of d-symmetry will lead to a matched small
component function which is a fixed linear combination of functions of p- and f-
symmetry. (Some workers employ a small component basis set which contains
these functions with angular dependence £ — 1 and £ + 1 as distinct entities
rather than as fixed linear combinations. This has been term extended kinetic
balance. The calculation reported in this work employ strict kinetic balance
to construct the small component basis set.)

In the present approach, the large component basis set is a distributed set
of s-type Gaussian functions

X (Ck» Tk, Y, 25) = exp {‘“Ck [(az - -’Ek)2 +(y - yk)2 +(z - Zk)ﬂ} (14)

which are centred on the point (xx, Yk, 2x) with exponent (;. The small compo-
nent basis set is defined by the kinetic balance condition (13) and is constructed
from the primitive p-type Gaussians

(z— o) exp {~G: [(@— )" + (v — ) + (2 — )" }
-y exp{~G [z —2)’ + W —w)” + (2 — 2)7] }
(z—z)exp{~G [@—2) + W—w) + (- 2)]} (1)

centred on the same point as the corresponding large component basis func-
tion and with the same exponent. When the large component basis set is a
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distributed set of s-type Gaussian functions then kinetic balance prescription
for the small component set assumes a particular simple form.

3 Distributed s-type Gaussian basis sets for
Hy ground state

3.1 The non-relativistic total electronic energy

The exact non-relativistic ground state electronic energy of the Hy molecular
ion at its equilibrium nuclear separation of 2 bohr is known to be [43]

—1.102 634 214 494 9 Hartree.

In previous work [42], we have carefully optimized a sequence of distributed
basis sets of Gaussian s-type functions for this one-electron system. The basis
sets, which are labelled 2n + 1, contain an odd number of functions. All basis
functions are centred on points lying on the line passing through the nuclei
(the z-axis) and one function centred on the bond mid-point (2 = 0) and
the remaining functions are distributed symmetrically. N denotes the total
number of basis functions in a given basis set. & is the difference between a
given entry and the exact energy, again in yHartree. It was found that only 9
functions are required to support sub-milliHartree accuracy, 13 functions can
support an accuracy of 100 pHartree and 19 functions yield an energy which
an accuracy below the 10 pHartree level. A basis set of 25 functions was found
to be capable of supporting an accuracy at the sub-p Hartree level.

Some of the energies reported in Table 2 are those reported by Wilson and
Moncrieff [30] using an ad hoc distribution based on electric field variant basis
sets associated with each of the nuclei, a subset located on the bond centre
and another subset at ofl-centre positions beyond the nuclei. A near saturated
set of s functions centred on each nucleus is designated 30s. Replacing these
atom-centred sets by electric field variant sets gives a basis set which is labelled
30s(efv), whilst adding bond centre functions gives —0.602 577 5 Hartree. The
addition of off-centre subsets gives the lowest energy recorded in the study of
Wilson and Moncrieff using a basis set designated 30s(efv) : 30s be; 30s oc,
which lies some 0.014 pHartree above the lowest energy reported in Table
1. However, the distributed sets investigated by Wilson and Moncrieff[30]
were constructed from even-tempered subsets. No exponent optimization was
undertaken. This ad hoc distributed basis set considered of a total of 150 basis
functions (30 associated with each nucleus, 30 located at the bond centre and
30 at each of the off-centre positions beyond the nuclei.)
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Table 2

Total non-relativistic energies for the ground state of the I3 mole-
cular ion at R=2.0 bohr supported by various distributed Gaussian
basis sets of s-type functions.

Basis set N E é Reference
2x 13+ 1 27 —1.102 633 875 0339 (a)
305 60 —1.090 950 5 116837  (b)
30s(efv) 60 —1.1022744 359.8 (b)
30s(efv); 30sbe 90 —1.1025775 567  (b)
150 —1.102 633 861 0.353  (b)
5x5x7 1588 —1.102 631 32 (o)
Laplace transform 312 —1.102 631 3 (d)
Exact —1.102 634 214 494 9 (e)

) Glushkov and Wilson [42]
) Wilson and Moncrieff [30]
Wilson [38]

) Wilson[39]
e) Madsen and Peek [43]

3.2 The optimized distributed Gaussian basis set

The optimized distributed Gaussian basis set of s-type functions employed
in the present work was obtained in a previous non-relativistic study[42] of
the Hy ground state. The basis functions were taken to have the form (14)
and both the exponents, (i, and the positions (z,yx, 2x) are determined by
invoking the variation principle. The total electronic energy is determined
subject to the conditions

oF oF
—_— =0, — = o= Vk
8Ck bl 6 " 01 m,y;% (16)

Details of the optimization procedures followed are given in [45] and [46].

3.2.1 Optimal exponents

The optimal values of the exponents for a basis set of 27 s-type Gaussian
functions distributed along the line passing through both nuclei are collected
in Table 3. The exponents, (,, are arranged in ncreasing order of magnitude.
The index p defines this order.
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The optimal exponents of the s-type Gaussian functions in the (2 x 13 + 1)
basis set plotted as a function of the basis function index, p, in Figure 1 on a
logarithmic scale. We recall that for an even-tempered basis set the exponents
form a geometric series and the plot of the logarithms of the exponents against
the index, p, is linear.

Table 3

Exponents for a variationally optimized distributed Gaussian basis
set of 27 s-type functions for the ground state of the Hy molecular
ion with a nuclear separation of 2.000 bohr.

Cp
0.825 657 9 x 1071
0.178 753 2
0.345 6190
0.446 132 9
0.761 678 0
0.100 487 6 x 10T
0.211 070 6 x 10™
0.243 218 1 x 10**
0.614 265 8 x 107!
10 0.170 160 4 x 10*?
11 0.522 443 2 x 10*?
12 0.184 642 3 x 10**
13 0.811 832 6 x 10
14 0.542 254 8 x 1074

© 00~ O O W N RS

3.2.2 Optimal distribution

The optimal positions of the 27 s-type Gaussian functions centred on points
along the internuclear axis are given in Table 4. The first function is located
at the mid-point between the nuclei and the remaining functions are arranged
in pairs on either side of the first. In Table 4, the values of 2, are ordered
according to their distance from the mud-point of the bond. It should be noted
that the order of the optimal positions given in Table 4 does not correspond
to that of the optimal exponents given in Table 3. We have employed different
orderings of the exponents and positions so as to display the dependence on
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Figure 1: Optimal positions of the s-type Gaussian functions in the (2x 13+1)
basis set plotted as a function of the basis function index, p.
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Figure 2: Optimal positions of the s-type Gaussian functions in the (2x 13+1)
basis set plotted as a function of the basis function index, g.
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Table 4
Positions for a variationally optimized distributed Gaussian basis

set of 27 s-type functions for the ground state of the H,' molecular
ion with a nuclear separation of 2.000 bohr

%q

0
+0.410 673 9
+0.506 980 7
+0.570 306 8
+0.768 222 3
10.950 979 9
+0.983 634 6
+0.984 937 1
9 £0.9864319
10 £0.9959799
11 £0.998 3190
12 £0.999 672 2
13 +£0.999879 9
14 40.999 991 4

[e B B eI, QT NVUN Sl

4 Matrix Dirac energy for the HJ molecular
ion

Using the distributed Gaussian basis set defined in Tables 3 and 4 approxi-
mate solutions of the matrix Dirac equation for the Hy molecular ion were
obtained. The calculations were carried out using subroutines extracted from
the BERT H A computer program of Quiney et al [47]. The approximate eigen-
value of the matrix Dirac equation, which is designated FE,,pg, was found to
be —1.102 641 239 0 Hartree.

In Table 5, a comparison of finite basis set and finite difference electronic
structure calculations for the ground state of the Hy molecular ion for a nu-
clear separation of 2.0 bohr is made. In this Table, F,,sr denotes the energy
resulting from the solution of the matrix Schrodinger equation reported by
Glushkov and Wilson [42], Ef4sr is the energy obtained by the finite differ-
ence solution of the Schrédinger equation reported by Sundholm et al [44],
ErpE denotes the energy obtained by solving the matrix Dirac equation ac-
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cording to the procedure defined in the present work, and Efqpg is the finite
difference solution of the Dirac equation reported by Sundholm et al[44].
The energy difference

AEI:I = EmSE - EmDE

is based on the present work and that of Glushkov and Wilson[42], whilst the
difference

d
AEY = Etasi — Erapr

is determined from the work of Sundholm et al[44].

In Table 5, £ denotes the basis set truncation error in energies resulting
from calculations with finite basis sets in pHartree. It can be seen that the
error in Engp is identical to that in F,,pg to an accuracy of 0.1 nHartree.
Furthermore, the energy difference AE/), agrees with AE/% to this level of
aceuracy.

Table 5

A comparison of finite basis set and finite difference electronic struc-
ture calculations for the ground state of the H; molecular ion for
a nuclear separation of 2.0 bohr.

Energy E/Hartree e/uHartree Reference
Bse  —1.1026338736 0.3409 (@)
Erasy  —1.1026342145

E.pE —1.102 641 2390 0.3409
Epapr  —1.102 6415799

AE?  —7.3655x107% 0.0000
AET. 73655 x 1076

(a) Glushkov and Wilson [42]
(b) Sundholm et al (1987) [44]
(¢) Present work

P W i W e
=3 T 0
St N st N

5 Discussion and conclusions

We have demonstrated that the total relativistic energy of the ground state of
the Hy molecular ion at its equilibrium nuclear separation of 2.0 bohr can be
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determined to a sub-pHartree level of accuracy by using a basis set developed
according to the (strict) kinetic balance prescription from a distributed set
of s-type Gaussian functions optimized for the corresponding non-relativistic
problem.

According to the kinetic balance prescription, a large component basis set
containing only s-type functions distributed along the axis passing through the
nuclel gives rise to a small component basis set consisting of p-type Gaussian
functions also distributed along this axis. Relativistic electronic structure cal-
culations using distributed Gaussian basis sets can therefore avoid the need
to include higher harmonics which are essentially if high precision is to be
achieved using the more widely used atom-centred expansions.

The calculation reported in this paper has cleary demonstrated that the
techniques developed in recent years for designing molecular basis sets which
are capable of supporting the approach to the Hartree-Fock limit at the sub-
pHartree level [26]-[29] can also be exploited in the approximate solution of the
corresponding relativistic molecular electronic structure problem. Formally,
this approach can be applied to arbitrary many-electron molecules, including
polyatomic systems and to calculations which take account of electron corre-
lation effects. Progress in this direction will be reported in due course.
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1 INTRODUCTION

There has been considerable interest in the excited state energies and transition
rates of openshell ions [1, 2, 3, 4]. Accurate estimates of radiative transition
probabilities among multiplet states are important for diagnosing astrophysical
and laboratory plasmas as they provide a major source for successful exper-
imental identifications of the spectra. Of particular interest are the electric
dipole-allowed and -forbidden transition probabilities, which are important in
interpreting decay curves of the observed spectral lines. However, accurate
calculations of transition energies, fine structure (FS) splittings, and transi-
tion probabilities of nitrogen and nitrogenlike ions are particularly difficult
for three reasons. First, the ions possess significant nondynamical correlation
due to near-degeneracy of the multiplet states that arise from the five open
shell electrons in 2s} /22P7)2205 (I + m + n=5) configurations, mandating a
multiconfigurational treatment. Second, relativistic effects, which are small
for low Z (Z - nuclear charge) and may be treated by perturbation theory [5],
become large enough to cause a breakdown of LS coupling with increasing
Z, and the accuracy achieved in low-Z ions by use of the Breit-Pauli Hamil-
tonian quickly deteriorates for intermediate and large Z. Last, both relativity
and electron correlation must simultaneously be accurately accounted for to
obtain the relative positions of the multiplet states.

In the present study, we employ recently developed relativistic multirefer-
ence Mgller-Plesset (MR-MP) perturbation theory [6, 7, 8] to calculate accu-
rately the energies of seven odd-parity and eight even-parity states, FS split-
tings, 2572p® 2D 5 5 - 25°2p® 453, magnetic dipole (ML), 25°2p® 2D3y 5 5 -
2522p® 453, electric quadrupole (E2) and the sixteen strongest electric dipole
(E1) transition probabilities of nitrogen and nitrogenlike ions. This is a suc-
cessful implementation and application of relativistic MR, many-body pertur-
bation theory to multiple openshell systems that exhibit the near degeneracy
characteristic of a manifold of strongly interacting configurations. Relativis-
tic MR-MP perturbation theory accounts for relativistic, nondynamical and
dynamical Dirac-Coulomb (DC) and Breit correlation corrections in addition
to Lamb shifts, providing accurate term energies and FS splittings. The DC
and Breit correlation corrections include the relativistic many-body shift, the
nonadditive interplay of relativity and electron correlation [9, 10]. Contribu-
tions to the term energy separations and F'S splittings from relativity, DC and
Breit correlation corrections and the Lamb shift are analyzed. The forbidden
(M1 and E2) transitions, which appear at longer wavelengths, provide a useful
diagnostic tool for high-Z ions [1] because the M1 and E2 decay rates scale at
higher powers of Z than do Kl decay rates. The implementation of the rela-
tivistic MR-MP procedure, using G spinors, and the procedure for calculating
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transition probabilities with relativistic MR-MP wavefunctions are outlined in
the next section. In section 4, relativistic MR-MP calculations of term energy
separations and transition probabilities are presented.

2 THEORY

2.1 The relativistic no-pair Dirac-Coulomb-Breit Hamil-
tonian

The effective N-electron Hamiltonian (in atomic units) for the development of
our MR-MP algorithm is taken to be the relativistic ”no-pair” Dirac-Coulomb
(DC) Hamiltonian [11, 12],

N

Hpo =Y hp(i) + £y (Z %) Ly. (1)

1>] &

Ly =Ly (1)L(2)...Ly(N), where L, (i) is the projection operator onto the
space D™) spanned by the positive-energy eigenfunctions of the matrix DF
SCF equation [12]. L, is the projection operator onto the positive-energy
space D) spanned by the N-electron configuration-state functions (CSFs)
constructed from the positive-energy eigenfunctions (€ D™ ) of the matrix
DF SCF. It takes into account the field-theoretic condition that the negative-
energy states are filled and causes the projected DC Hamiltonian to have nor-
malizable bound-state solutions. This approach is called the no-pair approx-
imation [11] because virtual electron-positron pairs are not permitted in the
intermediate states. The eigenfunctions of the matrix DF SCF equation clearly
separate into two discrete manifolds, D™) and D), respectively, of positive-
energy and negative-energy states. As a result, the positive-energy projection
operators can be accommodated easily in many-body calculations. The for-
mal conditions on the projection are automatically satisfied when only the
positive-energy spinors (€ D™ ) are employed. hp is the Dirac one-electron
Hamiltonian (in a.u.)

hp(i) = ¢(a, - p,) + (B = 1) + Vae(r,)- (2)

Here o and (3 are the 4x4 Dirac vector and scalar matrices, respectively.
Vaue(r) is the nuclear potential, which for each nucleus takes the form

Z
“-T-,’I" > R,

Voue(r) ={ (35— 11:7),7' <R (3)

TR
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The nugclei are modeled as spheres of uniform proton-charge distribution; Z is
the nuclear charge. R (Bohr) is the radius of that nucleus and is related to
the atomic mass, A (amu), by R= 2.2677 - 10-34Y/3. Adding the frequency-
independent Breit interaction,

By = _%[Oq o + (o - ria) (0 - 1'12)/7“%2]/7‘121 (4)

to the electron-electron Coulomb interaction, in Coulomb gauge, results in the
Coulomb-Breit potential which is correct to order a2 (a being the fine structure
constant ) [11]. Addition of the Breit term yields the no-pair Dirac-Coulomb-
Breit (DCB) Hamiltonian [11, 12]

N N
1
Hpop = ZhD(’) + Ly <Z — + Bw) Ly, (5)

>3 )

which is covariant to first order and increases the accuracy of calculated fine-
structure splittings and inner-electron binding energies. Higher-order QED
effects appear first in order o®.

2.2 The matrix multiconfiguration Dirac-Fock SCF method

N-electron eigenfunctions of the no-pair DC Hamiltonian are approximated
by a linear combination of M configuration-state functions, {<I)§+) (v Tm); I =
1,2,... , M}, constructed from positive-energy eigenfunctions of the matrix
DF SCF equation. The M configuration-state functions form a subspace (+)
of the positive-energy space D).

M
Y (I ) = Z CIK(I)ng) (v T7). (6)
I

Here the MC DF SCF wave function ¢¥x(yxJ7) is an eigenfunction of the
angular momentum and parity operators with total angular momentum 7 and
parity 7. -y denotes a set of quantum numbers other than J and 7 necessary
to specify the state uniquely. The total DC energy of the general MC DF state
[ (v T ™) > can be expressed as

EMC (v IT) =< ¢ (Y I7) | H o Wk (Y T ) >=

B(+)

=Y CixCix < 8 (41 T)| Ho @5 (1sT 1) > . (7)
I,J=1
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Here it is assumed that ¥k (yx J7) and <I>(+) (y1J ™) are normalized.
Given a trial orthonormal set of one-particle radial spinors {¢npnp(r)}(6

D) U D)), the optimum occupied electronic radial spinors {(j)ne,);e (r)}e
D)) can be found by a unitary transformation U =1+ T via

2N,
Grrene(r) = 1(5:‘:21((?) ) = D k=

pe DHUD()

2Ny

= Z ¢$L0)ﬂp Tpe + 6176) (8)

Here, the summation extends over both N, negative and N, positive energy
spinors. P,.(r) and Qu.(r) are the large and small radial components and
are expanded in N, G spinors, {x%} and {xL}, that satisfy the boundary
conditions associated with the finite nucleus [13],

Z XK/ZSTLK/L a'nd Q'n'i ,r‘) ZXK)’I; nKe*® (9)

Here {¢£.,} and {£2.,} are linear variation coefficients. Second-order variation
of the MC DF energy (Eq. 7) with respect to the parameters {7,.} and
configuration mixing coefficients {C;x} leads to the Newton—Raphson (NR)
equations for second-order MC DF SCF,

(% )+ 5 (1w 5 ) (B2)=(3). )
g'y afy" Yaf ¥ v

Here gp., 95, h;g qf» €tc. are those defined in previous work [14]. Intermedi-
ate coupling is built in through the MC DF SCF process. For the ground
electronic state, the Hessian matrix possesses Ny positive and N, negative
eigenvalues corresponding to a minimum and a maximum, respectively, in
the space of large and small component parameters. Therefore, the energy
functional is minimized with respect to spinor rotations between the occupied
electronic spinors and the positive energy virtual spinors. The functional is
maximized with respect to spinor rotations between the occupied electronic
spinors and the negative energy spinors. By maximazing the vacuum charge-
current density polarization contribution, the MC DF mean-field potential
defines its dressed vacuum [15]. Quiney recently gave a comprehensive account
on the participation of the negative-energy states from the point of view of
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quantum electrodynamics to illustrate how they enter into relativistic mean-
field theory [16]. The quadratically convergent NR algorithm for relativistic
MC DF SCF calculations has been discussed in detail in previous work {14] and
is not discussed further. To remove the arbitrariness of the MC SCF' spinors
and density we1g)ht1ng, the canonical SCF spinors are transformed into nat-
ural spinors {wnpnp} for subsequent perturbation calculations [17]. The key to
successful implementation of the subsequent MR-MP perturbation theory cal-
culations is rapid convergence of our quadratically convergent matrix MC DF
SCF method [14] for a general class of MC DF wave functions for open-shell
quasidegenerate systems.

2.3 Relativistic multireference many-body perturbation
theory

The no-pair DC Hamiltonian H}, is partitioned into an unperturbed Hamil-
tonian and a perturbation term following Mgiller and Plesset [18],

Hie = Ho+Y, (11)

where the unperturbed model Hamiltonian Hj is a sum of ”average” DF op-
erators Fy, ,

N N
Ho= Fu(i)and V = Hpo— > Fu(i). (12)

Here, the one-body operator F,, diagonal in w&) 1 may be defined by,
pip y

Fav = Z |wr(z;lz-l)€p >< w(+) ‘favlwg:r)ip < wg"—’l’—')gpl -
pED(+H)

E : |LU7('L I)ﬁ > E < L“Sz })i: | (13)
php plp
peD(+)

where

oce
*'< wr(z::)cplfavlwr(z:;)sp > and foy = hp + Zﬁp (Jp— Kp) - (14)
?
The generalized fractional occupation 7, is related to diagonal matrix elements
of the first-order reduced density matrix constructed in natural spinors by,
B(+)
%p = Dpp = Z CIKCIKnanP[I]J (15)
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where 7, [I] is the occupation number of the x-symmetry shell in the CSF
®;(y1I~). J, and K, are the usual Coulomb and exchange operators con-
structed in natural spinors.

The unperturbed Hamiltonian Hy may be given in second quantized form,

Hy = z {afay}et, (16)

pED(+)

where {a;,rap} is a normal product of creation and annihilation operators, a;
and ay,, respectively. The zero-order Hamiltonian, Hy, is arbitrary but should
be chosen as close to the full Hamiltonian ch as possible so that the per-
turbation series converges rapidly in low order. The zero-order Hamiltonian is
usually chosen to be a sum of effective one-electron operators (Mgller-Plesset
partitioning [18]). For closed-shell systems, the best results have been obtained
with Mgller-Plesset partitioning, i.e. with the sum of closed-shell Fock oper-
ators as Hp. An effective one-body operator for general MC DE SCF closely
related to the closed-shell Fock operator is the ”average” DF operator F, ,
a relativistic generalization of a nonrelativistic average Fock operator [17, 19].
The theory provides a hierarchy of well-defined algorithms that allow one to
calculate relativistic correlation corrections in non-iterative steps and, in low
order, yields a large fraction of the dynamical correlation. In this form of
partitioning, perturbation corrections describe relativistic electron correlation,
including cross contributions between relativistic and correlation effects.

Many-electron wave functions correct to o? may be expanded in a set of
CSF's that spans the entire N-electron positive-energy space DM, {7 (v, 7)1,
constructed in terms of Dirac one-electron spinors. Individual CSFs are eigen-
functions of the total angular momentum and parity operators and are linear
combinations of antisymmetrized products of positive-energy spinors (€ D).
The one-electron spinors are mutually orthogonal so the CSFs {q)(;r)(’)’l Jm)}
are mutually orthogonal. The unperturbed Hamiltonian is diagonal in this
space;

D(+)
Hy =Y 18 (41T 7) > BFSF < oD (v, T7m)], (17)
I
so that
Ho|l®P (v, T7) >= EEF18 (3, Tm) > (1 =1,2,...). (18)

Since the zero-order Hamiltonian is defined as a sum of one-electron operators
Fuy (Eq. 12), E¢ST is a sum of the products of one-electron energies defined
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by €} and an occupation number 75,x, [I] of the k4-symmetry shell in the CSF
o (1T

D(+)
BT =N efng 1) (19)
q

The subset, {8 (y,77); I = 1,2,... , M}, with which we expand the MC DF

SCF function ¥k (yx I 7) (Eq. 6) also defines an active subspace B spanned

by 1k (7x I ) and its M-1 orthogonal complements, {x (vxJ7); K =1,2,..., M}.
The matrix of H}), in this subspace is diagonal

< Yx (Y I ™) Hp el (vpIm) >= 61 (E§?) + EE)) =

= 8k B (yx I ), (20)

where

oce

M
B =< (v I m)| Holpx (v Tm) >= Y CixCix Ef ™ = P
I P

and
BY =< 9 (ye I m)|VIx (v T ) > .

The residual space in the positive-energy subspace is O = D) — gt
which is spanned by CSFs {<I>$+) (v Iw); I = M+1,M+2,...}. Application of
Rayleigh-Schridinger perturbation theory provides order-by-order expressions
of the perturbation series for the state approximated by the wavefunction

l¢K(7KJ7r) >,

Ex(ygI7) = EMC (v Im) + EQ + ED 4+ ... (21)
where
EQ =<y (v Im)IVRV |9k (v I ) > (22)
and

ED =< ¢x (I m)|VR(Hy — BQ)RV|¢xc(vieI ) > . (23)
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Here, R is the resolvent operator,

o AN
= —o—— with @D = Y~ |8 (1 T7) >< & (T (24)
By’ — Hy T

The projection operator Q) projects onto the subspace £2(*) spanned by
CSFs {Q’E-Jr) (vt Im); I = M +1,M +2,...}. Using the spectral resolution of
the resolvent operator acting on V]<I>§+)(7’IJ ) >, the second-order correction
may be expressed as,

Eg) = Z CixCix < q>§+) (’YIJW)|VRV|‘I’(J+) (o T m) >=

1J

XWX < 3 (T m) VI8 (T ) >
= > > CuiCix :

CSF CSF
Eb __Eh

L=M+11,J=1

< @D (T VIS (yyT7) > (25)

In this form, all perturbation corrections beyond first order describe relativistic
electron correlation for the state approximated by the MC DF SCF wavefunc-
tion |k (yxkJ7) >. When the effective electron-electron interaction is ap-
proximated by the instantaneous Coulomb interaction -Ti—], relativistic electron
correlation is termed Dirac-Coulomb (DC) correlation [20]. Inclusion of the
frequency-independent Breit interaction in the effective electron-electron inter-
action yields the no-pair DCB Hamiltonian (Eq. 5), and relativistic electron
correlation arising from the DCB Hamiltonian is the DCB correlation [20].

Summations over the CSFs in Egs. 17 through 25 are restricted to CSFs
(€ D)) constructed from the positive-energy branch (D)) of the spinors, ef-
fectively incorporating into the computational scheme the "no-pair” projection
operator £, contained in the DC and DCB Hamiltonians. Further, the CSFs
" (L T7) (€ ) generated by excitations higher than double, relative to
the reference CSFs (" (v, 77) (€ BM), do not contribute to the second-
and third-order because for them < @7 (y,;J7)| V |89 (7, T7) >= 0 and
<& ()| Hic |25 (ruTm) >=0.

Neglecting interactions with the filled negative-energy sea, ie. neglect-
ing virtual electron-positron pairs in summing the MBPT diagrams, we have
a straightforward extension of nonrelativistic MBPT. Negative energy states
(€ D™, as part of the complete set of states, do play a role in higher-order
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QED corrections. Studies have appeared which go beyond the "no-pair” ap-
proximation where negative-energy states are needed to evaluate the higher-
order QED effects [21, 22, 23, 24, 25]. Contributions from the negative energy
states due to creation of virtual electron-positron pairs are of the order o, and
estimations of the radiative corrections are necessary in order to achieve spec-
troscopic accuracy for higher Z. In the present study, the lowest-order radiative
corrections were estimated for each state to achieve better accuracy.

2.4 Transition probabilities

The interaction of a single electron with the electromagnetic field is described
by the interaction Hamiltonian h,,; as

hunt(r, w) = e(—car - A(r,w) + ¢(r, w)). (26)

Here the four-component potential is expressed in terms of the vector potential
A(r,w) and scalar potential ¢(r,w), and e is the electron charge. It is assumed
that the interaction Hamiltonian has incoming photon field time dependence
e”™"*. Using a multipole expansion of the vector potential A(r,w) and scalar
potential ¢(r,w) [26], the multipole interaction Hamiltonian (B(r,w))
can be expressed in terms of multipole transition operators 9,4 (r,w) for the
magnetic multipoles (¥ = M) and electric multipoles (9 = E) as follows

27+ )T+ 1)

(hane (v, w)) ypr = —z‘eC\/( yy: 90 (1, w). (27)

The one-electron reduced matrix elements < t3 >,, for transition between the
single-particle states ¢ and j are given (see [27, 28] for details) in the length
form as

B2 () (Pr)Qy (1) + By (1)@ ()

(28)

<thf >,=< —k,||CY||x, >

<t¥ >,=< m[|ICD|k, > / {aler) (BB (1) + Qur)@y () + 1241 (kr) x

Ky — K,

X[F7 (BQ; (1) + B (1)Qu(n) + (R(r)Q,(r) — Py(r)Qu(r))]}dr  (29)
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and in velocity form as

<t >y=< =m IOV, > [ SEEL () (Rr)Q, () + By ()@ ()i
(30)
<85 >y=< IOl > /{ T+ bt + » S:T)](R(T)Qg(rw

B0 ++725) b (10,00 - BERear ()

where 7;(kr) is a spherical Bessel function, k is photon wave vector and k
=| k |. CY) is an irreducible tensor of rank J with components related to the

57 HYI](J). The electromagnetic interaction

H,,; of a many-electron system is the sum of the interactions of all electrons

spherical harmonics as C) =

H'mt = Z < h/z'n,t >1,] CL:’(IJ. (32)

2]

as well as multipole transition operator 1'%,

The =) <thy >, ala, (33)

zJ

The absorption probability < B > g+ per unit time of transition between
states |Yx (yx I ™) > and g (v T'n") > with transition energy AE = hw =
Ey — Ex is equal to the spontaneous emission probability < A >k, x and is
expressed as

(27 +1)(J +1)

< BY >y _ = 20w
KoK= A T 1 1)

[< T? >gik)? =< A >k . (34)

In the lowest-order of Rayleigh-Schrdinger perturbation theory, the multipole
transition amplitude between states K and K’ is

<T7 >KK’_< Vi (eI )| T [k (v T'7') >

= ZCIKCLK (I)( )(’YIJW)I | P (+)(7Ls7'7r') > (35)

IL
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and using the order-by-order expressions of the perturbation series for the
state approximated by MCDF SCF wavefunction ¥x(vxJ7) of Eq. 6, the
next-order transition amplitude is

< T? > =< Q@ (e T T s (e T') > +

+ < Y (kT Tl (v T ') > . (36)

where the first-order wavefunction is defined as

W (kT ) >= RV (v T7) > . (37)

As with the second-order energy (Eqgs. 22 and 25), the first-order transition
amplitude can be expressed in terms of CSFs in the following way

2+) BH) (+) +) (+) (+)
9 o) _ <97 |VI8L7 >< 8| Ty | Pr
<Ty >kp= E : Z CrxCrx| JCSF _ ECSF
L=M411,I— T L

(I)(+)| I(I)(+) ~>< (I)(+)lvl(1)(+)
+ EIC:SF EESF ] (38)

One-electron reduced matrix elements < 3 >;, given in Egs. 28 - 31 are
frequency-dependent through the spherical Bessel functions j;(kr). The cor-
rections arising from approximate photon frequency may be eliminated semi-
empirically using experimental transition energies. In the present study, transi-
tion energies (and photon frequencies w©+1+2) calculated by MR-MP second-
order perturbation theory are close to the experimental values, and the terms
arising from corrections to the photon frequency éw = w®® — w®+142) ip both
zero- and first-order transition amplitudes are significantly smaller and may
be neglected. When the first-order corrections to transition probabilities (Fq.
38) are calculated using second-order MR-MP transition energies, however, the
zero-order transition amplitude (Eq. 35) must also be recalculated using the
frequency w(®+1+2),

3 COMPUTATIONAL

The large radial component is expanded in a set of Gaussian-type functions

(GTF) [29]
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Xo(r) = A exp(—Cur?) (39)

with n[k] = —k for k < 0, and n[k] = £+ 1 for k > 0. AL is the normalization
constant. The small component basis set, {x3,(r)} is constructed to satisfy the
boundary condition associated with the finite nucleus with a uniform proton
charge distribution [29]. With the finite nucleus, GTFs of integer power of r
are especially appropriate basis functions because the finite nuclear boundary
results in a solution which is Gaussian at the origin [29]. Basis functions which
satisfy the nuclear boundary conditions are also automatically kinetically bal-
anced. Imposition of the boundary conditions results in particularly simple
forms with spherical G spinors [29].

For all the nitrogen-like systems studied, even-tempered basis sets [30]
of 24s22p Gaussian-type were used for MC DF SCF. In basis sets of even-
tempered Gaussians [30], the exponents, {(, } are given in terms of the para-
meters, a and J, according to the geometric series;

Ca=af 1i=12... N (40)

In MC DF SCF calculations on nitrogen-like species, the parameters o and 8
are optimized until a minimum in the DF total energy is found. The optimal
a and 3 values thus determined for, e.g., nitrogen-like neon (Z=10) are, re-
spectively, 0.148055 and 2.11. The radial functions that possess a different x
quantum number but the same quantum number £ are expanded in the same
set of basis functions (e.g., the radial functions of p;/» and ps/ symmetries are
expanded in the same set of p-type radial Gaussian-type functions). The nuclei
were again modeled as spheres of uniform proton charge in every calculation.
The nuclear model has been discussed in detail in Ref. [29].

Virtual spinors used in the MR-MP perturbation calculations were gener-
ated in the field of the nucleus and all electrons (V¥ potential) by employing
the ”average” DF operator Fy, (Eq. 13). The order of the partial-wave ex-
pansion, L., the highest angular momentum of the spinors included in the
virtual space, 1S Lmqy = 7 (a 24s22p20d18f16g16h14i14] G spinor basis set)
throughout this study. All-electron MR-MP perturbation calculations includ-
ing the frequency-independent Breit interaction in the first and second orders
of perturbation theory are based on the no-pair Dirac-Coulomb-Breit Hamil-
tonian, H}) 5. The speed of light was taken to be 137.0359895 a.u. Radia-
tive corrections, or Lamb shifts, were estimated for each state by evaluating
the electron self-energy and vacuum polarization following an approximation
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scheme discussed by Indelicato, Gorceix, and Desclaux [25]. The code de-
scribed in Refs. [25] and [31] was adapted to our basis set expansion calcu-
lations for this purpose. In this scheme [31], the screening of the self energy
is estimated by employing the charge density of a spinor integrated to a short
distance from the origin, typically 0.3 Compton wavelength. The ratio of the
integral computed with an MC DF SCF spinor and that obtained by using the
corresponding hydrogenic spinor is used to scale the self-energy correction for
a bare nuclear charge computed by Mohr [22]. The effect on the term energy
splittings of mass polarization and reduced mass are non-negligible. In the
present study, however, we neglect these effects.

4 RESULTS AND DISCUSSION

4.1 Energy levels

Like carbon- and oxygen-like ions [7, 15], ground and low-lying excited states
of ions of the nitrogen isoelectronic sequence exhibit the near degeneracy char-
acteristic of a manifold of strongly interacting configurations. The strongly
interacting configurations arise from different occupations of the 2s;/5, 2py/2
and 2ps/; spinors by five valence electrons. MC DF SCF and MR-MP cal-
culations were carried out on the ground *S§ /o state and six odd-parity and
eight even-parity low-lying excited states of nitrogen and nitrogen-like ions
with Z=8, 9, 10, 11, 12, 13, 14, 16, 20, 26, 30, 40, 50 and 60. Critically eval-
uated experimental data are available for these ions up to Z=42 [32, 33]. In
Table I, we illustrate our calculations on three representative ions with Z= 10,
20, 30. The Table displays the MC DI SCF energies, Escr, MR-MP second-
order Dirac-Coulomb correlation energies, Egg, first- and second-order Breit
interaction energies, B() and B®, radiative corrections, and total energies of
the 15 lowest states. The radiative corrections, or the electron self-energy and
vacuum polarization, estimated by the method described in Refs. [25] and
[31], are given in the sixth column of the Table under the heading "LS” (LS
for ”Lamb shift”). These low-lying excited states consist of two J=1/2 (*Pp,,
2P, ), three J=3/2 (*Fy),, *Py),, *D3 ) and one J=5/2 (®Dg);) odd-parity
states arising from 2s?2p® and 2p° configurations, three J=1/2 (*Py/q, %Sy,
2Py/y), three J=3/2 (*Py9, 2D3)3, *P3/3) and one J=5/2 (*Py3) even-parity
state arising from 2s!2p%.

MC DF SCF calculations were performed to obtain a single set of spinors
for each of the 2P¢, 2D9 odd-parity and *P;, 2D;, 2P;, even-parity fine-
structure states by optimizing the J-averaged MC energies: E¥C (yxm) =
>, (2T +1)EMC (ygdm)/ 3 ,(2J"+1) instead of performing state-specific MC
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Table I: MC DF SCF, second-order MR-MP energies, and Lamb shifts (LS) (au.) of
seven odd parity (2522173 and 2p5) and eight even parity (2321)4) states of representative
nitrogenlike ions.
State Escr E¢) B(M) B® LS Etotal
Z=10
2329p3 4.5’5/2 -124 250850 -0 200036 0015840 -0 001787 0010797 -124 426036
2D§/2 -124 045416 -0 217412 0015580 -0 001810 0010800 -124 238064
2pg -124 045589 -0 217396 0.015948 -0 001818 0010799 -124 238251
2P§’/2 -123 965144 -0 202023 0015866 -0 001829 0.010787 -124 142342

2Pf/2 -123 965227 -0.202087 0015941 -0 001826 0010787 -124 142412
2p® 21_-,;/2 -121 911713 -0 338522 0 015987 -0 001864 0010080 -122 226031

2Pf/2 -121 906972 -0.338949 0.015594 -0 001876 0010090 -122 222112
2s2p1 4P5/2 -123 409725 -0.206314 0015778 -0001763 0010436 -123 591588
4P3/2 -123 406962 -0 206277 0.015803 -0 001779 0010442 -123 588774
4P1/2 -123 405331 -0 206206 0015650 -0001772 0010445 -123 587214
2D3/2 -123 035229 -0 261696 0015828 -0.001844 0010440 -123 272616
2D5/2 -123 035199 -0 261791 0015681 -0001847 0010440 -123 272599
26‘1/2 -122.832376 -0 254007 0016127 -0.0019756 0.010439 -123.061792
2P3/2 -122.696345 -0 297088 0.015921 -0.001892 0.010437 -122 968967
2P1/2 -122 693001 -0 297026 0.0156777 -0.001893 0.010444 -122.965699
Z=20

252293 45"3’/2 -570 740260 -0 218894 0153741 -0 008183 0125914 -5T70 687682
2pe -570 199886 -0 236815 0149116 -0 008305 0125987 -570 169902

2D§/2 -570.244388 -0.234134 0157095 -0008417 0125809 -570.204035
2P?:’/,‘, -569.899965 -0 220731 0.150382 -0.008446 0126032 -569.852728
]"/2 -569 956081 -0.218111 0154942 -0.008524 0.125807 -569.901968
-564 471782 -0 343394 0159746 -0008790 0114371 -564 549849
2P1"/2 -564.319965 -0.344269 0154125 -0 008770 0114683 -564 404195

2s2p* 4P5/2 -568 388448 -0.216788 0.154746 -0008170 0120005 -568 338655
4P3/2 -568 297417 -0 216569 0154760 -0008261 0120204 -568 247283

4P1/2 -568 253799 -0 216750 0153388 -0008222 0.120276 -568 205106

2D3/2 -567 443650 -0 273242 0155187 -0008523 0120118 -567 450110

2D5/2 -567 433588 -0 272790 0152317 -0.008474 0 120163 -567 442372

251/2 -566 931009 -0 267492 0160092 -0.009072 0120094 -566 927387

2P3/2 -566 729078 -0.3154056 0155196 -0 008553 0.120097 -566 777743

2P1/2 -566 606326 -0311665 0152571 -0008611 0,120381 -566.653650

Z=30

2522p% 4S§/2 -1352.246070 -0 226324 0571030 -0 019826 0 503145 -1351.418044
2D‘5’/2 -1351 040898 -0.243477 0539155 -0 019787 0504722 -1350 260286

2D§/2 -1351 375735 -0 237139 0566043 -0.019946 0.504223 -1350 562554
2P5’/2 -1349 930990 -0 229665 0536403 -0 019958 0 506040 -1349.138170
?., -1350 614351 -0 224200 0.563335 -0 020487 0504192 -1349 791511
2p5 2P§/2 -1340.920892 -0 346418 0.586098 -0.021083 0453105 -1340 249190
2P1"/2 -1339 966294 -0 346866 0562752 -0 020828 0.454884 -1339.316352

252p* 4P5/2 -1347 863102 -0 224305 0568715 -0019611 0477794 -1347 060510
4P3/2 -1347 277210 -0 225229 0566364 -0 019811 0478920 -1346 476966

4P1/2 -1347 161882 -0 227447 0571236 -0 020016 0.478782 -1346 359327

2D3/2 -1346 115010 -0 279277 0569953 -0 020336 0.478551 -1345 366119

2D5/2 -1345 901891 -0 274328 0549004 -0.020036 0.479241 -1345 168012

251/2 -1345 263284 -0 280177 0577702 -0 020970 0.478904 -1344 507826

2P3/2 -1344 924916 -0.315970 05577838 -0.020079 0 479062 -1344 224114

2P1/2 -1344 075028 -0 303246 0.548871 -0 020457 0 480809 -1343 369052
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Table II: Configuration mixing coefficients for the ground and low-lying excited
J=3/2 odd-parity states of Ne?*, Cal3* and Zn?*.
Cosrant yovyy Cosmant oty Coszpy, O,

Ne™?

0.479659 0.745164 -0.463308 0.001687
2D§/2 -0.5658529 0.666516 0493709 -0.007319
0.666320 0.022494 0.727088 0.163874

Ca+13
1Sz, 0578699 0718121 -0.386165 0.016920
2D§ /2 -0.702937 0.679026 0.206297 -0.047377
Py, 0400486  0.153737 0.893706 0.131407
Zn+23
4S§/2 0.871039 0.437875 -0.217042  0.049501
2Dy,  -0.457237  0.886337 -0.050580 -0.042334
2pg,  0.58500  0.152173 0969656 0.107182

DF SCF calculations on each fine-structure state. For low-Z ions with small
fine-structure splittings (near degeneracy among 2p;/» and 2ps/, spinors), this
approach is more effective in computing the fine structure splittings with the
subsequent state-by-state MR-MP procedure. The numbers of reference CSF's
for the J-averaged MC DF SCF and state-specific MR-MP calculations were,
respectively, 2, 4, and 1 for the J=1/2, 3/2, and 5/2 odd-parity states. For the
even-parity states, they were, respectively, 3, 3, and 2; these account for all the
CSF's arising from the n=2 complex. All electrons were correlated in the state-
specific MR-MP calculations. J-averaged MC DF SCF calculations, including
the frequency-independent Breit interaction in the configuration-mixing step
of the MC SCF algorithm, have also been performed to study the effect of
the Breit interaction on fine-structure term energies. Energy shifts due to the
first-order Breit interactions B() thus obtained are given in the fourth column
of Table I. The relativistic many-body shifts B [20, 34, 35] that arise from
including the Breit interaction in the effective electron-electron interaction in
the second-order MR-MP perturbation calculations are also displayed in the
fifth column of the Table. B® is computed as the difference between the
second-order correlation correction evaluated with Biz (Eq. 4) in the effective
electron-electron interaction and the second-order DC correlation correction,
Eje.

The configuration mixing coefficients displayed in Table II for the ground
and lowest two excited odd-parity J = 3/2 states of Ne** (Z=10), Ca'®** (Z=20)
and Zn?* (Z=30) are representative of those obtained in the MC DF cal-
culations. The magnitude of the configuration mixing coefficients is a mea-
sure of configuration interaction. The electronic configurations, 2s%2p? /22p§ /2>
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2522} 52035, 25°2D5)y, and 2p3 ,2p3 o, give rise to four J = 3/2 odd-parity
states, and they do interact strongly. The 2p,/, and 2ps/, spinors are nearly
degenerate in low-Z Ne** ion because relativistic effects are small (i.e., weak
spin-orbit coupling), and consequently the CSF's arising from the 2s22p? /22}7:15 /2
252p}] 52p3 j5,and 25°2p} /2 configurations are nearly degenerate, and there is a
strong configuration interaction among them (See Table IT). Four-configuration
MC DF SCF calculations yield the configuration mixing coefficients, 0.479659,
0.745164, -0.463308 and 0.001687, for the lowest J = 3/2 (4S3/5) state of
Ne*t, coefficients nearly equal in magnitude for the three CSFs arising from
the 2522, 2p3 5, 25%2p] 52P5 5,and 2872p3 5. As Z increases, relativity gradu-
ally lifts the near degeneracy and weakens the configuration interaction among
the three CSFs because it induces a large separation between the 2p;/y and
2ps3/2 spinor energies and simultaneously a smaller separation between the 2s,/9
and 2p,/, spinor energies (the 2s1/5 and 2py/2 spinor energies become asymp-
totically degenerate in the hydrogenic limit). Table I displays such a trend as
the nuclear charge increases. Four-configuration MC DF SCF on the ground
J=3/2 state of Zn** yields mixing coefficients of 0.871039, 0.437875 and -
0.217042 for the three CSF's. The configuration interaction among the three
CSFs for Zn®* (Z=30) is reduced by relativity, with the 2s22p? /22P3/; CSF
possessing the largest configuration-mixing coefficient. Yet the ground state is
far from the jj coupling regime where only one CSF dominates; it still displays
intermediate coupling, mandating MC DF SCF and MR-MP treatment.

In Table IT1, a detailed comparison of theoretical and experimental data is
made on the term energies (cm™!) of the low-lying even- and odd-parity states
of nitrogen and nitrogen-like ions with Z=10, 20 and 30 relative to the ground
2s%22p® 453 /o state. Theoretical term energy separations of the low-lying ex-
cited states evaluated by MC DF (third column of the Table) and by MR-MP
(fourth column) were computed by subtracting the total MCDF SCF and MR-
MP energies of the ground 2s22p® 453 /5 State from those of the excited levels.
Experimental term energy separations[32, 33] are reproduced in the second
column for comparison. The values in parentheses are the percentage devi-
ations from experiment. The last column (denoted NR-MBPT) contains the
term energy separations obtained in previous nonrelativistic correlated calcu-
lations for comparison. In the NR-MBPT calculations [5, 36], multireference
second-order perturbation theory was employed to account for electron corre-
lation for the ions with 10<Z<30. Relativistic corrections were included in the
Breit-Pauli approximation. The percentage deviations from experiment of the
NR-MBPT term energy separations range from 0.2 % to 2.0 %, consistently
larger than those (<0.39 %) obtained by our relativistic MR-MP. In Zn?* ion
relativistic corrections included in the Breit-Pauli approximation fail to provide
sufficient accuracy. Although dynamical correlation is not accounted for, the
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Table III: Comparson, with experiment and previous work, of the energy levels (em™)
relative to the ground 2s?2p® 4S’§ /2 state obtained by MCDF and MR-MP calculations
Percentage deviations of the theoretical results from experimental data are given 1 paren-

theses
Level Experiment® MCDF MR-MP NR-MBPT?
Net3
2522p3 2Dg 41285 45030(920)  41212(0 068)  40406(2.01)
D3, 41280  45073(919)  41256(0 06)  40451(201)
2P 62435  62712(044)  62256(0.29)  61465(1.55)
2Pg/2 62441  62714(044)  62244(0 32)  61467(1 56)
282p%  4P;), 183860 184592(0.40) 183140(0 39) 180633(1 76)
4Py;q 184477  185203(0.39) 183757(039) 181238(1 76)
1Py 184799  185528(039) 184100(0 38) 181557(1.75)
2Dy /g 254081  266795(5.00) 2531500 37) 249532(1 79)
2Dg/q 254102  266769(4 99) 253146(0 38)  249557(1.79)
2812 209628  311382(3.92) 209416(0 07) 295404(1.41)
2P3;5 320030 341192(6.61) 319789(0 08) 317793(0.70)
2Py sy 320741 341894(6.60) 320506(0 07) 318481(0.70)
2p° 2pg 2 484904 513273(5.85) 489161(0 88) 475910(1 85)
2Py, 485867 514228(5.84) 490131(0 88) 476842(1.86)
Catl3
25°%° 2Dg ), 105870  109567(3 49) 106101(0 22) 106086(0.20)
2D§/2 118520 117583(3.58) 113640(011) 113537(0 01)
2Py, 172400 172374(002) 172528(0 07) 171900(0 29)
2pg /2 183360 183689(0 18) 183562(0.11) 182590(0 42)
232p* 4Py 515800 516383(0.11) 515551(0 05) 514483(0 26)
4P3/q 535870 536365(0 09) 535605(0.05) 534245(0.30)
4Py 545090 545637(0 10) 544862(0.04) 543331(0 32)
2Dg/s 710710  723839(1 85) 710564(0.02) 708466(0 32)
2Dsg/y 712500 725418(1.81) 712263(0.03) 710126(0 33)
28172 825050 837427(1.50) 825289(0 03) 821828(0.39)
2P3/q 858240 880672(2 61) 858132(0 01) 855066(0 37)
2Pi/o 885610 907037(2.42) 885367(0 03) 881912(0.42)
2p° 2P§/2 1347870 1376725(2 14) 1349510(0.12) 1342557(0 39)
Py 1380110 1408818(2 08) 1381765(0 12) 1374158(0 43)
Znt23
2522p3 2D§/2 188130  189921(095) 187731(0.21) 186054(1 10)
2Dg/2 254110 257508(1.34) 254100(0 00) 251711(0.94)
Pg, 357130 356431(020) 357059(0 02) 352584(1 27)
2Pg/2 501140 500501(0 18) 500780(0.07) 491017(2 02)
2s2p* 4Py /s 956600 961442(051) 956368(0 02) 949938(0 70)
4Py 1084810 1089514(0.43) 1084441(0 03) 1074345(0 96)
4Py/q 1110540 1115895(0 48) 1110260(0 03) 1100110(0 94)
2D3/a 1328550 1345375(1 27) 1328244(0.02) 1317523(0 83)
2Dg /g 1371750 1387552(1 15) 1371723(0.00) 1359434(0.90)
25172 1516340 1534008(1 17) 1516617(0 02) 1500825(1 02)
2Py 1578630 1603901(1 60) 1578885(0 02) 1562012(1 05)
2Pi)s 1767650 1788473(1.18) 1766549(0 06) 1743983(1 34)
2p° 2P§/2 2451700 2488405(1.50) 2452620(0.04) 2431016(0 84)
P2, 2657600 2692812(1 32) 2657717(0 00) 2629555(1.06)

¢ Reference [33]
b Reference [5, 36
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Figure 1: Contributions from each order of perturbation theory to the term energy sepa-
ration 25%2p® (4 3/2 " 2Dg/2) (in a.u.) as functions of nuclear charge Z.

n=2 complex MC DF SCF calculations yield accuracy comparable in percent-
age deviation with the correlated NR-MBPT calculations, clearly indicating
the importance of accounting for relativity with a fully relativistic treatment.
Accounting for dynamical correlation with state-specific MR-MP theory based
on MC DF wave functions as reference [unctions dramatically improves the
accuracy in term energy separations, reducing percentage deviations between
theory and experiment to within 0.1 %.

Figure 1 displays the contribution from each order of perturbation theory to
energy separations (a.u.) of excited 2s?2p® 2Dg |, states relative to the ground
2s22p® 459 ) states plotted against nuclear charge Z. These contributions were
computed by subtracting the energy of the ground 2s2p* *S§,, odd-parity
state from that of the excited state in each order of perturbation theory. The
MC DF SCF and MR-MP calculations, which include the Breit interaction in
the effective electron-electron interaction, as well as the Lamb shifts, result
in significant corrections and yield close agreement between the calculated
and experimental term energy se})arations. The first-order correction ABM
becomes much larger than AEgC for Z 2 30. The Lamb shift correction,
AlS, is comparable at the low-Z end, but increases rapidly as Z increases and
becomes much larger in magnitude for Z 2 30 than the relativistic many-body
shift AB®. The Figure shows the importance of ALS in accurately predicting
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Figure 2: Deviations from experiment of the computed 2522p% (4 5 h 2D§ /2) (em™1)

term energy separations as a function of nuclear charge Z.

term energy separations. The difference, ALS, becomes large in large-Z ions
and results in significant corrections to term energy separations, as does ABW.

Figure 2 illustrates the differences E*P(2Dg), - *S5,,) - E®*(*Dg), -
452 /9) between theoretical and experimental term energy separations (in cm™ 1),
2522p° 2Dg ), - 25*2p® %53 ,, as functions of the atomic number Z. The devia-
tions from experiment of the term energy separations computed by NR-MBPT
[5, 36] are also given to illustrate the sharp increases as Z increases. NR-MBPT
starts to show significant deviation from experiment for Z < 20 and 7 >25.
Again the failure to reproduce experimental term energy separations may be
attributed to the absence of fully relativistic treatment including QED correc-
tions. The term energy separations computed by MC DF SCF plus first-order
Breit interaction correction (denoted MC DFB in Fig. 2) deviate significantly
over the range of 7 numbers, necessitating dynamic correlation and radia-
tive corrections. Figure 2 illustrates that relativistic MR-MP calculations (the
curve labeled MR-MP in the Figure), which include the Breit interaction in
the effective electron-electron interaction, as well as the Lamb shifts, result in
significant corrections and yield close agreement between the calculated and
experimental term energy separations throughout the 7< Z< 30 series.

Table IV compares with experiment the 2s%2p* (2Dg 1o - 2Dy /2), 2522p®
G 32 " 2P1o/2)a 2s'2p* (*Psp - *Py2), and 2p° (2 32 " 2P1°/2) fine-structure
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Table I'V: Comparison of fine-structure splittings computed by MCDF and MR-MP
with experiment and with previous work.
7 Experiment® MCDF MR-MP NR-MBPT?

25°2p° (*Dg ), - *D3)5)

30 65980 67587 66369 65136

26 37510 38401 37510

20 7650 8016 7539 7373

16 1153 1281 1116

12 -17 0 -20 2

10 -45 -42 -44 -39
25°2p° (*Pg)y - *Pyjy)

30 144010 144070 143721 143874

26 63070 63716 63235

20 10960 11315 11034 11394

16 1829 1929 1838

12 108 111 91 179

10 7 2 -12 65
252p* (P32 - “Ps)3)

30 128210 128072 128073 128177

26 68090 67698 67902

20 20070 19982 20054 20013

16 6904 6877 6899

12 1636 1628 1638 1653

10 617 611 617 642

20° (CPyyy - 2P5))

30 205900 204407 205097 204580

26 107680 107322 107737

20 32240 32093 32255 32119

16 11123 11057 11131

12 2606 2579 2607 2564

10 963 955 970 935

@ Reference [33].
b Reference [5, 36].
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Figure 3: Contributions from each order of perturbation theory for the fine-structure
splitting 25%2p® 2D? /2 - 2Dg /2) (in a.u.) as functions of nuclear charge Z.

separations computed with MC DF SCF and MR-MP for several nitrogen-like
ions with 10<Z<30. The MR-MP fine-structure separations are in excellent
agreement with experiment, the deviation being well within 1 % in most in-
stances. Figure 3 displays the contribution from each order of perturbation
theory to the 2s*2p 2Dg /2—2322])3 2Dg /2 fine-structure splitting of nitrogen-like
ions as functions of nuclear charge 7Z. The MC DF SCF and MR-MP calcu-
lations, which include the Breit interaction in the effective electron-electron
interaction result in significant corrections and yield close agreement between
the calculated and experimental fine-structure separations. The first-order cor-
rection AB® becomes much larger than AEgé for Z Z 15. The Figure shows
the importance of AB® and AEg%v in accurately predicting the fine-structure
separation, while the Lamb shift correction, ALS, and relativistic many-body
shift AB® have negligible contributions throughout the Z range.

In Tables V and VI, a detailed comparison of theoretical and experimental
data is made on the term energies of the low-lying even- and odd-parity states
of nitrogen and nitrogen-like ions with Z=8-60, given relative to the ground
2522p% 452 1 state. Theoretical term energy separations, Etheor of the low-lying
excited states were computed by subtracting the total energy of the ground
2522p® 4S§ /o State from those of the excited levels. Experimental term energy
separations E®? [32, 33| are reproduced in an adjacent column for comparison.
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Table V: Energies (cm™!) of low-lying even-parity states of nitrogen and nitrogenlike

ions relative to the ground 2s22p3 4S§ /o State.

7 282p* 1Py 252p1 1Py, 252p* *P; 9 282p* *Dyq
Et heor Eexp Et heor Eesp Etheo'r Ee=p Etheor Eexp

60 6278056 6919231 6931725 10690088

50 3398969 3894487 3906822 5374014

40 1797437 2136607 2138650 2593996

30 956368 956600 1084441 1084810 1110260 1110540 1328244 1328550
26 752506 752730 820408 820820 842316 842740 1042466 1042570
20 515551 515800 535605 535870 544862 545090 710564 710710
16 378115 378458 385014 385362 388574 388883 520334 520723
14 312231 312670 315810 316250 317715 318140 429811 430390
13 279721 280200 282188 282670 283516 283970 385263 385910
12 247414 247948 249052 249584 249940 250450 341056 341793
11 215242 215860 216278 216896 216846 217440 297061 297916
10 183140 183860 183757 184477 184100 184799 253146 254102
9 151015 151900 151355 152237 151545 152411 209135 210256
8 118676 119837 118840 120000 118935 120083 164688 165997
7 86368 88107 86429 88151 86463 88171 119958
Z

282])4 2D5/2 232p4 251/2 282p4 2P3/2 2821)4 2P1/2
Etheor Eeep Etheor Eexp Ethem‘ Fexp [theor Eeap
60 10978394 11337441 11421993 15710499
50 5615280 5872831 5966716 7833060
40 2759642 2936689 3030830 3799562

30 1371723 1371750 1516617 1516340 1578885 1578630 1766549 1767650
26 1058172 1058360 1195579 1195260 1242491 1242430 1339907 1340040
20 712263 712500 825280 825050 858132 858240 885367 885610
16 520426 520864 608805 608784 636549 636898 645272 645660
14 429829 430360 504500 504630 530006 530430 534370 532800
13 385291 385860 452944 453060 477283 477690 480244 480660
12 341080 341751 401662 401822 424765 425190 426702 427135
11 297074 297880 350532 350747 372317 372731 373529 373932
10 253150 254081 299416 299628 319789 320030 320506 320741
9 209132 210256 248110 248261 266965 266562 267358 266945
8 164679 165989 196112 195711 213418 212594 213610 212762
7 119949 121201 144061 158879 158956
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Table VI: Energies (cm™!) of low-lying odd-parity states of nitrogen and nitrogenlike
ions relative to the ground 2s22p3 453 1o State.

Z  25°2p°7Dg, 25°2p° ’Dg 25°2p° “ Py,
Etheor EeTp Etheor Ee=P Etheor Ee=p
60 4409853 4236940 8956637
50 1969066 1817303 4017967
40 751390 631405 1540370
30 254098 254110 187731 188130 500374 501140
26 176135 176130 138625 138620 323610 323340
20 113640 113520 106101 105870 183562 183360
16 83656 83595 82540 82442 128861 128804
14 69461 69421 69226 69168 105866 105890
13 62422 62369 62362 62313 94824 94869
12 55378 55358 55398 55373 83934 84028
11 48315 48330 48361 48366 73098 73255
10 41212 41235 41256 41280 62244 62441
9 34030 34087 34062 34123 51286 51561
8 26698 26811 26718 26831 40077 40468
7 19022 19224 19029 19233 28286 28839
28%2p° 2. Y2 2p542I§72 2p° * Py
Etheor Eeep Etheor Eevp Etheor Eecp
60 4709093 13676612 18103636
50 2191910 7718186 9688193
40 908778 4329265 5064831
30 357059 357130 2452620 2451700 2657717 2657600
26 260375 260270 1955729 1954520 2063466 2062200
20 172528 172400 1349510 1347870 1381765 1380110
16 127023 126975 993204 991249 1004335 1002372
14 105333 105348 822527 820200 828278 825930
13 94581 94603 738391 735750 742340 739700
12 83843 83920 654871 651867 657478 654473
11 73081 73218 571829 568348 573469 569977
10 62256 62435 489161 484904 490131 485867
9 51281 51560 406804 401206 407334 401724
8 40087 40470 324706 324965
28204 28839 242740 242848
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Table VII: Comparison of the M1 transition probabilities for Z=7-30 nitrogen-like
ions.

Relativistic transition operator Nonrelativistic operator
y/ This work SPST®{NR-MBPT® MCHF®
DC DCB
MCDF MR-MP MCDF MR-MP
25%2p° (D3 /2 152 /2)

7 1.924(-6) 3.141(-5) 2.187(-5) 1.246(-5) 1.90(-5) 1.484(-5)
8  3.864(-5) 1.603(-4) 1.867(-4) 1.226(-4) 1.59(-4) 1.314(-4)
9 4.497(-5) 2.613(-4) 1.204(-3) 8.673(-4) 9.36(-4) 8.563(-4)

10 3.688(-3) 2.451(-3) 6.638(-3) 5.020(-3) 5.28(-3)|  4.73(-3) 4.744(-3)
11 2.318(-2) 1.695(-2) 3.227(-2) 2.534(-2) 2.62(-2)]  2.37(-2) 2.343(-2)
12 1.182(-1) 9.166(-2) 1.398(-1) 1.130(-1) 1.16(-1)]  1.06(-1) 1.030(-1)
14 1.898(+0) 1.595(+0) 1.900(+0) 1.597(+0) 1.62(+0)| 1.51(4+0) 1.462(+0)
21 1.143(+3) 1.032(+3) 1.048(+3) 9.465(+2) 9.42(+2)| 9.35(+2) 8.910(+2)
26 1.739(+4) 1.622(+4) 1.625(+4) 1.517(+4) 1.36(+4)| 1.50(+4) 1.100(+4)

30 1.027(+5) 9.860(+4) 9.917(-+4) 9.519(+4) 9.08(+4) 9.944(+4)
25%2p° (2D§/2 -4 g/z)

7  4.431(-8) 5.634(-7) 5.528(-7) 2.270(-7) 2.45(-7) 9.122(-7)
8 8574(-8) 1.774(-6) 3.810(-6) 1.920(-6) 1.98(-6) 6.994(-6)
9 8.030(-8) 1.203(-8) 2.105(-5) 1.244(-5) 1.30(-5) 3.766(-5)

10 9.315(-6) 4.252(-6) 1055(-4) 6.926(-5) 7.76(-5)]  1.69(-4) 1.545(-4)
11 1.241(-4) 8044(-5) 4.877(-4) 3.478(-4) 4.05(-4)|  7.16(-4) 7.164(-4)
12 9.231(-4) 6.765(-4) 2.081(-3) 1575(-3) 1.86(-3)|  2.79(-3) 2.745(-3)
14 2.185(-2) 1916(-2) 2918(-2) 2.375(-2) 2.78(-2)|  3.41(-2) 3.312(-2)
21 3.476(+1) 3.100(+1) 3.235(+1) 2.906(+1) 3.12(+1)| 3.16(+1) 3.036(+1)
26 1.374(+3) 1.279(+3) 1.266(+3) 1.178(+3) 1.29(+3)| 1.18(+3) 9.558(+2)
30 1.448(-+4) 1.382(+4) 1.368(-+4) 1.305(+4) 1.25(+4) 1.361(-+4)
@ Zeippen [42, 43, 44].

b Merkelis et al. [5, 36)].

¢ Godefroid and Froese Fischer [37].

Experimental data are not available for ions with Z=40, 50, 60.

4.2 Spin-forbidden 2s%2p® transitions

Probabilities of forbidden transitions are of importance in the diagnostics of
astrophysical and fusion plasmas, but experimental determination of these
quantities is difficult and accurate theoretical estimates provide valuable in-
formation. A number of theoretical calculations on spin-forbidden transitions
has been performed by various approximations in past years, and it has be-
come evident that accurate intermediate-coupled wavefunctions must be used
to evaluate forbidden transition probabilities accurately. Among the nonrela-
tivistic methods, the most accurate are MCHF and MBPT methods.

Table VII summarizes the 2D 1 - 4S5/ and ?Dg), - 57,y M1 transition
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probabilities of nitrogen and nitrogen-like ions with Z=8-30 computed at MC
DF SCF and MR-MP levels of theory. The M1 transition probabilities com-
puted without and with the Breit interaction in the MC DF and MR-MP are
given, respectively, under the headings, DC and DCB. As Z increases, the M1
transition probabilities increase dramatically, by nine to ten orders of mag-
nitude. Significant differences in the transition probabilities computed in the
DC and DCB schemes clearly indicate that the Breit interaction significantly
affects the transition probabilities, especially in low-Z ions.

Godefroid and Froese Fischer [37] performed nonrelativistic multiconfigu-
rational Hartree-Fock (MC HF) calculations, including relativistic corrections
in the Breit-Pauli approximation, on the E2 and M1 transitions that arise
within the ground 2s22p® configuration along the nitrogen isoelectronic se-
quence. The Breit-Pauli interaction matrix was built on a set of 67 config-
uration states (11 4S + 26 2D + 30 2P), omitting the orbit-orbit contribu-
tion. The transition probabilities were calculated with wavelengths derived
from Ref. [38] and employing the non-relativistic M1 transition operator,
Oumi =pp Y., 0u() = upd (L, +2s,). Their results are given in the last
row of the Table. NR-MBPT was applied to nitrogen-like ions by Merkelis
et al. [5, 36] to estimate the E1, M1 and E2 transitions of ions from Ne** to
7Zn*23, Relativistic corrections were included in the Breit-Pauli approximation,
analogous to MC HF calculations, and one-body spin-orbit interaction was ac-
counted for at the second-order of perturbation theory. Their results are given
in the seventh column. The D3/, — %53, transition probabilities computed by
both MC HF and NR-MBPT agree reasonably well with our MR-MP (DCB)
results. However, the 2D? 12— 182 12 transition probabilities computed by the
nonrelativistic methods grossly overestimate our MR-MP values.

Eissner and Zeippen performed limited CI calculations on the forbidden
transitions in O'* [39] using the computer program SUPERSTRUCTURE
(hereafter denoted SPST) [40]. The Breit-Pauli approximation accounted for
relativistic effects. Semi-empirical term-energy corrections to shift the cal-
culated energy levels to their observed values were applied. In contrast to
the case with the MC HF calculations, the Breit-Pauli interaction matrix
did not include two-body corrections. The M1 transition probabilities were
calculated using the relativistic operator introduced by Drake, [41] Oy =
pe Y, O (i) + uB Y ,, Or(if), which includes all the radiative correction
terms of order o2, Zeippen extended those calculations to all members of the
isoelectronic sequence from NO to Fel®t. Later SPST calculations on N® by
Butler and Zeippen [43] and on O'* by Zeippen [44] included a larger config-
urational space than in the MC HF calculations [37]. In these studies, the
importance of higher-order relativistic corrections in the M1 transition opera-~
tor for spin-forbidden transitions was emphasized. The results of the SPST
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Table VIII: Comparison of the 2s22p* (2Dj /2 - ’p /2) B2 transition probabilities
for nitrogenlike ions.
Relativistic transition operator Nonrelativistic operator
Z This work MCHF* NR-MBPT®
DC DCB
MCDF MR-MP MCDF MR-MP
7 9.019(-3) 3.048(-2) 9.019(-3) 3.049(-2)|2.914(-2)
8 1.907(-2) 5.055(-2) 1.907(-2) 5.057(-2)]5.382(-2)
9 3.232(-2) 7.926(-2) 3.232(-2) 7.930(-2)|7.860(-2)

10 4.808(-2) 1.019(-1) 4.808(-2) 1.020(-1)]1.039(-1) 1.04(-1)
11 6.591(-2) 1.322(-1) 6.590(-2) 1.323(-2)|1.295(-1) 1.29(-1)
12 8555(-2) 1.567(-1) 8.555(-2) 1.568(-1)|1.563(-1) 1.55(-1)
14 1.209(-1) 2.160(-1) 1.299(-1) 2.161(-1)|2.122(-1)

21 3.480(-1) 4.665(-1) 3.480(-1) 4.670(-1)4.570(-1) 4.49(-1)
26 5.969(-1) 7.447(-1) 5.969(-1) 7.458(-1)7.191(-1) 6.96(-1)
30 8.866(-1) 1.061(+0) 8.864(-1) 1.063(+0)|9.381(-1) 9.67(-1)

@ Merkelis et al. [5, 36].
b Godefroid and Froese Fischer [37].

calculations are displayed in the sixth column of the Table. Our MR-MP
results agree reasonably well with the SPST throughout 7<Z<30. There is
several-fold disagreement between our MR-MP calculations and highly corre-
lated MC HF and NR-MBPT methods in some instances.

Godefroid and Froese Fischer pointed out [37] that the E2 processes with-
out change of the spin multiplicity are allowed in the LS coupling scheme,
and that the correlation corrections are more important than relativistic for
low-Z ions. The AS # 0 spin-forbidden M1 and E2 transitions occur due to
the small admixing in the Breit-Pauli approximation. In the case of 2s22p®
(D¢ o 452 /2), with the non-relativistic magnetic dipole operator and Breit-
Pauli wavefunction, the reduced transition matrix element is given only by
admixture of 453 /2 With 2D3/2. Since the one-body spin-orbit interaction van-
ishes, the resulting mixing coefficients in the Breit-Pauli approximation are
small and inaccurate. When those admixtures arise not from spin-orbit inter-
action, but from two-electron magnetic effects, the use of the nonrelativistic
transition operator yields inaccurate results. Thus, consistent use of relativistic
correlated wavefunctions and the relativistic transition operator is required to
achieve accuracy. The spin-forbidden transitions in the nitrogen isoelectronic
sequence involving the half-filled 2p shell is just such a case.

Table VIII displays the E2 transition probabilities for the 25*2p® (*Ds/»
- 2Py5) transition computed by MC DF and MR-MP theories. The Breit
interaction has little or no effect on the calculated E2 transition probabilities,
and DC and DCB results are nearly identical at both the MC DF and MR-MP
levels of theory. On the other hand correlation corrections significantly alter
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Table IX: Comparison of the E2 and M1 transition probabilities and high-density
limit ratio r(oco) of O+,
Type This work MCHF® SPST? SPST¢ Experiment

MCDF MR-MP

2522p° 2D3 ), - 453,
E2  6.586(-5) 3.486(-5) 2.888(-5) 3.39(-5) 3.39(-5)
ML 1.868(-4) 1.226(-4) 1.314(-4) 1.46(-4) 1.59(-4)

2522p3 2D§/2 - 4S§/2
E2  4.264(-5) 2.269(-5) 1.879(-5) 2.20(-5) 2.20(-5)
M1  3.810(-6) 1.920(-6) 6.994(-6) 7.58(-6) 1.98(-6)
r(00) 0.455 0.379 0.358 0.370 0.297 0.36:0.02
% Godefroid and Froese Fischer [37]
b SUPERSTRUCTURE calculations of Zeipen without relativistic corrections to M1 oper-
ator [44].
¢ SU{)ERSTRUCTURE calculations of Zeipen with relativistic corrections to M1 operator

the calculated transition probabilities. The K2 transition probabilities depend
on the excitation energies to the fifth power and inaccuracy in the calculated
transition energies is thus the major source of error. The first-order transition
probabilities (Eq. 38) increase over the lowest-order by about 70% for N°
and 16% for Zn*2?%. The bulk of the improvement is due to more accurate
transition energies.

In the last two columns of the Table the E2 transition probabilities com-
puted by MC HF and NR-MBPT are displayed. Because the correlation correc-
tions to the E2 line strength in the light Si’* ion are similar in both relativistic
(MR-MP) and non-relativistic theories, there is good agreement in the calcu-
lated K2 transition probabilities among the three methods. Both MR-MP and
NR-MBPT provide accurate transition energies in the second-order of pertur-
bation theories for low- to middle-Z ions and there are only slight differences in
the calculated line strengths. For high-Z ions the relativistic effects are more
pronounced, mandating fully relativistic methods.

In Table IX, we present the high electron density limit ratio r(oo) =
2 A(®Dsja— *S3/9)/A(*D3j2— *S3/2) which is of particular importance in neb-
ulae studies (for a detailed discussion see [44]). Here both the E2 and M1
transitions are important. In the 2D5/2— 453/2 case, the B2 transition is dom-
inant, and in the 2D; J2— 433/2 case the M1 transition dominates. A number
of studies have been devoted to obtaining accurate 7(c0). Most noncorrelated
methods overestimate the ratio by as much as 50%, and only correlated meth-
ods such as MCHF and CI with a large CSF expansion have provided reliable
values. In the present study MC DF SCF wavefunctions provide excellent
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reference functions, and we obtain reliable results with second-order MR-MP.
While MC DF SCF fails to predict an accurate ratio (0.455 compare to exper-
imental value of 0.36+0.02), MR-MP gives 0.379, in good agreement with the
experimental estimate. The results of Zeipen (denoted SPST?) are somewhat
inconsistent in that the ratio is significantly lower, by 20%, than the value ob-
tained by nonrelativistic SPST* although the M1 transition operator includes
relativistic corrections and Breit-Pauli wavefunctions were employed.

While the MC HF method grossly overestimates the 2Ds /2~ 4G, /2 M1 tran-
sition probability obtained by the MR-MP method, it yields a high electron
density limit ratio of 0.358, in good agreement with MR-MP and experimental
estimates, largely because the 2Dyj— *S3/o E2 transition probability, which
all three methods yield accurately, is one order of magnitude larger than the
overestimated M1 value.

4.3 El transition probabilities and lifetimes

Allowed E1 transitions have been extensively treated by several methods. One
of the most accurate is the non-closed shell many-electron theory (NCMET)
[45]. It accounts for electron correlation by configuration interaction and
includes some contributions to all orders of perturbation theory. However,
NCMET employs the LS coupling scheme and high-Z results provide only
crude estimates. In the intermediate coupling case, such as in the Si*7ion, rel-
ativistic multireference many-body perturbation theory accounts for relativity
and electron correlation accurately, and provides accurate transition energies
in the second order of perturbation theory. Because MC HF and MC DF
methods do not account for dynamical correlation, these methods fail to cal-
culate transition energies within 1% accuracy.

Table X summarizes the El transition probabilities of Si’t computed in
length gauge with MC DF and MR-MP. In the last column, the values com-
puted by NR-MBPT are displayed for comparison. The Breit-Pauli approxi-
mation is valid for the light ion, and the agreement between the fully relativistic
MR-MP and quasirelativistic NR-MBPT, is very good. MCDF overestimates
transition probabilities because dynamic correlation, missing in MC DF, is
important in the light system.

In Table XI we compare the calculated lifetimes of the even-parity excited
4P1/2’3/2,5/2,2 D3/95/2 and 2P /2,3/2 states of nitrogen-like silicon with experi-
ment. The E1 transition probabilities and lifetimes were computed with our
MR-MP method because this is one of the very few systems to which exper-
imental lifetimes of the excited P 8 2D; and %P; states have been measured,
and theoretical lifetimes have been estimated by several methods. ¥xperimen-
tal estimates in the second column are taken from Ref. [47]. The theoretical
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Table X: Comparison of the 16 strongest 2s2p* - 2522p® El transition probabilities
for nitrogen-like silicon Si’.

This work NR-MBPT?
DC DCB
MCDF  MR-MP MCDF  MR-MP

PPy - CP%, 8480(+9) 6.658(+9) 8.583(+9) 6.742(+9)  6.812(+9)
2Pyg - 2Py 2:226(+9) 1.736(+9) 2214(+9) 1.728(+9) 1.716(+9)
2Pyy - 2DZ), 3.874(+10) 3.023(+10) 3.870(+10) 3.022(+10) 3.021(+10)
2Pyjp - 2D5)p  5.957(+0) 4.687(+9) 5.876(+9) 4.627(+9)  4.441(+9)
2Pyjp - 2Pg, 1.073(+10) 8.220(+9) 1.082(+10) 7.913(+9)  8.048(+9)
2Py - 2P,  6.957(+9) 5.503(+9) 7.038(+9) 5.567(+9)  5.195(+9)
2Pyja - 2D, 3.761(+10) 2.928(+10) 3.803(+10) 2.963(+10) 2.987(+10)
2Dyjp - 2Py, 1444(+9) 1.059(+9) 1.448(+9) 1.061(+9)  1.025(+9)
2Dyjz - 2Dgy, 9.667(+8) 7.358(+8) 9.825(+8) T7.486(+8) 7.148(+8)
2Dsjz - 2D5); 1.125(+10) 8.569(+9) 1.122(+10) 8.547(+9) 8.404(+9)
2Dsg - 2Py 2045(+9) 1.498(+9) 2.031(+9) 1.489(+9)  1.434(+9)
2Dsj - 2D5)y  4.243(48) 3.220(+8) 4417(+8) 3.366(+8)  3.567(+8)
2Ds/g - 2Dg)y 1.095(+10) 8.366(+9) 1.095(+10) 8.371(+9)  8.212(+9)
“Pyjg-*83, 5027(+9) 3.973(+9) 5026(+9) 3.974(+9) 3.870(+9)
“Pyp - 4S5,  4.925(+9) 3.801(+9) 4.925(+9) 3.803(+9)  3.792(+9)
Pz - 4S5,  4.748(+9) 3.750(+9) 4.749(+9) 3.753(+9)  3.675(+9)
% Merkelis et al. [5, 36].

Table XI: Comparison of the lifetimes (in ps) of even-parity excited states of
nitrogen-like silicon, Si’ .
State Experiment® This work NR-MBPT? NCMET*

MCDF MR-MP

iPi/2 199.0 2516 258.4

1Py 203.0 2569 263.7

tPs)q 2106  266.5 272.1

mean 280430 266
2D3/2 73.0 96.6 98.6

D52 74.5 98.1 100.0

mean 90+15 100
ZPs2 18.1 23.1 23.2

2Py 18.1 23.2 23.2

mean 2343 23

% Tyabert et al. |47,
b Merkelis et al. [5, 36].
¢ Nicolaides and Beck [46]
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lifetimes computed by NR-MBPT and NCMET [46] are also displayed in the
last two columns for comparison. All calculated lifetimes, excepting those com-
puted by MC DF, are within the error bounds of the experimental estimates.
The mean lifetimes estimated by NCMET tend to be slightly higher than
those of each fine structure state computed by MR-MP. Lacking dynamical
correlation, MC DF grossly underestimates the lifetimes.
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Abstract

In the formalism of the reduced density matrices and functions, using the irreducible
tensor-operator technique and the space-spin separation scheme, the matrix elements
of some of the spin-relativistic corrections of the Breit-Pauli Hamiltonian, namely the
spin-spin interactions, are expressed in a form suitable for numerical implementation.
A comparison with other methods is made and the advantages of such an approach
are discussed. © 2001 by Academic Press
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1. Introduction

In the formalism of the reduced density matrices and functions (RDM & RDF) [1-3],
the matrix elements and expectation values of the different types of spin-involving
operators take the form of a product of space and spin factors [1, 4]. The spin part is
determined by the spin symmetry and reduces to 3j-symbols, while the spatial part is
determined by the action of space operators on the spin distribution or spin-spin cor-
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relation matrices or functions [1, 4, 5]. The spin distribution and correlation functions
are built from the spatial parts of the RDMs of first and second order, respectively. In
this approach, the space-spin separation results from the possibility of separating the
space and spin variables in RDMs [6-9] and from the use of the split RDMs to repre-
sent the matrix elements of the perturbation terms in the Hamiltonian [10].

In terms of the RDMs and RDFs and in the scheme of the space-spin separation,
there are presented in Refs [1, 4] the matrix elements and expectation values of the
various spin-involving operators, which are relativistic corrections in the Breit-Pauli
Hamiltonian. The matrix elements and expectation values of the operators correspon-
ding to the different types of spin interactions are reduced to products of a multiplier
determined by the spin symmetry, which characterize a spin state or a transition bet-
ween two states in a given spin multiplet, and a space part that depends neither on the
spin state nor on a transition between two states. This space part is expressed by the
action of the considered space operator on the space part of the relevant spin distribu-
tion or spin-spin correlation matrix or function.

In Ref. [11] we took a further step in the treatment of the matrix elements of one
of the main relativistic corrections, the spin-orbit interaction terms, in a form conve-
nient for numerical implementation. In the present work we shall consider the matrix
elements of another type of spin-involving relativistic corrections, the spin-spin inter-
actions, which should also be amenable to direct numerical implementation.

Using the technique of the irreducible tensor operators and applying the Wigner-
Eckart theorem, the matrix elements of the dipolar spin-spin interactions are express-
ed as products, or sums of products, of three parts: the first one is a multiplier deter-
mined by the spin symmetry; the second one is a multiplier characterizing the orbital
symmetry, and the third one is a spatial part determined by the action of the symme-
trized space tensor operators on the normalized spin distribution or correlation matri-
ces or functions. The action of these space tensor operators, which are the same for a
given spin multiplet and are independent of the investigated (splitting or transition)
effect, is reduced to a standard procedure. The expectation values of the spin-spin
interaction operators, which give the amount of splitting of the energy levels, are ex-
pressed in an analytical form suitable for numerical implementation. We also consi-
der the transition matrix elements of these operators, which give the contribution of
the spin-spin interactions to the corresponding induced spin transitions.

2. Spin distribution and correlation densities

2.1. Spin distribution densities

In a spin eigenstate - with the eigenvalues S(S + 1) and M of the operators S and S,,
respectively - the spin distribution matrix has the following form [1, 2, 4, 5]:
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A R R GHA BT Lad GHA)N n

where the p”7 (7 ;7)) are the two diagonal space components of the first-order RDM
(RDM1) p(z,;7]), 7, = (% ,0,) representing the (space, spin) components of an elec-
tron and %6) = a(0), 5(0) being the electron spin functions. These space components
also define the charge distribution matrix:

I GHAEY Al GHA TSl GHAX @

The spin distribution matrices ¢'*’(#; 7)) for the different spin eigenstates (with
M=S,8-1, ..,-S) can be expressed by using the normalized spin distribution ma-
trices D(F;7), which are independent of M [12]:

. oA M . .
q‘“’(n;r{)Eq(KKln;n9=-S—q(_I_<_I_<_|r,;n3=MD(rg;r0, (3)

with:
IV -

D@ R) =5 (KK 7). 4)
where K is the index of the spin state corresponding to <Sz> = M and K is the index
corresponding to the maximal value M = S. Similar formulas can be written for the
spin distribution functions when 7 =#’.

2.2. Spin-spin correlation densities

In a spin eigenstate, the spin-spin correlation density matrix is [1, 2, 4, 5]:

1 e e
Qs (BB BB = =[ 0 (7, By By B + P (LT3 RS 7)) —
2
— PP F B BB + pPt (R FL ) — &)
~ PP 7 R ) - PP (R )]

where the p™"% (7,,7,;7,7,) are the six (on sixteen) independent space components
of the second-order RDM (RDM2) p(z,,7,;7,,7,) with 7, =(7,0,),i=1,2.
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The normalized spin-spin correlation density matrix, defined for the state K with
maximal value M = S, takes the form {4, 6, 13]:

D (7,3 P F) = qSS(__—!rl’rZ’rl’rz') 6)

S(2S D

In an arbitrary eigenstate, the matrices g’ can be written:

o e e n 3MPS(S+1 e —r s
955 (KK | 7,73 757, ———(—2%*1)-2 qss (KK | 7,737 F), N

where K takes on all values corresponding to M =S, § - 1, ..., - S. Similar formulas
can be written for the spin-spin correlation functions when 7 =7 and 7, =F, .

The coefficients in Egs (3), (4), (6) and (7) are determined by the spin symmetry
of the system. For spin-degenerate states, one can take as values for these coefficients
in Eqgs (3) and (7) those defined by the irreducible representations of the group SO(3)
corresponding to the considered spin multiplet. Within a given spin multiplet the nor-
malized spin distribution and correlation matrices and functions do not depend on M.

3. Spin-spin interactions

3.1. Electron-electron dipelar interaction

For an N-electron system, the operator of dipole coupling between electron spin mag-
netic moments in the effective Breit-Pauli Hamiltonian takes the form [1, 4, 5]:

855 (/) = £,0°S()- (r )S(J) ®

I

where o = 1/2¢ is half the fine-structure constant (in atomic units), g is the g-factor
for the free electron, and:

u r, ®l‘,
d(u,)=—~-3 —, ®

¥ ¥

where u is the unit tensor. One can easy transform gs(7, j) to the form:
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855 () = 830 {780).S() - 38).r, IS (i), 1. (10)
Applying the irreducible tensor-operator technique, one obtains:
855 ,J) = 830’ D8 |, (11
where D? is the second-rank, symmetric, traceless tensor with components:

D= Su(r)e(ry) - 3(ry ) (rs (12)
and §®, given by:
$9G, j) = [S'H) ®S'()?, (13)

is a second-rank tensor that can be constructed from the components of §'(i) and S'(j):
: = 2O SL050), (14)

2)

where the C, "’”’3 are the 3j-symbols. From the symmetric tensor D'’ one can build

ni g

an irreducible tensor proportional to the second-rank tensor [(ri])’®(ry)l](2) with com-
ponents:

[(r,)' ®,)']) =X Coio (7)., ) (15)
A
Substituting these expressions into Eq. (11) one obtains:
g5 G, j) = Cgoa’ "52( H"D2,S, =

16
-Cala' S YRR Yot ULV

After determining the constant C in Eq. (16) by comparing the coefficients of
(rij)f)(r,j ), and S;(i)S; (/) in this equation with those calculated in Ref. [9], one gets:

g5, J)=—-g o’ ‘SZ( n” ZCL‘LM )38 G, 1) (17)
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Then, using Eq. (17) for the matrix elements of g (i, /) in the transition between
spin states K (SMs) and K’ (SMs), one obtains (dropping from now on arrows on ¥ ):

1 o
{KSM s |—2gss(l, KM=

=—-—g005 2( 1)"'20:,‘;_," Jrlzs(rlz) (n2)i Sy (LDP(KK' | 7,,7,371, 73 )dT,dT, =
i

- 2 - 112 (SM s IS—zm(l’Z){SM ;)
= —go LY ZC,,M sasy

-5 1 1 . 2
X j.rlz (rlz)p("n)).‘Iss(_K_'_I_(_'[ rl’rZ’rll9r2,)mdrldr2’

where p(KK’ | 7,,7,;7,,7,) is the RDM2 for the transition K — K’. Here we use the
standard definition of the spin-spin correlation density matrix for the transition K —
K'[1, 4, 5]. We consider transition matrix elements between two states within the
same spin multiplet because transitions between different multiplets are forbidden by
symmetry (it is impossible to express elements of a given irreducible representation
of SO(3) with elements of a different irreducible representation of the same group).
Following the Wigner-Eckart theorem, we express (SM s ISfm (1,2)| SM ;) by the

corresponding reduced matrix element, and we obtain:

1 2, ’
(KSM g |52 855 (i )| K'SM )=
Ly

(18)
5 m v
2—\’3 22( H Cnizjmszc;ljlim _..ru( 2) (n,);D ss (.13 1, 1y)dndr,

o]
where D (1,7,;1,7,) = g5 (KK | 1,1, 70,7)2 /[S(2S = 1)] s, according to Eq. (6),
the normalized spin-spin correlation matrix, the same for the whole spin multiplet.

For M = M', Eq. (18) takes a simple form that gives the width of the spectral line
splitting due to the electron-electron spin-spin interactions:

1
(KSM |-2-ngs (G )| KSM ) =
L]

____% 2 2[M2__SS ] an -5 1 ID s 'dd (19)
= 3g0a 3 S+ 2 gmg.0 J"’u (n2), (ro)_, D5 (1, 1351, 1y ydndy.

"I =n
r2 =r,
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3.2. Electron-nuclei dipolar interactions

For a N-electron system in the field of M nuclei, the operator of dipole coupling bet-
ween one electron spin magnetic moment and the nuclei takes the form [1, 4, 5]:

hy () =g, azgla,,sm-[sﬂ'@s—’*——“;—]-lu):
i

"y "

= goa;glap BIsSG)-r, 10 -r,1-728G) 1)},

20)

where the proton constant oy, = o (me/my), g, is the g-factor for nucleus A, and I(A) is
its spin momentum vector. For any one nucleus A, the many-electron operator can be
written as:

Y ho() = go0g,a, Y, KG) - IA), @n

where
K@) =3[S¢)-n,In, —-S@), n,=r,/r,. 22)

The components of the axial vector K(i) can be written in the form:
K@) = ZDUSI (@), (23)
!

where
Dy = 3n(Hngr) - S mi(Hnii) 24
is a seconk-rank, symmetric, traceless tensor which is proportional to the normalized

spherical functions C*(6,,¢).
Then, the components of the symmetrized vector K'(i) are:

m

(K), =CID* ®S'], =C3 Cpi, € 6,,9,)8,: (), (25)

where [D? ® §']! is an irreducible first-rank tensor built from the tensor product of D?
and S'. The constant C can be derived from atomic spectroscopy theory [15] and its
value is 102
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Using the above relations, Eq. (21) takes the form:
20 () =g,0g,0, 3,17 Y DK, ()- I, (A) =
1 3 q

26)
=10g,08,0, 3, (-1)* 3, Conr, 2.1, °C1(6,,0.)8 (I, (A).
q m,m 1

If now one separates the electron and nuclear parts of the wavefunction one obtains,
for the matrix elements of 3 h(i):

(KSM |3 hg ()| K'SM ¢l =
‘ @n
=l0g,0g,, Y, (-° Y C2t (KSM ¢ [T r,°C2 6,,0,)S., G| K 'SML NI, (V)| 7).
q i

mm’

Using the same scheme as in previous paragraphs we can express the matrix elements
of the electron part in the form:

(KSM, [3,77C26,19,)51, (O K'SM3 ) =

28)
] , .3 ] (
= [rPCLM)g; (KK | 17, d; =\/;CA§‘SS,,,'M3 [P CLD (),
H=n (n)
where, as in Bq. (4), Ds(r,) = q,(KK | ;1) /S is the normalized spin density, the
same within the whole spin multiplet.
Finally, for the matrix elements of ¥, h (i) we obtain:

(KSM Y hs ()| K'SM 1) =

A 29
=Vi5g,ag,a, 3, (1" ¥, Couv, Citone, [ 1 CH DD (r)ar (1|1, (W1,
q m,m
For a given term, this matrix element takes the form:
(KSM | hg ()| KSM §) =
' (30)

=15g,08,0, Y, (-1)* Y, Chty, M s [ 1 CL (DD (1),
q m
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The expectation value (30) gives the width of the spectral line splitting due to the
electron-nucleus spin-spin interaction.

4. Discussion

The results presented here allow not only to include spin-spin electron-electron and
electron-nuclei interactions in the variational approach of density matrix theory but
also to perform calculations in terms of vector-model and valence-bond schemes.

These results give the possibility to include spin-spin interactions in a rigorous
density functional for spin-polarized systems. The same holds for density functionals
built in terms of density matrices. We could use the local-density form of the derived
density matrices and functionals in Kohn-Sham theory to include the spin-spin inter-
actions. The effect of electron-nuclei spin-spin interactions in the splitting of energy
levels can be taken into account by using Eq. (29) or (30) in the Kohn-Sham scheme,
while the contribution of the electron-electron spin-spin interactions can be accoun-
ted for by expressing Eq. (18) or (19) in the local-density approximation [16] for the
spin-spin correlation density matrix (5). The spin (and other) correlations neglected
in this approximation are compensated in the corresponding effective potential of the
Kohn-Sham self-consistent procedure.

In the Barth-Hedin construction [17-19], the most widely used in the Kohn-Sham
type calculations for spin-polarized systems, the energy functional is defined in terms
of the first-order density matrix. This does not permit the description of relativistic
corrections (including spin-spin interactions), which require a two-particle density
matrix. There it is only possible to determine the influence of an external magnetic
field and only for the ground state.

The formalism presented here can be used for the determination of all relativistic
corrections from the Breit-Pauli Hamiltonian as well as for the calculation of the ef-
fect of an external magnetic field, not only for the ground state but for any arbitrary
state of the spin multiplet. In practice, the problem is reduced to the construction of
the reduced spin distribution and spin-spin correlation matrices and functions within
a suitable quantum mechanical approach, and the performance of elementary mathe-
matical operations analogous to those described in this work.

The use of a suitable minimization procedure, e.g. the local-scaling transformation
scheme [20-22], or more precisely its formulation for spin-polarized systems [23, 24]
- which automatically preserves space and spin symmetry, would allow direct mini-
mization of the energy density-matrix functional, including relativistic terms. This is
the aim of our future investigations.
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Abstract

Core excitation energies (CEs) are known to depend on the chemical environment
mostly through the charge transfered from or to the would-be excited atom in the
ground-state molecule. We have made use of this peculiarity to set up a combined
method for evaluating the CEs of molecules involving heavy atoms, where cumu-
lated handicaps make direct calculations very difficult. We have evaluated the CEs
of np levels in chromium, molybdenum and tungsten hexafluorides and compared
the contributions of relaxation and relativity. In a first step, various approximate
methods were used to evaluate the amount of charge transfered in the three hexa-
fluorides, using the experimental geometries and testing different definitions of
the charge. Results show the following trends: i) the calculated charge transfer in-
creases as CrFg << MoFs < WFg; ii) Mulliken (balanced) charges vary in the order
REX >> RHF > CISD > DFT, and Weinhold (natural) charges tend to be slightly
larger; iii) our best (CISD) calculations give a natural percentage of electron trans-
fer from the metal atom to the bonded fluorines of about 45% for CrFs, 56% for
MoFs, and 59% for WF. In a second step, numerical ab-initio, relativistic, ADF
calculations of the total and orbital energies were performed on the ground-state
and core-excited metal ions involving 1 to 5 valence ionizations. Core excitation
energies were deduced and the relative importance of relaxation and relativity ef-
fects was discussed. In a last step, the core excitation energies for the molecules
were evaluated by interpolating between values previously obtained for the free
ions, using the net atomic charges derived for the ground-state molecules in our
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best previous approximation. The results are particularly striking for WFq: 1) for
core excitations from the 2p;., 2ps» and 3pys, 3pss levels, experimental energies
are reproduced within 0.4-1.2 eV; 2) there is a relaxation alteration of the charge
transfer stronger for the 3p than for the 2p levels; 3) relativistic corrections are
much larger than and opposite to relaxation corrections. © 2001 by Academic Press

1. Introduction
2. Methodology and Calculations
2.1. The approximate molecular (AM) step
2.2. The exact atomic (EA) step
2.3. The combined treatment
3. Results and Discussion
4. Conclusion
Acknowledgments
References

1. Introduction

The investigation of the chemical bond (ionic, covalent with dm-pr retro-bond,
sandwich-compound bond) and of the spectroscopic properties of transition-metal
complexes, in particular those of Group-VI elements (Cr, Mo, W) with simple lig-
ands (CsHs, CN, CO, halogens, ...), has been extensively developed in recent years
because some of them play a role in biological or industrial homogeneous cataly-
sis, particularly due to the diversity of redox reactions to which they may lead in
liquid solution [1]. The simplest complexes are also used as models for the metal-
ligand interactions in condensed phases [2].

X-ray photoelectron and absorption spectroscopies (XPS, XAS, ...) are well ad-
apted to the study of deep-core or non-occupied levels, particularly the first empty
state (LUMO), whose role is primordial in chemical reactivity. The evolution of
physicochemical properties and spectroscopic quantities of series of molecules in-
volving atoms from successive rows or columns of the periodic table [3] has been
related to the effective charge transfer from the atom to the ligands as well as to the
variation of ligand-field multiplet effects and spin-orbit coupling {4].

The present investigation is concerned with the evaluation of core ionization
and excitation energies for molecules involving heavy atoms (such as CrFg, MoF,
and WF), where cumulated handicaps make direct calculations very difficult. A
method of combined exact-atomic (EA) / approximate-molecular (AM) treatment
of those properties in such molecules, assuming charge transferability between the
EA and AM atoms, is proposed. Effects of correlation, relaxation and relativity are
assessed, and theoretical results derived using this combined method are compared
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with NEXAFS experimental data. A detailed account of the interpretation of expe-
rimental results is reported elsewhere [5].

2. Methodology and Calculations

It is established that such atom-centered properties as nuclear electron-capture,
isomeric transition or beta-decay rates [e.g. 6], Mossbauer isomer shifts [e.g. 7],
nuclear magnetic resonance (NMR) isotropic chemical shifts (ICS) [e.g. 8, 9], or
X-ray photoelectron spectroscopy (XPS) core ionization energies (CIE) [e.g. 10,
11] depend on the chemical environment of the perturbed atom mostly through the
net (negative or positive) charge transfered to (or from) the bonded ligands. The
same holds true for the Coulomb repulsion and exchange integrals [12] involved
in the core-hole energies. We have recently performed a thorough investigation of
the quasi-linear dependence of XPS CIEs in various fluorine compounds upon the
electronegativity of the central atom as well as on the resulting amount of negative
charge transfered to the bonded fluorines [13]. For sulfur compounds we have pre-
viously shown [14] that the degree of valence ionization of the molecule affects
quasi-linearly the sulfur core ionization energies. On the other hand, it has been
proposed [15] to use a linear relationship between NMR ICSs and charge incre-
ments in 13C-containing compounds for the retrieval and ranking of organic struc-
tures. The dependence of both NMR ICSs and XPS CIEs on the net atomic charge
1 5o close to linear, for a given atom in a given series, that it entails a similar de-
pendence between the two properties [13], even though they belong to frequency
ranges differing by twelve orders of magnitude.

We have made use of this peculiarity to set up a strategy for evaluating XPS or
XAS CIEs of complex molecules involving heavy atoms, where cumulated handi-
caps make direct calculations very difficult. This strategy has been applied to the
2p and 3p levels of chromium, molybdenum and tungsten hexafluorides, and has
helped us to compare the relative contributions of correlation, relaxation and rela-
tivity effects in these compounds.

2.1, The approximate molecular (AM) step

Various calculations were performed in order to estimate the amount of charge
transfer in the three hexafluorides, using experimental geometries and testing dif-
ferent definitions of the charge. Due to the importance of relativistic effects on the
bonding of such compounds, involving heavy atoms [16], all the technigues we
used involved to some extent these effects. Relativistic Extended Hiickel (REX)
calculations - including charge-parameter self-consistent interations - were done
using Pyykkd’s program [17]. For SCF calculations we used the Gaussian pack-
age [18] with Hay-Wadt pseudo-potentials and LANL1DZ basis sets [19], both at
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the RHF and CISD levels. DFT calculations were done using the Dmol package
[20] with the BLYP gradient-corrected exchange-correlation density functional
[21] and a double numeric polarized (DNP) basis set. The results obtained (Table
1) show the following trends:

Table 1, Atomic charges calculated, under various approximations and using different
models, for chromium, molybdenum and tungsten in their hexafluoride compounds. The
second column gives the experimental metal-fluorine (M-F) distances and the molecular
symmetry group (MSG). Charges in the two right cells are Mulliken charges. In the mid-
dle cells are given Mulliken (left) and Weinhold (right) charges.

Settings | d(M-F)/ A | RHF/HW | CISD/HW | DFT-BLYP REX
Molecule * MSG LANL2DZ | LANL2DZ DNP level 3
CrFq 1.716 * Oy, | 2.416 2.88312.268 2.710 2.013 3.643
MoF 1.820 % Oy | 3.054 3.616 | 2.860 3.387 2.563 3.840
WF 1.831 * Oy | 3.259 3.796 { 3.066 3.579 2.734 3.723

- i) the calculated charge transfer increases as CrFg << MoFg < WF;, which
recalls the outstanding character of Cr relative to Mo and W;

- ii) Mulliken (balanced) charges vary in the order REX >> RHF > CISD >
DFT, because electron correlation is neglected in RHF but overestimated in DFT,
and Weinhold (natural) charges tend, as often, to be greater;

- iii) our ‘best’ (CISD) calculations give a natural percentage of electrons
transfered from the central metal atom to the six bonded fluorines of about 45.2 %
for CrFg, 56.4 % for MoFs and 59.6 % for WFs. Surprisingly, the heavier the cen-
tral atom, the closer the Weinhold CISD charges to the much less sophisticated,
Mulliken REX charges.

2.2, The exact atomic (EA) step

Making use of Bruneau’s numerical ab-initio fully relativistic MCDF (BRAN)
program [22], we then performed calculations on atoms of the investigated metals,
including appropriate core excitations and from 1 to 5 additional valence ioniza-
tions. Core excitation energies for the corresponding molecules were evaluated by
interpolating between values obtained for the central atoms, using charges derived
from the previous, approximate calculations on the ground-state molecules.

The BRAN program is based on a rigorous numerical resolution of the Breit-
Dirac equation for multielectronic systems in a central nuclear field, corrected for
qed effects such as vacuum polarization. The program can perform computations
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in an MCDF scheme as well as on a DF basis if one considers a single reference
configuration. It is fully vectorized and a large choice of options, either physical
(e.g., inclusion of nuclear size) or technical (e.g., iteration procedures) is available.
The program yields, on request, the various eigenstate multiplicities, energies and
vectors, the relevant atomic integrals and such properties as the effective Z°, <1/r>
or A (spin-orbit coupling parameter) for the different orbitals. Non-relativistic, HF
or MCHF calculations can also be made by setting the speed of light (¢ # 137.036
in the default option) to a very large value.

BRAN calculations were performed on the following systems:

- 1) for chromium, the ground-state neutral-atom configuration:

Cr™gs = (1572522p%3s23p®3d%4s"),
and the systems Cr*'gs, Crf®D*2p" (n = 1,3,5), these notations designating the con-
figurations that correspond, respectively, to the ionization of n valence electrons
from the highest occupied atomic orbitals (HOAO) in the atomic ground state (gs)
followed by the excitation of a (2p) core electron to the lowest unoccupied atomic
orbital (LUAOQ), i.e.:

- Cr''gs = (15°25%2p%353p3d"), Cr""2p” = (1525°2p°3573p%3d°4s");

- Crt'gs = (15%25%2p%3s%3p®3d%), Cr¥*2p” = (1522522p°3s23p%3d*);

- Cr¥gs = (1s22872p%3s73p%3d"), Cr**2p” = (15725%2p°3s%3p%3d?).
Configuration pairs such as Cr''gs™= ( 15725%2p%3s%3p%3d°, 15225%2p®3s%3p®3d*4s!)
or Cr®"2p™ = (1s725%2p°3s%3p%3d°4s!, 1522572p°3s23p®3d*4s?) were also considered,
in order to assess electron correlation effects.

- ii) for molybdenum, the ground-state neutral-atom configuration:

Mo™ gs = (1s*252p3523p®3d'%4s?4p®4d°ss?),
and the systems Mo™gs, Mo®V*2p" (n = 1,3,5), these notations designating con-
figurations similar to those described above but with 3d°, 4s' replaced by 4d°, 5s'.
Here again a few configuration pairs were checked to assess electron correlation
effects.

- iii) for tungsten, the ground-state neutral-atom configuration:

W gs = (1s%2522p%3s?3p®3d!%4s%4p%4d 4552 5p55d*652),
and the systems W™ gs, W&*2p" and W D*3p" (n = 1,3,5), these notations desi-
gnating conﬁgtirations similar to those given above but with 4d°, 5s' replaced by
5d*, 6s* and 3p” added to 2p’. Configuration pairs here checked were of a slightly
different type, e.g.: W' 'gs* = (K2s*2p"MN5s5p®5d*6s', K2522p°MN5s*5p°5d°65%)
or W¥2p* = (K2s?2p MN5s25p®5d*6s?, K2s2p MN5s25p®5d°6s").

The relaxed, near-edge core excitation energies were derived by using the ADF
(or AMCDF) protocol: E s = M® D mp” - M™gs (M = Cr, Mo, W; m = 2 for all
M and also 3 for W; n = 1,3,5). The non-relaxed, near-edge core excitation ener-
gies were obtained by applying Koopman's theorem to the relevant mp core orbi~
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tals and nd LUAOs. For the sake of comparison, in addition to these relativistic
calculations we also made non-relativistic ones, both with and without electron
correlation and / or relaxation.

2.3. The combined treatment

Core excitation energies for the molecules were evaluated by interpolating bet-
ween values obtained for the atomic ions, assuming transferability from the atom
to the molecule and from the ground to the excited state and using charges derived
from the previous, approximate calculations on the ground-state molecules. As the
charge distribution may be very sensitive to electron correlation [23], we used our
best correlated (CISD) results, standing between the under- (RHF) and over- (DFT)
correlated values. Although the definition of the charge transfer is not so critical
here, since this quantity is used mainly as a scaling factor and since Mulliken and
Weinhold charges vary nearly in the same ratio along our series, we have selected
the more consistent, Weinhold values.

A more critical point is that the charge transfer calculated for the ground-state
molecule may not be very relevant for the molecule in an excited state. However,
as we are dealing with core excitations, we may assume that electron relaxation
does not drastically affect the charge distribution around the central atom, and that
the excitation energy is determined mainly by the ground-state charges. This point
will be discussed further below.

The dependence of core-hole energies on the net atomic charges is privileged
only for deep-core ionizations, for details of the charge distribution in the mole-
cule become more important when one approaches the Fermi level, i.e., for shal-
low-core or valence ionizations as well as for deep-core excitations, where the
ejected electron settles on an unoccupied orbital (much more sensitive to the mul-
tipolar terms of the charge distribution). However, the contribution of this outer
orbital to the total excitation energy is much smaller than that of the inner orbital,
and therefore one may neglect the details of its dependence upon the multipolar
expansion of the charge distribution.

A related problem is that, in the excited atom, the ejected electron settles on an
unoccupied nd atomic orbital (n = 4 for Mo and 5 for W), whereas in the excited
molecule it settles on an unoccupied 3¢,, or Se; (for MoF) or 45, or 6e, (for WF¢)
molecular orbital. The Se, orbital is about 0.16 a.u. higher than the 3z,, LUMO in
MoFg and the 6e, orbital about 0.20 a.u. higher than the 4£;,; LUMO in WFs. How-
ever, the central metal nd orbitals contribute much more to both #,; and e, mole-
cular orbitals than the bonded fluorine 2s and 2p orbitals. Therefore, we shall use
as experimental data the weighted averages of the measured excitation energies to
these molecular levels.

Our test calculations have shown that electron correlation contributions to the
excitation energies are, in all cases, at least one order of magnitude smaller than
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both relaxation and relativity effects, and about of the same order as contributions
neglected in the above approximations. Therefore, we have not performed a syste-
matic investigation of these effects, which will be the subject of another study.

3. Results and Discussion

In some applications {e.g. 5] it may be useful to know atomic integrals involved in
the calculation of eigenstate energies and vectors. In the transition-metal series we
are dealing with, the integrals relevant to our measurements are (Fp), F2, Gi, G3
[e.g. 12] between 2p and 3d orbitals for Cr, 2p and 4d orbitals for Mo, and both 2p
and 5d and 3p and 5d orbitals for W. Following the above discussion the Coulomb
repulsion and exchange integrals were calculated for the isolated Cr, Mo and W
atoms depleted of 1, 3 or 5 electrons in the ground and core-excited states, using
the program BRAN. The searched integrals are weighted averages of the non-zero
relevant integrals (mpi/2 mpy/2 | ndig2 ndy2), with m = 2 for Cr and Mo and also m
=3 for W, and n = 3 for Cr, 4 for Mo and 5 for W. The momentum indices are i =
j=lor3andk=I]=3or5forFy,i=j=3andk=I=3or5forF,,j=1=30r5
when i = k=3 for both G; and G; whereas j=/=3 for Gy andj =1=5 for G;
when i = k= 1. The results are displayed in Table 2. We also give for comparison
non-relativistic integrals for the core-excited states of the W ions. In addition to
the integrals of the above ions we also give those fitted for fractional charges in
Table 1 and for charges derived from experimental data further below.

Table 2. Coulomb repulsion and exchange integrals (/ eV) computed for chromium, mo-
lybdenum and tungsten ions in their ground state and in an mp core-hole state (for every
integral, gs stands for “ground state” and ch for “core-hole state”). For W we also give,
for comparison, the non-relativistic values for core-hole states of the 1ons (nr-ch) and
values interpolated for the 'experimental' metal charges in the molecular excited state.

Atom / charge cr'’t crt Cr™* Cr Qe
in ground state (Qme=2.71)
Fo (2p 3d) gs 26.912 31.299 34.908 30.711
" ch 29475 33.481 36.826 32.941
F,(2p3d)gs | 4317 5.724 7.129 5.520
" ch 5.232 6.621 8.000 6.420
Gi(2p3d)gs | 2917 4038 5272 3.868
" ch 3.822 5.009 6.287 4.831
Gy (2p3d)gs | 1644 2282 2.989 2.185
" ch 2.136 2.808 3.537 2.707
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Atom / charge Mo * Mo ** Mo " MO Qe
in ground state (gme = 3.39)
Fo (2p 4d) gs 19.319 21.873 24.054 22.328
" ch 20.969 23.363 25.413 23,790
F; 2p 4d) gs 1.214 1.585 1.968 1.659
" ch 1.445 1.819 2.195 1.892
G (2p 4d) gs 0.967 1.279 1.606 1.342
" ch 1.171 1.490 1.819 1.553
G; (2p 4d) gs 0.555 0.734 0.925 0.770
" ch 0.672 0.858 1.048 0.895
Atom / charge wh w* A W Gthe s exp
in ground state (3.58/3.36)
FO (2p 5d) gs 17.539 19.759 21.597 20331/
" ch 18.743 20.787 22.514 21.320/
nr-ch 19.084 21.032 22.677
FO (3p 5d) gs 17.125 19.212 20915 19.745/
" ch 18.186 20.091 21.680 20.584 /
nr-ch 18.509 20.319 21.830
F2 (2p 5d) gs 0.531 0.696 0.863 0.744 /
" ch 0.619 0.780 0.945 0.827/ 0.841
nr-ch 0.642 0.801 0.960
F2 3p 5d) gs 1.080 1.390 1.694 1.479/
" ch 1.242 1.543 1.839 1.629/ 1.539
nr-ch 1.316 1.614 1.907
G1 (2p 5d) gs 0.440 0.579 0.721 0.620/
" ch 0514 0.651 0.791 0.691/ 0.703
nr-ch 0.547 0.685 0.826
G1 (3p 5d) gs 0.194 0.255 0.318 0273/
" ¢ch 0.230 0.291 0.355 0309/ 0.290
nr-ch 0.249 0.311 0.375
G3 (2p 5d) gs 0.253 0.334 0.417 0.358/
" ch 0.295 0.375 0.458 0.399/ 0.406
nr-ch 0.326 0.409 0.493
G3 (3p 5d gs 0.200 0.265 0.331 0.284/
" ch 0.235 0.299 0.365 0318/ 0.298
nr-ch 0.256 0.321 0.387

As expected, the integrals for core-hole ions are larger than those for ground-
state ions. The relativistic integrals are smaller than the non-relativistic ones, due
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to the induced contraction of the core orbitals and corresponding expansion of the
valence orbitals [16]. The values used for Qexp in W are taken from Table 4: 3.75
for 2p-5d excitations and 2.97 for 3p-5d excitations.

Another property of interest computed by the program BRAN from first princi-
ples is the effective spin-orbit coupling parameter A. This parameter is important
for interpreting spectroscopic data (splittings or intensities) [e.g. 5], but we used it
to identify the other relativistic effects in our computed energies. In order to help
estimate these other relativistic effects, the spin-orbit splitting has been added to
the non-relativistic values, using for the np;,; and np;/; energies the formulae:

(-1, n-1t)y/ = (G-1X, n-1) + A, (q-1X, n-rt)y; = (Q-1x, n-1t) - A/2 (@ =nory).

The parameter A is known to increase roughly as Z* and, for a given Z, to decrease
with » and [ increasing while moving away from the nucleus. As it can be seen on
Table 3, it also slightly increases with the degree of valence ionization, the remai-
ning electrons becoming less screened from the central nucleus.

Table 3. Effective spin-orbit coupling parameters (/ a.u.) computed the np core orbitals in
core-excited, valence-ionized Cr, Mo and W atoms in the y-rx and n-rx cases (numbers in
parentheses give the range of the next decimals for the 17 to 5" ions). The A values for the
md valence orbitals are quasi independent of relaxation and range from 0.004 to 0.015.

M-ch

Cr-2p (y-1x)

Cr-2p (n-rx)

Mo-2p (y-rx)

Mo-2p (n-rx)

A

0.22 (36-92)

0.21 (61-79)

2.56 (78-79)

2.62 (74-77)

M-ch

W-2p (y-1x)

W-2p (n-rx)

W-3p (y-rx)

W-3p (n-1x)

A

32.7578

33.2091

7.17 (30-35)

7.29 (23-28)

In Tables 4a-4c there are given the core excitation energies yielded by the pro-
gram BRAN for the Cr, Mo and W (1" to 5%) ions, and those interpolated for the
ground-state molecules using the CISD Weinhold charges from Table 1. For the
sake of comparison, we also give the values obtained when neglecting relaxation
and / or relativity effects, together with experimental values. The results cotres-
ponding to the atomic ions are also displayed in Figs 1-3. One can make the fol-
lowing observations on these results.

- 1) For all ions and all levels, relaxation effects tend to decrease the core
excitation energies while relativity effects tend to increase them.

- ii) For Cr ions, relaxation effects tend to decrease when the positive char-
ge increases while for W ions, the trend is opposite, the balance point occurring
just beyond the Mo ions. There is no such, clearcut variation for relativity effects.
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Table 4-a,b. Some 2p excitation energy values (/ a.u.) obtained for valence ions of chro-
mium (Z = 24) and molybdenum (Z = 42): y and n stand for including or not-including,
and rx and rt for relaxation and relativity effects, respectively. In order to help estimate
other relativity effects, the spin-orbit splitting has been added to the non-relativistic val-
ues. The non-relaxed values are Koopman's excitation energies, whereas relaxed values
are ADF excitation energies from 2p to 3d (Cr) or to 4d (Mo) levels. For Mo, the experi-
mental values are averages between values measured for the excitation energies from the
'2p' to 315, and Se, molecular orbitals.

Atom/charge| Cr'* Cr* Cr’* Cr Qe Cr'geyy’

{ground state) Qme=2.7D) [ (gexp'=7)
L (o nrt) |21.870 | 21.943  |22.163
L(y-tx,n1t) |21.183  |21.343 | 21.605
LI (2p,),)

(n-rx, n-rt)i2  |22.087 22.160 |22.381
(n-rx, y-rt) 22.154 22226 |22.445
(yrx,n-1t)12 | 21.407 21.568 |21.834
(yrx, y-rt) 21.452 21.610 |21.882 21.580
LII (2p,,)
(n-rx, n-rt)y,  |21.762 21.835 |22.054
(n-1x, y-t) 21.830 21.901 |22.118
(y-rx, n-1t)yy | 21.071 21.231 |21.491
(y-1x, y-1t) 21116 21.247 | 21.538 21.218

Atom /charge | Mo'" Mo ** Mo>* Mo e Mo 'qe,
(ground state) (Qhe=3.39) | (Qexp' =4.27)
L (n-rx, n-rt) |94.166 94.263 94 458

L(y-rx,nrt) 92950 | 93.082 |93.307 (4.260)

LI (2p,,»)

(n-rx, n-rt)i2 | 96.794 96.890 |97.086
(n-x, y-1t) 97.973 98.067 |98.261

(yx,n-1th 195518 95.648 | 95.874 (4.226)
(y-1x, y-rt) 96.523 96.652 | 96.875 96.688 96.763
LIIL (2p,,)

(n-rx, -tz |92.853  |92.949  [93.144
(n-rx,y-rt)  |94.031  |94.125 194319
(y-1x,n-rt)y,  |91.666  |91.799 |92.023 (4.312)
(yrx,yrt) 192671 92803 |93.023  |92.839 92.924

- iii) From Cr through Mo to W, relaxation effects increase six-fold, from
about 0.6 through 1.2 to 3.5 a.u., whereas relativity effects increase 280-fold, from
about 0.07 through 1.18 to 18.47 a.u.
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Table 4-c. Some np (n = 2, 3) excitation energy values (/ a.u.) obtained for valence ions
of tungsten (Z = 74): y and n stand for including or not-including, and rx and rt for relax-
ation and relativity effects, respectively. In order to help estimate other relativity effects,
the spin-orbit splitting has been added to the non-relativistic values. The non-relaxed va-
lues are Koopman's excitation energies, whereas relaxed values are ADF excitation ener-
gies from np to 5d (W) levels. Experimental values are averages between values measu-
red for the excitation energies from the 'np' to 41, and 6e, molecular orbitals.

Atom / charge| W w3 w3 W Qihe W 'gerp'
(ground state) (gne=3.58) | ('qexp' =3.36)
L (n-rx, n-rt) | 376.698 | 377.621 | 378.765

L (y-rx,n-rt) | 374.163 | 374.276 | 374.451 {3.748}
LI 2p,,)

(n-rx,n-rthyy | 409.907 | 410.830 | 411.975

(n-rx, y-rt) 428399 | 429.298 | 430.428

(yrx,n-rthe | 406.920 | 407.034 | 407.208 (3.550)
(y-1x, y-t) 424.135 | 424.245 | 424.416 | 424.288 424.282
LIII (2p,,,)

(n-x, n-1t)z2 | 360.094 | 361.016 | 362.161

(n-1x, y-1t) 378.586 | 379.484 | 380.614

(yrx,n1thn | 357.784 | 357.897 | 358.072 (3.947)
(y-1x, y-1t) 374.998 | 375.108 | 375280 | 375.152 375.175
M (n-rx, n-rt) | 84.190 85.110 86.245

M (yrx, n-rt) | 82.538 82.649 | 82.814 {2.974}
MII (3p,,,)

(n-rx, n-rt)i | 91.483 92.402 93.538

(n-rx, y-rt) 96.678 97.574 98.694

(y-x,n-tt)i | 89.711 89.822 89.987 (2.964)
(y-1x, y-t) 94.661 94.768 94.931 94.809 94.765
MIH (3p,,)

(n-rx, n-rt)z | 80.544 81.464 82.599

(n-1x, y-rt) 85.740 86.635 87.755

(yrx,n1th | 78952 79.062 79.227 (2.984)
(y-rx, y-rt) 83.901 84.008 84.170 84.049 84.007

- iv) As a result, while for the Cr ions relaxation effects are about 9 times
larger than relativity effects, for W ions relativity overcomes relaxation by a factor
of over 5, the balance point occurring again just beyond the Mo ions, where rela-

xation is stil} stronger than relativity by about 0.2 a.u.
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Fig. 1. Core excitation energes for the 2p and 2p  levels of Cr and Mo ions in the yes / no relaxation

(rx) and relativity (rt) options (spin-orbit splitting has been added to the non-relatvistic values) For the

Mo ions, relativity corrections nearly compensate relaxation corrections.

afieyo JoN

(A u-K) ——  Z5(p-u a-h) —o—

2ie

(A a-u) —— - eU)

T T

abieyo JoN

(u-h xi-h) —@—  Pru XAy —O—

(A x-t) —p—  Fpu ul) —o—

T ——

Naamko

B S I s e e B R

N\nn_N oW

F0'Le

- sz

r0'2C

- §'2¢

~ 0'€2

ne/3

ne/3

abseys 1oN
9 S v € z b 0
AA L ! L I P S D._‘N
¢ >
1 e - gz
\ w\\
] $
7 K44
q\\\\\\\\\\H«
\<
== .
(K u-h) —— -t xh) o e
zhn QN ._U
(M-A au) e MU Uy
; , — _ , 0'ez
abueyo jaN
9 g v € z L 0
L ¢ L ) LLL:LLLLL‘F? g6
P
R
v 96
-t
I [
LSS -6
ey 86
v
A wih) —— (U -h) > 66
e dz o !
(A b)) —p— 0 )
M_||1|‘|.’1~ T T u B e e e S s o OOF

ne/3

‘nesg



A Method of Combined Treatment for the Evaluation of Core Excitation Energies 319

Fig. 2. Core excitation energies for the 2p  and 2p . levels of W ions in the yes / no relaxation (rx)
and relativity (rt) options (spin-orbit splitting has been added to the non-relativistic values). One
can see that relativity corrections largely overcome relaxation corrections.
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Fig. 3. Core excrtation energies for the 3p,, and 3p ,  levels of W ions in the yes / no relaxation (rx)

and relativity (rt) options (spin-orbit splitting has been added to the non-relativistic values) One

can see that relativity corrections largely overcome relaxation corrections.
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As those found with other compounds [13, 14], the variations displayed in Figs
1-3 are not so linear as expected. Therefore, we searched for quadratic fits of the
variations of the core-level excitation energies with the valence charge (Tables 4a-

4c). This will allow a Lagrange interpolation using the molecular charges. The co-
efficients of these fits are gathered in Table 5.

Table 5. Quadratic-fit coefficients for the charge dependence of excitation energies in Cr,

Mo and W (Table 4-a,b,c).
Cr2poe | Cr2py; | Cr2psp | Mo 2pyye | Mo 2py; | Mo 2p3,
C 21.88865 | 21.41575 | 21.1105 | 94.15425 | 96.49375 | 92.6380
B(q) | -0.0370 0.0220 -0.0145 -0.0005 0.0175 0.0220
A(qz) 0.01835 | 0.01425 0.0200 0.01225 | 0.01175 0.0110
W2purt | W2piz | W2psp | W3pure | W3pip | W3pan
C [376.31935|424.10285{374.96625 | 83.81065 | 94.6285 | 83.8681
B(q) 0.3510 0.0245 0.0240 0.3525 0.0255 0.0260
A(qz) 0.02765 0.0076 0.00775 0.0269 0.0070 0.0069

The core excitation energies interpolated for the hexafluorides of molybdenum
and tungsten compare rather well with the experimental values. For the Mo 2p,,»
and 2pj,; levels these latter are larger by only 0.08 a.u. (about 2 eV) than the inter-
polated values. For the W 3p;,» and 3p3,; (upper excited) levels the experimental
values are now smaller by about 0.04 a.u. (1 eV) than the interpolated ones. When
one proceeds deeper in the core, for the W 2p,,; and 2p;3,; levels, the interpolated
values become practically equal to the experimental ones, within 0.01-0.02 a.u. =
0.4 eV, not far from experimental errors.

As it was conjectured in the previous section the correspondence between com-
puted and measured values is the better when one deals with deeper core levels. In
other words, our method of combined treatment, which involves approximate mo-
lecular charges and exact atomic energies in the evaluation of molecular energies,
should be more appropriate for deep-core excitations.

On the other hand, if one reverses the interpolation procedure and calculates
molecular charges from the measured energies (Tables 4a-4c), it seems to be that
in WF there is a relaxation-induced reduction of charge transfer for the shallower,
3p levels. This can be understood by tungsten becoming less electropositive when
it looses a core electron closer to the valence levels. However, there is an opposite
effect for molybdenum, which is yet to be understood.



322 J. Maruani et al

4. Conclusion

In a previous paper [13] we made a systematic investigation of the well-
recognized dependence of XPS and related chemical shifts on the net charge trans-
fered to (or from) the core-ionized atom from (or to) its bonded neighbours. It was
shown that, even though the use of this dependence to make a theoretical evalua-
tion of a chemical shift of an atom in a molecule presents less interest since more
direct and accurate methods have become available [24], a precise knowledge of
this dependence can be very useful for it may help derive charge transfers, electro-
negativities and other properties of chemical interest from the measured chemical
shifts, In addition, there seems presently to be no economical procedure for com-
puting precisely core ionization energies for compounds involving heavy atoms,
where relativistic effects (including charge-dependent spin-orbit coupling) are too
large to allow other methods to be applied without major modifications.

As an example, we have used the method of atomic core-hole valence-ion
calculations to evaluate the relative importance of relativity, relaxation and charge
transfer effects in the hexafluorides of chromium, molybdenum and tungsten, and
proposed a method of combined EA / AM treatment to evaluate inner-core excita-
tion or ionization energies in these compounds. Test calculations have shown that
for such properties electron correlation effects are much smaller than both relaxa-
tion and relativity effects. In chromium relativity corrections, though already quite
important, remain smaller than relaxation effects, whereas in tungsten relativity
corrections largely overcome relaxation effects, the balance point occurring just
beyond molybdenum. Core excitation energies calculated for the corresponding
molecules by interpolation from the results obtained for the atomic ions, assuming
transferability from the atom to the molecule and from the ground to the excited
state, reproduce rather well experimental results, slight discrepancies pointing to a
level-dependent, relaxation-induced charge-transfer variation in the molecular ex-
cited state,

Further work is in progress on other heavy-element compounds — particu-
larly organometallics of the (Fe, Co, Ni) series — in order to assess the reliability of
this method of combined treatment for specific extended systems.
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Abstract

Three independent relativistic approaches, four-component density
functional theory (4¢-DFT), two-component DFT-ZORA(MP) (Zeroth
order regular approximation with model potentials) and two-component
ECP-CCSD(T) (Effective core potentials, coupled-cluster theory with
singles, doubles and perturbative triples), have been employed by three
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wndependent groups to calculate the bond lengths, binding energies and
vibrational frequencies for the eka-lead (E114) compounds E114X (X =
H, F, Cl, Br, I, O, O2) and the E114 dimer. For calibration, we also re-
port results for homologous lead compounds. The dipole moments and
dipole moment derivatives for the diatomic molecules are presented as
well. The bonds in E114 compounds are considerably weaker than those
of lead due to much larger relativistic (spin-orbit) effects It is predicted
that E11404 is thermodynamically unstable with respect to the decom-
position into E114 + Og, in contrast to PbOg — Pb + Q5. Both 2Pb0O,
— 2PbO + O3 and 2E11405 — 2E1140 + Og are thermodynamically
unstable. The agreement between the two-component (ZORA) and the
four-component (BDF) density functional results is quite good even for
the E114 compounds. However, this requires a careful construction of

the Gaussian basis sets used in the ZORA calculations
© 2001 by Academic Press
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1 Introduction

The discovery of several new superheavy elements with nuclear charge 100,
111, 112, 114, 116, and 118 [1, 2, 3, 4, 5, 6] 1s one of the most significant scien-
tific achievements in the end of last century. However, chemical experiments on
most of these elements are difficult to perform due to either too short half-lives
or too low production rates. Eka-lead (E114) is the heaviest element discov-
ered up to date that can last as long as 30 seconds before flickering out [4].
This in some sense supports previous predictions based on shell closure effects
that E114 is the peak of the island of nuclear stability [7]. Possibly an atom-
at-a-time radiochemical experiment (for the recent review, see ref. [8]) can
be carried out for E114 in the near future, if the production rate is sufficient.
However, standard spectroscopic studies (electronic, vibrational, rotational,
NMR, etc) on molecules containing superheavy atoms are still rather difficult
even if both the half-lives and production rates are sufficient. Quantum chem-
ical calculations are thus so far the only way to investigate the physical and
chemical properties of these superheavy elements (for recent comprehensive
reviews, see refs. [9, 10]). It is known that periodic trends of lighter congeners
of a certain group can not be simply extended down to superheavy elements
due to enormous relativistic (and correlation) effects {10, 11]. The low reac-
tivity of E114 was predicted by several authors [12, 13, 14] based on simple
models. The main interest there was to investigate the stability of di- and
tetra-valent oxidation states of E114 [15]. Most of the previous investigations
dealt with closed-shell molecules. For open-shell molecules, spin-orbit (SO)
coupling takes effect already to first-order and therefore requires SO calcu-
lations even at lowest order of approximation. For closed-shell systems, SO
coupling is of higher order and has to be mcluded from the very beginning
of the calculation to account for spin-orbital relaxation effects. In this work,
three independent relativistic approaches, four-component density functional
theory (4c-DFT, hereafter denoted as BDF) [16], two-component ZORA(MP)
(Zeroth order regular approximation using model potentials) in the framework
of DFT [17, 18], and two-component ECP-CCSD(T) (Effective core potentials,
coupled-cluster theory with singles, doubles and perturbative triples) [19, 20],
have been employed to calculate the bond lengths, binding energies and vi-
brational frequencies for E114X (X = H, F, Cl, Br, I, O, O;) and the E114
dimer. For comparison, the corresponding lead compounds are also investi-
gated. The dipole moments for most of these diatomic molecules are still not
known experimentally, and are thus calculated by the DFT approaches. Since
four-component relativistic all-electron highly correlated calculations could not
be performed to serve as benchmark due to the enormous demand of computa-
tional power, and since quite different Hamiltonians and basis sets have been
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used here, it is necessary to critically discuss the consistency (agreement) of
the chosen approaches. For this purpose, atomic calculations for Pb and E114
are first carried out. We mention that E114H was recently calculated by Nash
et al. [11] and Han et al. [21] using relativistic ECP approaches. The results
will be compared with the present work latter.

The paper is organized as follows: In Sec. II, the computational methods
are briefly described. In Sec. III, results of atomic calculations of lead and
E114 atoms are given. We also discuss the basis set dependence and the effect
of different contraction schemes on the ZORA results since this turned out to
be a critical issue. Sec. IV devotes to discussion of molecular calculations.
The paper ends with the conclusions in Sec. V.

2 Computational details

2.1 BDF

The Beijing four-component density functional program (BDF) has been pre-
sented in detail elsewhere [16]. Briefly, the Dirac-Kohn-Sham equations were
solved by using highly accurate numerical quadrature under the double point
group symmetry Frozen-core approximations were used: [1s% —4f] for lead,
[1s? — 5f14] for E114, [1s%] for oxygen and fluorine, [1s? — 2p®] for chlorine,
[15% —3d'9] for bromine, and [1s% —4d'?] for iodine. Four-component numerical
atomic spinors generated from finite-difference atomic calculations were used
for the cores, whereas the basis sets for the valence spinors were a combimation
of the numerical atomic spinors and kinetically balanced double-zeta Slater-
type functions. Polarization functions of 2d2f for Pb and E114, and 2d1f
for ligands were added. A diffuse s function was added for hydrogen, and a
set of diffuse p functions were added for oxygen and halogens In the case of
E114,, one set of diffuse p functions were further added, leading to quadruple-
zeta basis set for the 7p. The Perdew-Wang formula [22] for the local density
approximation (LDA) and Becke-exchange [23] and Perdew-correlation [24]
gradient-corrected functionals were used as they stand to describe exchange-
correlation interactions, since relativistic corrections to these functionals have
no significant effects either on atomic valence-electron excitations [25, 26] or
on molecular spectroscopic constants [27] (see also below). This gradient-
corrected functional is denoted as BP. A self-correlation correction due to
Stoll et al. [28] (denoted as BPSCC) was considered occasionaly. The moment
polarization scheme [25, 29], which has one-to-one correspondence to the non-
relativistic spin polarization, was used for open-shell systems. The effect of
self-consistency of GGA (generalized gradient approximation) turned out to
be very small for all systems studied here.
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2.2 ZORA(MP)

The ZORA(MP) method has been described in ref. [17]. A two-component
(2c) variant of this method has been implemented soon thereafter [18]. In
open shell cases, we use a Kramers’ unrestricted approach, and the exchange-
correlation energy was calculated from a nonrelativistic spin-density functional
(BP in this case, as described above). The spin density s(7) used in such a
method should be invariant with respect to rotation in spin space, therefore
we define the spin density as the length of the magnetization vector m,

s = vVm? (1)

oce

M= < ¢l7|¢, > (2)

where {¢,} are the occupied two-component molecular orbitals (spinors) and
7 = (04,04,0,) is the vector of the Pauli spin matrices. Note that for open-
shell systems, this approach leads to an exchange-correlation potential which
is a full 2 x 2 matrix. This definition of the spin density is the symmetry-
adapted [30] version of the traditional approach, which uses the projection of
M to a fixed axis. In the present implementation of ZORA, as indicated by
the above formulae, the change of picture for the position variable is 1gnored
when constructing the density.

Triple-zeta type basis sets from ref. [31] were used for the atoms H, O, F,
and Cl, but with new relativistic contraction coefficients derived from atomic
ZORA calculations. T'wo sets of d-polarization functions were added. For Br,
a 20514p9d basis set from ref. [32] was contracted to 14s10p6d, and then a d
function was further added, using the next exponent from the well-tempered
series. A 21517p12d 10dine basis set from the same compilation was contracted
to 15s13p8d, and 2d1f functions were added. These (l-adapted) segmentedly
contracted basis sets were used in both the one- and two-component ZORA
calculations. For Pb (E114), we optimized a 24s20p15d10f (27s24p18d12f)
uncontracted basis set. This optimization has been performed at the nonrela-
tivistic density functional level using a new atomic DFT program written for
that purpose [33]. This basis set has been used in the scalar-relativistic ZORA
calculations after contracting to 18s16p12d8f (21s20p15d10f) and adding a
flat f-function with n; = 0.4 (n; = 0.3). For example, the steepest five p-type
Gaussians have been contracted to form a single basis function. We will denote
such a contraction scheme l-adapted. For the two-component calculations, we
again start from the uncontracted basis set but first add two p-functions with
exponents 1, which are 5 and 25 times larger than the exponent of the steepest
p-function in the original basis set. This is necessary to improve the descrip-
tion of the pi /5 orbitals, as has already been noted before [34]. This augmented
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basis set was then contracted to 19s20p15d10f (21523p17d12f). More specifi-
cally, for Pb, the steepest 6 s-functions have been contracted to a single basis
function, while the steepest 4 p-type Gaussians give rise to two basis functions,
with contraction coefficients taken from the 2p, /» and 2ps/, spinors of an atomic
two-component calculation. We call this a j-adapted contraction scheme since
these two basis functions serve to describe either the p; /5 or ps/o spinors of the
atomic calculation. For Pb, the d- and f-functions remain uncontracted. The
E114 basis set is contracted as 7s — 1s, bp — 2p, and 3d — 2d in a similar
way. Finally, a flat f-function was added as in the scalar relativistic basis set.
A point charge was used to represent the nucleus in both the ZORA and BDF
calculations, but finite nuclear size effects were investigated for the first four
atomic ionization potentials and selected molecules (see below).

2.3 ECP-CCSD(T)

A two-component Kramers’ restricted Hartree-Fock (KRHF) approach [19]
was employed to treat spin-orbit interaction at the HF level of theory using
relativistic effective core potentials (RECPs) and produce molecular spinors
obeying double group symmetry. Electron correlation was then treated at
the coupled-cluster singles and doubles with perturbative triple contributions
(CCSD(T)) level of theory [20]. In this work, the following shape-consistent
ECPs were used: VE22 (22-valence electrons) ECPs for Pb [11] and E114 [35],
VE6 ECP for oxygen and VE7 ECPs for halogens [36, 37, 38]. To achieve good
correlation treatments, the following extended basis sets {(denoted as basis set
A) were used in the spin-averaged one-component RECP (AREP, or 1¢-ECP)
calculations: 9p7sd3pf for Pb and E114, aug-cc-pVTZ basis sets for H, O, F,
and Cl [39], and the (7s7p3d2f)/[4s4p3d2f] valence basis sets for Br and 1 [40].
However, in the 2c-ECP calculations smaller basis sets (denoted as basis set
B) had to be adopted: 6p6sdlpf for Pb [11] and E114 [35], 3s3p for oxygen
and halogens [36, 37, 38|, and the aug-cc-pVDZ basis set for hydrogen [39].
For oxygen and halogens, a set of diffuse s and p functions and a set of d-type
polarization functions were added. If not otherwise stated, SO effects were
derived as the difference between the 1c-ECP and 2¢-ECP results calculated
with the same basis set B at a given level of theory. The use of smaller basis
sets for the evaluation of SO effects is in many cases justified [21]. However,
the E114 oxides turned out to be examples of the exceptions, since there the
interplay between SO coupling and correlation is sizable. For most of the
molecules studied here, we noticed that the KRHF SO effects are rather close
to the CCSD(T) values, although KRHF yielded repulsive energy curves for
E114X other than E114F and E114Cl. The 1¢-ECP calculations were carried
out with the GAUSSIAN94 [41] and MOLPROY8 [42, 43, 44] programs and
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the 2¢-ECP calculations with two-component packages [19, 20] on the CRAY
C90 at KORDIC.

2.4 FEvaluation of the spectroscopic constants

The bond lengths, vibrational frequencies, and force constants were obtained
from suitable polynomials (DFT) or Dunham (ECP) analysis. The mass of
E114 was taken to be 280. The binding energies were evaluated using results
of separate calculations for atoms.

A pomt should be made for the binding energies reported here. The ground
state of E114 is close to a single 7s*7p},, configuration (99.2%) due to large
spin-orbit splitting of the 7p shell, whereas the ground state of Pb is composed
of 92.5% of 6s°6p?,, and 7.5% of 65°6p3,, (MC-DFC results obtained with
the GRASP program [45]). Nevertheless, a single Slater determinant for Pb
was taken as reference in both the DFT and ECP calculations, although an
intermediate coupling scheme would slightly lower the binding energies of the
Pb compounds (by 0.22 eV [46]). Due to self-interaction problems inherent in
the present (approximate) functionals, there is a certain degree of arbitrariness
in the treatment of open-shell systems. In the present DFT calculations, the
lowest-energy determinants for F and O were taken as references, which are
lower than the spin (moment) polarized spherical atoms by 0.31 and 0.38 eV
for F and O, respectively. This effect is very small for F and O at the LDA
level and also small for the heavier halogen homologues at both the LDA and
GGA levels [47]. By careful analysis we learned that the difference between
79- and LS-coupling for the ligands is quite small (e.g., < 0.03 eV).

3 Atomic calculations

In this section, the BPSCC functional was used in the DFT calculations. The
necessity to account for self-interaction corrections when the number of elec-
trons is changed was discussed in ref. [26]. The calculated first four ionization
energies (IP2) and the np; /s to npse excitation energies (EE) for Pb (n = 6)
and E114 (n = 7) are presented in Table 1. Since so far we can not exploit
double point group symmetry in our ZORA calculations, the excitation ener-
gies by ZORA were not performed. The available experimental data for Pb
[48] was included for comparison.

It is seen that the ZORA results for Pb agree with the BDF ones within
numerical accuracy. The agreement of DFT with ECP-CCSD(T) and experi-
mental data [48] is also quite good. The BDF results for E114 are in good agree-
ment with the four-component Dirac-Fock-Coulomb (DFC)-CCSD(T) values
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Table 1: Excitation and ionization energies (eV) of Pb and E114. BDF: four-
component density functional theory. ZORA: two-component zeroth order reg-
ular approximation. BPSCC: Becke-Perdew86 and self-correlation correction.
ECP: two-component effective core potential.

Wenpan Liu et al.

DFC: Dirac-Fock-Coulomb

CCSD(T): coupled-cluster with singles, doubles and perturbative triples.

BDF  ZORA ECP  expt.®
BPSCC BPSCC CCSD(T)

Pb  6s°%pi, — 65%6p}, 7.02 7.01 7.01 7.42
65°6p;/, — 65°6p3,,  1.83 1.58 1.75
65°6p],, — 6%6pY, 14.82  14.84 1461  15.03
65°6p},, — 6s'6pY,, 3199 32.00 31.56  31.93
6s'6pY,, — 65%p],, 4274  42.66 4195  42.31

El14 7s°7p}, — Ts*Tp},,  8.26 823 8.45 8.36°
78%Tpijg — T8%Tpyy 491 4.91 4.77°
78%Tpljy — T8%7p0,, 1662 16.63 16.74  16.55°
7s¥TpY), — 75'7p%,, 3543 35.35 36.40  35.52°
Ts'Tply — T"TpY,, 4641 46.20 46 97

“Ref. [48]. " DFC-CCSD(T) results from ref. [15].
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of Seth [15], indicating that relativity is properly described in the BDF cal-
culations. The IP;, IP;, and EE for E114 from the present ECP-CCSD(T)
calculations are also in line. However, ECP-CCSD(T) overestimated the IP;
and IP, of E114 by about 1.0 and 0.5 eV, respectively, compared to BDF
and DFC-CCSD(T). Probably this illustrates the deficiency of the s set of the
ECPs [35]. It can be expected that this set of ECPs would yield too weak
bonds if the 7s orbital is indeed involved in the bonding. Nash et al. [11]
reported 8.56 eV and 5.43 eV for, respectively, IP; and EE of E114 by using
the same ECP as applied here but at the RCISD (relativistic configuration
interaction with singles and doubles) correlation level. In both the ZORA
and BDF calculations, the 7s orbital lies below the 6ds/, spinors for E114 and
E114%1, but becomes higher for E114*? and E114*3. Thus, the third and
fourth ionizations indeed remove the 7s electrons. Actually, the 6d3 /27sz7p(1’ /2
(6d5 575" 7p},5) configuration lies above 6dg,,75'7p, (6d3/,75°7p),) by 1.94
(1.56) eV according to the BDF calculations.

There is good agreement between the four-component BDF and the two-
component ZORA results. The largest error occurs for IP4, and is about 0.2
eV (or 0.5% !). It is difficult to describe the s-type atomic spinors in the
nuclear region if one uses Gaussian-type basis sets, and the differences be-
tween ZORA and BDF in IP; and IP, reflect this. To further investigate the
basis set dependence of the two-component ZORA results, we calculated the
ionization potentials of Pb and E114 using different basis sets (see Table 2).
The fourth column (EXT) presents results from a very large 'reference basis
set’. This brings the ZORA results in complete agreement with BDF. The first
three columns document the performance of different basis sets. In the first
colunm (UNC), we see the results from our ‘original’ basis set optimized at
nonrelativistic DF'T level. This basis set performs well for Pb if used uncon-
tracted but shows sizable deviations for IP; and IP, of E114. This is due to
an improper description of the 2p,/, orbital which requires steep p functions
The orthogonality of the atomic p;/, spinors transfers this error to the valence
Tp1/2 spinor, whose orbital energy is too high, resulting in too low ionization
potentials In the third column (3-AC) one sees that adding two steep p func-
tions (see above for details) results in much improved values for the first two
ionization potentials, bringing, e.g., IP; from 8.11 eV to 8.23 €V (the ‘reference
basis set’ result is 8.24 eV). These results are the same whether one contracts
the basis set (using j-adapted contraction !) or not. This is not true for the
segmented (l-adapted) contraction scheme, as can be seen from the second col-
umn (I-AC). For Pb, the differences between the first two columns are small,
but for E114, the l-adapted contraction scheme is clearly problematic, e.g., it
reduces IP; and IP; by 0.25 and 0.38 eV, respectively. We note that IP3; and
1P, are fairly constant for the first three columns of Table 2. This is clear, as
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the question of j-adapted vs. l-adapted contraction is not an issue for s-type
orbitals. It is an open question whether it is meaningful to include ultra-steep
s-type basis functions to reach the basis set limit. These functions serve to
describe the singularity of the s-type atomic spinors caused by the point nu-
cleus. In reality, nuclei are extended so we also investigated the finite nuclear
size effects (last column of Table 2). As expected, IP; and IP; are not affected,
since p electrons do not penetrate the nuclear region, but IP; and IP4 of E114
are reduced substantially (by 0.36 and 0.42 eV). The same amount is found
in the BDF calculations, where IP3 4 are reduced to 35.08 and 45.99 eV if an
extended (uniform finite) nucleus is used in the calculation. Different extended
nuclear models thus do not matter too much for (valence) energy differences.
We note in passing that the nuclear size effects on molecular spectroscopic
constants are small, mainly because the E114 7s orbital contributes little to
the bonding, especially in the diatomic molecules (see below).

With both ZORA and BDF, we performed calculations on spherical and
unpolarized neutral Pb and E114 atoms with the npyynp,, configurations.
The results are given in Table 3. For E114, we can also compare with results
from numerical atomic calculations performed by van Lenthe [49], which prob-
ably mark the basis set limit. The ‘excitation energy’ is the energy difference
between this (unphysical) configuration and the atomic closed-shell ground
state (npy/2 doubly occupied). There is perfect agreement between BDF and
numerical Dirac, as can be expected. For these valence orbital energies, there
is little difference between ZORA and the four-component calculations, in par-
ticular, when the ’reference basis set’ is used. The atomic results obtained so
far are thus very encouraging, as far as the applicability of two-component
methods to valence properties of superheavy elements is concerned.

4 Molecular calculations

After having extensively discussed the atomic calculations, we now come to
the molecular results. The atomic data would help our understanding on the
difference between the E114 and Pb compounds. According to group theory,
to form a full o-bond a linear combination of %pl 2+ %pg /2 must be taken [12].
The larger SO splitting of E114 7p than that of Pb 6p thus results in weaker
bonding (i.e, "inert” 7p;/; pair) The large separation between 7p;/; and 7s
orbitals in E114 (difference in 75/7py/, orbital energies: 10.4 eV; cf. 7.9 eV
for Pb; results obtained by the GRASP program [45]) would reduce possible
sp-hybridization.
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Table 2: Basis set and finite nuclear size effects i the first four ionization
potentials (IP,) of Pb and E114 obtained with 2¢-ZORA (BPSCC functional)

basis set UNC* [-AC* j-AC® EXT¢ EXTe
Pb IP, 7.00 696 7.01 7.01 701
IP, 14.82 14.76 14.84 14.82 14.83
IP; 32,00 32.01 3200 3198 3197
IP, 4266 4267 4266 42.73 42.71

El114 1P, 811 7.86 823 824 825
1P, 16.45 16.07 16.63 16.61 16.60
IP; 3536 3537 3535 3540 35.04
P, 4621 4622 46.20 46.38 4596

®original’ basis set, uncontracted. °l-adapted contraction. Basis set used
in the one-component molecular calculations (see text). ¢7-adapted contrac-
tion. Basis set used in the two-component molecular calculations (see text)
duncontracted 50s45p40d30f reference basis set. “uncontracted 50s45p40d30f
reference basis set and finite nuclear model (Gaussian charge distribution with
exponent 0.13808566 x 10° for Pb and 0.11516791 x 10° for E114 [59]).

Table 3: Valence orbital energies (a.u.) of the neutral E114 atom with the
spherical and unpolarized np,/9nps/s configurations (n = 6 for Pb and n =7
for E114). EE: excitation energy (eV) with respect to the ground state The
X a functional (a = 0.7) was used.

Pb El14

orbital BDF ZORA BDF ZORA® Dirac® ZORA®
nps;e  -0.0914 -0.0904 -0.0669 -0.0644 -0.0668 -0.0669
np1p  -0.1443 -0.1432 -0.2109 -0.2069 -0.2108 -0.2103

nsi/o -0.4150 -0.4133 -0.56333 -0.5280 -0.5331 -0.5323

(n — 1)d5/2 -0.7059 -0.7060 -0.5127 -0.5118 -0.5129 -0.5136
(n — 1)d3/2 -0.8020 -0.8020 -0.6726 -0.6717 -0.6725 -0.6732

EE 1.40 1.40 3.68 3.66 3.68 3.68

®basis 'y—AC’ in table 2 was used. The results match ZORA® if the 'reference
basis set’ is used. *numerical Dirac-Slater result [49]. ®numerical ZORA (using
electrostatic approximation) result [49]
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4.1 Pb diatomics

The ZORA results for the Pb diatomics (cf. Table 4) are in excellent agreement
with the BDF data. The ECP-CCSD(T) results are quite close to availabe
experimental values [50, 51]. The DFT results deviate somewhat larger from
experiment, but more systematic than the ECP-CCSD(T) ones. The binding
energies of PbO and PbF are overestimated by the BP functional by 0.52 and
0.57 eV, respectively, while those of PbH, PbCl, PbBr and Pbl are within 0.2
eV agreement with experiment. Note that an intermediate coupling scheme
for Pb would reduce our DFT binding energies by 0.22 eV [46]. Thus the
overestimations of 0.30 eV for PbO and 0.35 eV for PbF mainly come from
the oxygen and fluorine atoms, e.g, the BDF(BP) binding energy for O, is
5.95 eV, 0.74 eV higher than the experimental value of 5 21 eV [50]. We note
in passing that inclusion of ~20% ’exact exchange’ in the density functional
reduces the binding energy of O3 by ~1 eV. It is believed that the hybrid
functional would improve the DFT binding energies for the Pb compounds as
well. The BP functional tends to yield slightly too long (by 0.02 to 0.04 A)
bond lengths for the Pb compounds. Referring to the ECP-CCSD(T) as well
as empirically corrected BP (subtracting 0.04 A) bond lengths, we predict the
yet unknown bond lengths of PbCl, PbBr, and Pbl are about 2.47, 2.61, and
2.81 A, respectively.

4.2 EFE114 diatomics

Similar to the Pb diatomic molecules, the BDF binding energies for the E114
diatomics (cf. Table 5) are in good agreement with the 2¢-ECP-CCSD(T)
values. Subtracting 0.3 eV for both E1140 and E114F from the BDF values
(see the above discussion), the agreement is within 0.15 eV. It is reasonable
to assume that similar overestimations in the bond lengths (+0.04 A) by the
BP functional should occur in E114X as well. Except E114H, such corrected
BDF bond lengths are also in reasonable agreement with the ECP-CCSD(T)
ones. Nash et al’s [11] ECP-RCISD results for E114H (R,, 1.954 A; D,, 0.59
eV; we, 1222 em™!) deviate somewhat from the present ECP-CCSD(T) values
(1.972 A; 0.43 €V; 971 cm™).

There is fairly good agreement between the BDF and the two-component
ZORA results. The differences in bond length are ~ 0.01A (a little larger for
E114H and E114I), binding energies agree within 0.05 eV and force constants
within 5N/m.
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Table 4: Bond lengths (R., A), binding energies (D,, eV, referring to the
lowest configurations for ligands and a single-determinant for Pb*), vibrational
frequencies (we, cm™1) and force constants (k., N/m) for PbX.

molecule BDF(BP) ZORA(MP)(BP) ECP-CCSD(T) expt.?
4c 1lc 2c 1lc 2c

PbH R, 1.868 1.870 1.868 1.820 1.822 1.839
D, 192 2.61 1.95 257 185 1.69
we 1493 1543 1491 1637 1592 1564
k. 132 141 131 158 150

PbF R, 2.097 2.077 2.092 2.055 2.070 2.058
D, 4.24 488 4.17 464 391 3.67
we 476 504 484 518 503 503
ke 232 260 240 275 259

PbCl R, 2.509 2.490 2.509 2.455 2.475
D, 324 388 3.21 3.76  3.02 3.12
we 285 300 285 318 306 304
ke 145 161 145 178 165

PbBr R. 2.650 2.630 2.650 2.598 2.618
D, 273 3.5 2.74 343 261 2.51
we 194 202 191 218 209 208
ke 126 139 124 160 147

Pbl R, 2.850 2.823 2.846 2.792 2.815
D, 217 3.08 2.18 295 201 2.01
we 150 161 149 170 163 161
ke 104 120 103 134 123




338 Wenjian Liu et al.

Table 4: (Continued)

molecule BDF(BP) ZORA(MP)(BP) ECP-CCSD(T) expt.?
4c 1c 2c 1c 2c
PbO R, 1.939 1.939 1.937 1.926 1.924 1.922
1.9420
1.943¢
D, 4.39 547 4.34 511 3.93 3.87
4.37°
4.39¢
we 716 726 717 728 749 721
711°
711¢°
ke 448 462 450 464 491
4420
442¢

®An intermediate coupling scheme for Pb would reduce the DFT binding en-
ergies by 0.22 eV [46]. *Uniform finite nuclear model. “Uniform finite nuclear
model and relativistically corrected functional (RLDA-exchange). “Ref. [50].
A valne of 711 ¢cm™! for the vibrational frequency of PbO was documented in
ref. [51].
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Table 5: Bond lengths (R., A), binding energies (D,, eV, referring to the
lowest configurations for ligands), vibrational frequencies (we, cm™!) and force
constants (k., N/m) for E114X. The mass of E114 is 280.

molecule BDF(BP) ZORA(MP)(BP) ECP-CCSD(T)
4c 1lc 2c lc 2c
El114H R, 2.098 1.990 2.078 1.904 1.972
D, 0.40 247 045 2.61 043
we 839 1424 891 1550 971
ke 42 120 47 142 56
E114F R, 2301 2.211 2.288 2.179 2.239
D. 229 471 225 449 1.95
we 364 461 371 483 431
ke 139 223 144 245 195
E114C1 R, 2.723 2616 2714 2.564 2.646
D, 156 3.85 1.56 3.78 141
we 211 281 216 304 256
ke 83 146 86 169 120
E114Br R, 2.874 2.749 2.865 2.708 2.802
D, 1.18 3.54 1.22 351 114
we 134 186 138 201 167
ke 66 127 70 167 101
E1141 E. 3.100 2.937 3.084 2.891 3.062
D, 0.79 3.10 082 3.10  0.81
we 97 146 99 157 104

ke 48 109 50 127 56
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Table 5: (Continued)

Wenijian Liu et al.

molecule BDF(BP) ZORA(MP)(BP)

ECP-CCSD(T)

4c 1c 2¢

lc 2¢

E1140 R, 2.079 2.070 2.070
2.076%
2.077°

D, 1.58 490 157
1.57¢
1.62°

we 562 651 571
562¢
564°

k. 281 378 291
282¢
284°

2.040 2.079°

463 1.26°

662  523°

379 244¢

aUniform finite nuclear model. *Uniform finite nuclear model and relativisti-
cally corrected functional (RLDA-exchange) “Basis set A.
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4.3 PbO,; and E1140,

PbO; (Dsr) was recently observed in laser ablation experiment [51]. Both
PbO, and E1140, were assumed to be of D, symmetry in the present calcu-
lations. The results are presented in Table 6. Here we are mainly concerned
with the energetic data. The BDF (2¢-ZORA) atomization energy of PbO, is
higher than that of ECP-CCSD(T) by about 1.04 eV, almost exactly twice that
of PbO (~0.46 V). This roughly holds at the scalar relativistic levels as well.
Based on our ECP-CCSD(T) as well as empirically corrected DFT (-0.22 ¢V
for Pb and -0.30 eV per oxygen) results we can predict the yet unkown atom-
ization energy of PbOs to be 5.84£0.2 V. For E1140, the difference between
the BDF and 2¢-ECP-CCSD(T) dissociation energy is 1.1 eV, larger than the
expected difference ~0.6 eV, i.e., twice that of E1140. This indicates that the
2¢-ECP-CCSD(T) atomization energy might be somewhat too low. Partially
this is due to use of smaller basis sets (B) in the 2¢c-ECP-CCSD(T) calcula-
tions. For E1140, we have checked the basis set effect: 2.099 A, 1.41 eV, 511
em~" by basis set B and 2.079 A4, 1.26 eV, 523 ecm™! by basis set A. Note that
the basis effect turned out to be rather small for PbO. Similar calculations for
E1140; could not be performed due to the hmitation of computational power.
Another reason is probably that the 7s orbital is involved in the bonding (see
also below), while ECP-CCSD(T) substantially overestimated the ionization
potentials of the 7s electrons (cf. Table 1) To confirm this point, we did
a single point (R = 1.998 A) calculation by BDF for E1140, with the 7s
orbital frozen, and found that the atomization energy was reduced by 0.99
eV. This effect is much smaller for E1140 (0.27 ¢V) Now assuming that the
difference between BDF and 2¢c-ECP-CCSD(T) for the atomization energy of
E1140, is just twice that for E1140, which holds for PbQ,, then the accurate
ECP-CCSD(T) atomization energy should be close to 2.1 €V for E1140,. The
resulting reaction energy (RE?2, -3.5 V) is then in better agreement with the
BDF value (cf. Table 6). Here the reaction energy had to be evaluated by
referring to the accurate binding energy for Oy (5.21 eV [50]). The support
of this analysis is that the SO reduction in the atomization energy of E1140,
(PbO,) is just similar to that of E1140 (PbO).

Here we should mention that both the finite nuclear size effects and rela-
tivistic corrections to the functionals have little influence on the spectrocopic
constants (see Tables 4, 5 and 6).

The decomposition of PbO, into Pb and O, turns out to be endothermic,
while all the decompostion reactions of 2PbQ; — 2PbO + O,, E1140, —
E114 + O, and 2E11405 — 2E1140 + O, are exothermic. The reactions of
E114X, — E114X,; + X, (X = H, F, Cl) are also exothermic [15]. Therefore,
the tetra-valent oxidation state of E114 is unlikely possible. The present results
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Table 6: M-O bond lengths (R,, A), atomization energies (D,, eV)?, symmetric
stretching vibrational frequencies (w,, cm™!) and force constants (k., N/m)
for MOy (M=Pb, E114, D). RE;: reaction energy for MOy — M + Oy;
RE,: reaction energy for 2MQO,; — 2MO + O,.

molecule BDF(BP) ZORA(MP)(BP) ECP-CCSD(T) expt.?
4c 1c 2¢ 1c 2¢
PbO,® R, 1.902 1.902 1.898 1.895 1.893
D, 6.64 7.73 6.54 6.78 5.60
RE, 0.69 1.74 0.55 1.83 0.65
RE, -1.45 -1.47 -1.59 -1.61 -1.61
We 680 683 687 665 674 659
ke 871 830 890 833 856
E1140,¢ R, 1.998 2.020 1994 2.002 1.978
D, 2.76 6.61 2.76 570 1.64
RE; -3.20 062 -3.23 0.75 -3.30
RE, -3.60 -2.57 -3.61 -2.82 -4.19
We 599 o086 604 535 584
ke 676 648 687 539 643

¢An intermediate coupling scheme for Pb would reduce the DFT atomization
energy for PbO, by 0.22 eV [46]. By using uniform finite nuclear model the
BDF results for PbO, are 1.900 A4, 6.64 €V, 684 cm™!, and 882 N /m. Further
use of relativistically corrected functional (RLDA-exchange) yielded 1.901 A,
6.67 eV, 684 ¢cm~!, and 882 N/m. °By using uniform finite nuclear model
the BDF results for E1140, are 1.995 A, 2.80 eV, 602 cm™!, and 683 N/m.
Further use of RLDA-exchange yielded 1.997 A, 2.86 ¢V, 602 cm™!, and 682
N/m. “Ref. [51].
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for PbOy are 1n line with the fact that Pb* + Oy — PbO, is the main route
to yield linear OPbO [51].

4.4 Pb, and E114,

The most suitable candidate to demonstrate the inertness of the E114 7p; /5 pair
is the E114 dimer. The results for the Pb and E114 dimers are given in Table 7.
The one-component results refer to *T, states, while four- and two-component
results to closed-shell molecules. Basis set superposition errors (BSSE) were
corrected in all the calculations for E114;. The agreement between ZORA
and BDF is quite good for both Pbs and E114;,. Compared to other E114
diatomics, the SO effects are particularly large for E114,. This is because the
bonding in E114, is too weak. The (single-reference) ECP-CCSD(T) bond
length for Pby seems to be too long due to the multi-configuration nature of
the (strong covalent) bonding [52]. Obviously, the GGA (ezchange) functionals
cover certain nondynamical (left-right) correlation even in terms of a single
determinant. The situation is much better for E114,, since the mixing-in of
other configurations is prohibited due to large SO splitting. However, very
large basis sets are needed to well describe such weak bonding. Although a
basis set of 6p6sd3p f was used in the 2c-ECP-CCSD(T') calculations, the BSSE
corrections estimated by the counterpoise method are still substantial (+0.46
A, -0.14 eV, -32 cm™).

The success of the available GGA functionals for describing very weak
bonding is rather limited. However, we have recently found that the PBE
[63] together with the SCC [28] functionals give the best results for the group
12 dimers (Zny, Cdg, Hgs, and E112,) [54]. The PBESCC functional was
thus applied for E114,. It can be expected that the agreement between
BDF(PBESCC) and ECP-CCSD(T) should be better if the basis set is im-
proved in the latter. Anyway, it can be concluded that the bonding of E114,
is much stronger than typical van der Waals interactions (say, 0.05 e¢V) and
about twice the binding energy of E112, (0.075 eV) [54]. This is in line with
the fact that the static dipole polarizability of E114 (33.5 a.u.) is larger than
that of E112 (29.8 a.u.) (BDF PBESCC results).

From the above calculations, the molecular stabilites are summarized as
PbO > PbF > PbCl > PbBr > Pbl > PbH > Pb,, and E114F > E1140
~ E114Cl > E114Br > E1141 > E114H > E114,. Whereas PbO, is a stable
molecule, E1140, is predicted to be thermodynamically unstable by all the
three approaches.
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Table 7: Bond lengths (R., A), binding energies (D,, eV), vibrational fre-
quencies (we, em™) and force constants (k., N/m) for Pb, and E1145. The
results by the PBE and PBESCC functionals are in brackets and parentheses,
respectively. The 1c results refer to 3%, states.®

molecule BDF(BP) ZORA(MP)(BP) ECP-CCSD(T) expt
4c 1c 2¢ 1c 2c
Pby R. 2.982 2.926 2974 2.962 3.057 2.93%
[2.980]
D. 114 2.38 1.16 1.69 0.64 0.82¢
[1.17]
We 107 127 106 128 97 111¢
[108]
ke 70 98 68 100 58
[71)
E114, R. 3.486 3.122  3.463 3.070 3.732
[3.448]
(3.603)
D. 0.12 2.16 0.12 1.60 0.07
[0.20]
(0.15)
We 50 102 40 104 26
[43]
(35)
ke 20 86 14 89 6
[15]
(10)

®An intermediate coupling scheme for Pb would reduce the DFT binding en-
ergy for Pby by 0.44 eV [46]. For E114,, the PBESCC functional gives the best
DFT results [54]. In the 2c-ECP-CCSD(T) calculations, the Pb 5s5p (E114
6s6p) were frozen and virtual spinors higher than 20 a.u. were excluded. *Ref.
[60]. “Ref. [50].
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4.5 Spin-orbit effects

To facilitate the comparison, SO effects on the spectroscopic constants are
given in Table 8 for the Pb and Table 9 for the E114 compounds. Except the
oxides, the SO effects derived from ZORA and ECP-CCSD(T) are in fairly
good agreement. Besides the basis set truncation error, the multi-configuration
nature of the oxides seems to be responsible for these discrepancies.

The SO effects for the E114 systems are substantial, ~ 0.1 A for bond
lengths, which is an order of magnitude larger than for the corresponding Pb
compounds; 2 to 4 eV for binding energies, three times larger than for the Pb
systems.

4.6 Mulliken population analysis and dipole moments

The Mulliken population analysis (MPA) of the charge distributions based on
the AOIM (atomic orbitals in molecule) approach [55] is presented in Table
10. The merits of this approach are on one hand to improve the stability
of MPA with respect to basis sets, and on the other hand provide pictorial
interpretation of the electronic structure (i.e., ”genuine” atomic orbitals rather
than basis functions). The resulting Mulliken charges converge if the Fock
matrix elements converge [55]. However, balanced basis sets still have to be
used.

The ionicities of the E114 compounds are very much like that of the Pb
compounds. However, the E114 7p,/; spinors are more inert than the Pb 6p;
spinors (e.g., occupied with more electrons), while the E114 7ps/, spinors are
much less mvolved in the bonding than the Pb 6ps/; spinors. As a conse-
quence, the sp hybridization 1s less facile for E114 than that for Pb. £1140, is
characteristic of dsp-hybridization, whereas PbOy mainly of sp-hybridization.
This analysis is in line with the fact that relativistic (SO) effects in the E114
compounds are larger. The bonding of Pby (E1145) can be largely interpreted
as charge transfer from 6p;/, (7p12) to 6psse (7psj2). In the case of E114,,
the overlapping density accounts for the major part of the bonding, which
indicates the reliability of the DFT results.

The dipole moments for the diatomics of both Pb and E114 are given
in Table 11. The greement between ZORA(MP) and BDF is quite good.
The dipole moments are not sensitive to steep functions, since the deep core
density is spherical and makes no contribution to the dipole moment. The
presently calculated dipole moment for PbO compares favorably with previous
theoretical [56, 57, 58] and experimental values [50]. SO effects on the dipole
moments are moderate. At a given geometry, the GGA correction to the LDA
dipole moment is rather small (see also ref. [56]). Therefore, the GGA dipole
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Table 8: Spin-orbit effects on the spectroscopic constants of PbX: R, (A), D,
(eV), we (cm™), and k. (N/m).

molecule ZORA CCSD(T)
PbH Re -0.002 0.002
D. -0.66 -0.72
we  -H2 -45
ke -10 -8
PbF R. 0.015 0.015
D. -0.71 -0.73
We -20 -15
ke -20 -16
PbCl R. 0.019 0.020
D. -0.67 -0.74
we  -15 -12
ke -16 -13
PbBr Re 0.020 0.020
D. -0.81 -0.82
We -11 -9
ke -15 -13
Pbl R. 0.023 0.023
D. -0.90 -0.94
We -12 -7
ke -17 -11
PbO R. -0.002 -0.002
D, -1.13 -1.18
We -9 20
ke -12 27
PbO2 R. -0.004 -0.002
D. -1.19 -1.18
We 4 9
ke 10 23
Pb, Re. 0.048 0.095
D, -1.22 -1.05
w -21 -31

o

X
®

-30 -42
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Table 9. Spin-orbit effects on the spectroscopic constants of E114X. R, (A),
D, (eV), we (cm™), and k. (N/m).

molecule ZORA CCSD(T)
E114H R. 0088 0.068
D. -2.02 -2.18
we -b33 -579
ke -73 -86
E114F R. 0.077 0.060
D. -2.46 -2.54
We -90 -52
k. -79 -50
E114C1 R, 0.098 0.082
D, -2.29 -2.37
we  -65 -48
k.  -60 -49
E114Br R. 0.116 0.094
D, -2.32 -2.37
We -48 -34
ke  -57 -66
E1141 R 0.147 0.171
D, -2.28 -2.29
we 47 -53
ke -59 -71
E1140 R, 0.000 0.039
D. -3.33 -3.37
We -80 -129
ke -87 -135
E1140, R, -0.026 -0.024
D. -3.85 -4.06
We 18 49
ke 39 104
El14, R. 0.341 0.662
D. -2.04 -1.53
We -62 -78
ke -T2 -83
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Table 10: Mulliken population analysis by the AOIM approach [55] for PbX
and E114X (BDF results). Q: positive net charge on the metal.

PbX
H F Cl  Br I 0] O, Pb
5d3; 4.00 4.00 4.00 4.00 4.00 3.99 397 4.00
5ds;2 599 599 599 6.00 6.00 598 592 6.00
6s12 192 196 1.96 1.96 197 1.90 1.42 1.99
6py;2 117 098 1.03 1.06 1.11 0.65 0.48 1.57
6ps;z 0.72 039 0.47 050 0.54 0.62 063 0.41
nsy, 112 196 196 197 198 1.92 1.92
npyp 0.01 191 1.85 1.85 1.86 1.67 1.58
nps;; 0.02 3.69 361 3.54 344 3.03 3.04
Q 019 058 045 0.41 0.33 0.68 123 0.00

E114X
H F Cl Br I 0 0, Ell4
6ds;; 4.00 4.00 4.00 4.00 4.00 3.98 395 4.00
6ds;; 599 599 599 599 599 597 581 6.00
Tsyp 198 199 198 199 1.99 195 1.77 1.99
Tpye 165 128 1.38 144 154 1.09 077 1.92
Tp3;p 024 014 0.19 0.18 0.17 0.28 0.30 0.07
ns;p 112 198 198 199 199 196 1.96
npy 001 194 190 191 192 1.84 1.57
nps;p 0.02 3.63 351 3.43 3.3¢ 2.80 3.00
Q 016 057 041 0.36 0.28 0.66 1.23 0.00
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Table 11. Dipole moments (u, Debye) and dipole moment derivatives (du/dR,
Debye/A) at the BP equilibrium distances from Tables 4 and 5. Positive values
reflect polarity M*+X~.

PbH® PbF PbCl PbBr Pbl Pb0®

7 1c-ZORA 1.14 3.55 3.57 3.30 296 4.34
2¢c-ZORA  1.04 3.68 3.81 3.55 3.14 417
BDF 0.90 3.76 3.60 3.32 297 429

du/dR  1c-ZORA  3.39 5.77 5.77 5.51 5.04 4.56
2¢-ZORA 341 5.77 5.80 5.53 496  4.37
BDF 3.21 6.04 5.62 5.12 4.72  4.67

E114H E114F E114C1 El14Br E1141 E1140

7 1c-ZORA 221 4.82 5.01 4.80 452  5.25
2¢-ZORA 1.49 4.65 4.82 4.51 401 437
BDF 1.40 4.73 4.51 4.12 3.68 4.39

du/dR  1c-ZORA 3.50 5.48 5.55 5.43 497  4.67
2¢-ZORA 177 4.12 3.84 3.36 255 344
BDF 1.13 4.29 3.32 2.64 1.91  3.75

“u = 0.67 Debye (ref. [61]). °u = 4.35 Debye (ref. [56]; 3.52-4.70 Debye (ref.
[57]; 4.46 Debye ([58]; 4.64 Debye (expt. [50]).
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moments can be obtained by interpolation from LDA values if GGA is treated
perturbatively. The dipole moments of the E114 compounds are larger than
those of the Pb compounds due to longer bond lengths and similar ionicities.
However, the variation of the dipole moments of the E114 compounds are much
smaller.

4.7 A general statement

Finaly we want to judge our work qualitatively from a methodological point
of view. On the DFT side, we could get rid of other numerical noises than
the differences in the Hamiltonians. For the valence properties considered in
this work, the two-component ZORA results are very close to the BDF ones.
As for the computational efforts, the BDF calculations were actually very
cheap (even cheaper than the present implementation of ZORA, although the
comparison was somewhat indirect), since very compact and yet sufficient basis
sets and double point group symmetries (Cooy, Doon) Were used. Furthermore,
the task for basis set optimization is very little since numerical bases always
serve as the backbone of the basis set. Especially, the difficult optimization of
steep functions to describe the cores of heavy elements is completely avoided!
Actually, it took us a quite hard and long time to bring the ZORA results
in agreement with the BDF ones. This had not been possible before the new
basis set optimizer[33] was available. On the ab wnitio (wave-function based
approach) side, however, such calibration appears infeasable so far On the
other hand, we can not claim that our ECP-CCSD(T) results have converged
with respect to basis sets, since higher angular momentum functions have
not been considered and smaller basis sets often have to be used in the two-
component calculations. However, since the results for the Pb compounds
appear good when compared to experiment, our ECP-CCSD(T) results for
the E114 compounds should be mostly reasonable.

5 Conclusions

Spin-orbit effects play dominant roles in the bonding of E114 compounds.
At the scalar relativistic level, the binding energies of the E114 compounds
are very similar to those of the Pb homologues. Spin-orbit effects strongly
weaken the strengths of the E114 compounds. The formally tetra-valent ox-
idation states of E114 is likely unfavored. However, E114 can not be simply
regarded as a noble atom, e.g., the bonding of E114 dimer is much stronger
than typical van der Waals interactions. The application of transformed rela-
tivistic Hamiltonians to valence properties of very heavy elements appears to
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be justified, since E114 (like E113) turns out to be a particularly difficult case
(weak singularity for 2p;/2). Such problems are much less severe for p3/p and d
spinors. For example, in our calculations on eka-gold (E111) compounds[26],
we found good agreement between BDF and ZORA, although [-adapted seg-
mentedly contracted basis functions were directly used in the two-component
calculations. The reason is that the valence 6ds/; spinors of E111 form the
bonding. The performance of ZORA for eka-thallium (E113, 7p} /2) and eka-
bismuth (E115, 7p? /27p§/2) systems is being investigated in our laboratory.
The remaining task is thus to investigate the performance of such Hamiltoni-
ans for core properties. So far calibration of such approaches can be carried
out readily only at the DFT level. Spin-orbit effects estimated by ZORA and
ECP-CCSD(T) are generally in good agreement with each other. The discrep-
ancies for the oxides are probably due to the multi-configuration nature and/or
insufficiency of basis sets. For better description of high oxidation states (e g.,
E1140,), the s set of the ECPs for E114 needs to be improved and progress
is being made.
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1. INTRODUCTION

The mmportance of the harmonic oscillator and the parabolic barrier interacting
with a monochromatic electric field has long been recognized. In this connection,
the Floquet quasienergies and eigenfunctions have been obtained with different
analytical methods [1,2,3,4 ].

On the other hand, the algebraic approach by using boson operators has been
applied to problems involving harmonic oscillator eigenfunctions, such as the
Franck-Condon overlap, squeezed states and matrix elements calculations, [5,6,7].
In section II it is shown an alternative way to obtain the Floquet quasiener-
gies and eigenfunctions for the harmonic oscillator and by using the algebraic
properties of boson operators it is obtained and solved a differential equation
for the evolution operator In section III we treat the parabolic barrier where
we introduce a new pair of operators, which, although none 1s the adjoint of the
other, they satisfy the same commutation relation. This procedure allows for a
treatment very similar to that for a harmonic oscillator.

2. HARMONIC OSCILLATOR
Let us consider the time-dependent Schrédinger equation:

v
Yor = HY (1)
where the hamiltonian (in reduced units) is :
6 2,2
H:—a—mi +wyz” 4+ Az coswt , (2)

and where the last term represents the (semi-classical) monochromatic electric
field.

From the Floquet theory of differential equations, we know that for Eq. (1)
there exist solutions of the form:

U7 (z,t) = exp[-iEpt]®%(x,1) 3)
E% is called a quasi-energy and ®%(x,t) is a periodic function of time, that 1s.
with the property:
27
®%(z,t +T) = ®%(x,t) T= o (4)

In order to find such solutions let us introduce the boson operators (a, af):

1 a w
= T & ¥, gt 5
x \/ZTO(a+a) ' B 2(a a') (5)
The hamiltonian (2) becomes:
H=wy(2a'a+ 1) + (a+ a') coswt (6)

Wo
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Now let U(t) be the evolution operator.
W(s,1) = U()¥(z,0) (7)
It’s easy to see that U(t) satisfies

oU
= = T
"5y {wo(Za a+1)+

A
\/2_w_0(a+a1)coswt} U (8)

with the initial condition U(0) = 1.

By using Louisell’s technique[8], which introduces the concept of normal order,
equation (8) becomes a differential equation involving only complex numbers
for the function U(™ (a, a*,t), where a is a complex number and U™ (a, a*, t)
is obtained from the normal order form of U(a,a',t) through substitution of a
by a + 8/8a* and a' by a*. The differential equation is:

Zi
ot

da*

U(n) = {wo <2a*a+2a* o \/2_(4)— P
0

+1>+ A (a+i*+a*>coswt}U("). (9)

We note that once we have solved (9) for U™ (a, a*,t), we recover U(a,a',t)
by using the normal order operator ‘N’, which by definition changes « by a
and a* by aof, puting all a''s to the left of the a¢’s in the series expansion for
U™ (a,a*,t):

N{U(“)(a,a*,t)} ~U(a,at,t) . (10)

Going back to equation (9), we propose as solution:
U™ (o, 0, t) = exp{G(a,a* 1)} , (11)
where G(a, a*,t) is of form:
Gla,a*,t) = A(t) + B(t)a + C(t)a™ + D(t)a*a , (12)
and the initial condition requires A(0) = B(0) = C(0) = D(0) =0 .

Substitution into equation (9) gives a set of four coupled linear differential equa-
tions:

z%—w + AC coswt
dt - \/2(.4.)0
dB _ A

—=——(1+D t
v \/2_01_0(+ ) cosw
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dc A
v = 2w C + oo cos wi (13)
dD

whose solutions can be obtained through standard procedures, giving the next
expression for the evolution operator:

U(a, a’[7 t) — eA(t)e—B*(t)ezp(—2zwot) af e—(2uu0t) afaeB(t)a (14)

By using this operator, one can in principle know the time development of an
arbitrary initial wavefunction. However, we are rather interested in obtaining
the Floquet quasienergies and eigenfunctions for our hamiltonian, that 1s, we
are looking for functions ¥(z,t) that satisfy equation (3). Bearing this in mimd,
we propose the following imitial function:

U(e,0) = xo(e—2) (15)

where x,{(z) 18 the harmomc oscillator solution corresponding to the energy
eigenvalue E, = wo(2v + 1), and zo is still an indeterminate constant. ¥(z,0)
can be rewritten as:

U(z,0) = e_SZ/zeS“Te_S“x,,(x) , S = zp4/ — (16)

where we have used the displacement operator:

flz —y) = eV f(z). (A7)

We substitute now ¥(x,0) into equation (7) together with U(t), as given in
equation (14), and we straightfordwardly apply the commutation properties of
boson operators, until the factor e~ (2wot)a’a appears to the left of x,(z), so
that we can apply"

—(2wot)ata —2wwpty
e otlnley (z) = e 70y, (z) . (18)

It turns out, after some algebra, that in order for U%(z,t) to be in the desired
form, we must choose the indeterminate constant zo as 2\/(w? — 4wg). This
choice of zg is not a strict consequence of the method proposed in this paper,
in fact, it is a consequence of the periodicity of the wavefunction. Thus the
Floquet quasienergies (Iabeled by the index v) are given by:

)\2

2(w? — 4wd) (19)

Ep =wo(2v+1) +
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and the respective functions ®%(z,t) are:
% (z,t) = eﬁ(t)e'Y(t)“T6'7*(t)“xy(x) (20)

where

B(t) = —gAsinwt ; wo{ 2A }2

2w/ 2wy 7#) - 4 L2 = 4wk
(t) —_ ___.2\____
= V2uwo(w? — 4w32)

We note that 8(¢) and vy(t) have a period T = 2w /w, so that ®%(x,t) in effect
satisfies equation (4).

{2w0 cos wt — 1w sin wt}.

3. PARABOLIC BARRIER

The parabolic barrier seems to be very similar to the harmonic oscillator po-
tential since, geometrically, the difference between them is a rotation by 7 or
an inversion of coordinates. Regardless of the similarities that may exist, the
hamiltonian of the parabolic barrier leads to complex eigenvalues for its reso-
nances, and unnormalized eigenfunctions[2]. In order to solve such a problem
one can use the complex rotation method[4]. Another way is via the mapping
of the eigenket of the parabolic barrier to the Hilbert space corresponding to
the harmonic oscillator.

If we start with the hamiltonian:

2

= —6—23—2— —waz® + Az cos wt , (22)
we see from (2) that the only difference with the harmonic oscillator potential
is just a sign. The use of boson operators as given in equation (5), leads to a
hamiltonian involving quadratic terms in o and o*, in such a way that the form
of G(a,a”,t) given in equation (12) is not useful. We could then define a new
functional form, including quadratic terms, though the resulting equations are
not easy to handle. Instead we propose to introduce two new operators, which
we call by and bs:

1 0  |wp
m—\/m(brl“bz) e (b1 — by) ) (23)

whose definition is motivated by the fact that the harmonic oscillator potential
can be obtained from the parabolic one by replacing wo by 1wy We note that
b1 and by have the same commutator as a and a', although none is the adjoint
of the other, where instead we have bJ{ =1b; and bg =1bs.

At this point the only thing that really matters is that all the algebraic properties
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of boson operators, including those which refer to normal ordering stem from
their commutation relation and are independent of the fact that they are adjoint
to each other. Thus, because b; and by have the same commutator as a and af,
all identities used for a and a' can be used immediately, just replacing a by b;
and a' by by. With these new operators the evolution operator becomes:

U(bl, b2, t) — eA(t) EC(t) b2€(2th) boby eB(t)b] . (24)

This operator enables us—as for the harmonic oscillator—to obtain the time
development of any initial wavefunction, though n this case it is unknown how
operators b; and bs act on wavefunctions. U, however, can be expressed in terms
of the more common operators a and a' through the following 1dentities:

2

b = —[(a+a") —1(a—al)]

by =

S

[(@+a') +1(a—ah)] (25)

Since we are also interested in obtaining Floquet quasienergies, we will refrain
ourselves of expressing U as a function of a and o' until the last step. Thus, we
now specify an initial function ¥(z, 0):

¥(z,0) = xu (B{z — z0}) . (26)
By using the displacement operator (17) and the scaling operator:
d
§(B2) = eap{nPo—} f@) (27)

¥ (x,0) can be rewritten as:

T(z,0) = eazp{—azm/ WTO(bl — by) } exp{%lnﬁ (b2 — b2 — 1)})(,,(:5) (28)

because z d/dz = (b — b3 — 1).

If we proceeded as in the harmonic potential, we should commute the factor
e?wotbzbi yntil it appears to the left of y, (z). However, there are two additional
considerations: First, there is a new factor exp {1 In 8 (b —b2—1)}, and second,
even if we put e2v0tb2b1 to the left of x, (), one would have

62 th b2b1 Xy(x) # e2w0tl/xy (1‘) (29)

because bsb; is not the number operator N = a'a. In fact it can be shown that,

1
bzbl = —‘5 + %(az + (ITZ). (30)
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In order to proceed we commute e2°*251 until it appears to the left of the factor
exp{} InB (b} — b — 1)} and obtam:

;(x, t) — e—'LElteﬂ/(t)e’y’(t)b266l(t)bl e2w0tb2b1e%lnﬁ(b%—bg—l)xu(x) , (31)

where 3'(t), ¥'(t) and &'(t) are periodic if and only if g = 2)\/(w? + 4w?), which
results in \2

E = wp+ ———~.
0" 2(w? + 4wd)

(32)

We see that, except for the factor e2<0*%2b1 we could identify a Floquet quasienergy
(E'), and a periodic function ®%(z,t). The use of the BCH theorem and some

identities like a? — at” = b2 — b2 allows us to obtain:
A2 1IN2 w? — 4wk
T (z,t) = P P L— = 0 i 2wt
w(z,t) exp{ Z[Z(w2+4w§)] }efcp{4w ET LA sin 2w }

X exp W ~1—(a +al) sinwt
w2 + 4w?2 2wy

AN bl PR i
exp{w2 12\ 2 (a—a')cosw }

X exp {zwot(a2 + aT2) } exp{% InB(a® — at? = 1) }X,,(w). (33)

Finally, we want to commute the last two factors, which have quadratic terms
m a and a. To this end we could use some of the normal order theorems,
however, precisely because of the quadratic terms, the resulting expressions are
somewhat cumbersome. Instead, we use a technique described in reference [9],
which consists of carrying out a Lie algebraic similarity transformation. First
we need a set of operators Xy, Xs, ---, X, which form what it 1s called a ‘Lie
algebra’. We propose to use the following operators

Xi=a*+a”® | X,=a2-a"? |, Xy=2dla+1. (34)
These operators form the SU(1,1) algebra:
(X1, Xo] = —4X3 , [Xo, X3]=4X: , [X1,X3]=4X; (35)

Then, by using the above mentioned technique it can be shown that if and only
if 3 =e*"/* (see appendix):

exp {1wot (a® + aTQ)} exp {% InB(a®— aTz)} — ¢—wot(2ala+1) (36)
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By using this last result one can finally write equation (33) as:
Vi (z,t) = e FF O (w,1) (37)
where the Floquet quasienergy is:

)\2

v = (2 + 1wo + ———ge
Er ¥2v + Dwo 2w? + 4wd)

(38)

and the periodic function ®%(z,t) is:

A w? —4wf —1\ 1
v.(z,t) = exp {Z Y770 gin 2wt} exp e (a+a') sinwt

4w (w2 + 4wd)? w? + 4w? 2w

—2X /
X exTp {m % (a-—aT) mswt} erp {—% (02—GT2_1)}XV(90)-

(39)

4. CONCLUSIONS

Tt has long been known that the use of boson operators allows for an alternative
and efficient way for solving quantum problems. In this paper we have shown an-
other application for this approach and we have been able to obtain the Floquet
quasienergies and eigenfunctions for the harmonic oscillator and the parabolic
barrier mteracting with an external field. This adds to previous derivations,
where use was made of other classical concepts such as the Lagrangian '°.

In the case of the parabolic barrier we introduced two new operators which can
be considered the analogous of boson operators for this potential. They have
been very useful to obtain quantum mechanically the exact Floquet states.
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6. APPENDIX
In order to find a Lie algebra between boson operators, let us consider:

Xl——-a2—|—aJr2 , Xg::a2—aJr2 , X;=2ala+1. (A.1)
We can trivially show that:

[Xl,XQ] = —4X3 5 [X2,.X3] == 4X1 5 [Xl,Xg] = 4X2 (AQ)
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Let us define
Z=9X1+0Xo+pXs , G=gX1+dXo+7X;5. (A.3)
and the similarity transformation
Gi(z) = e*?Ge "% (A.4)

To find G;(x) we first note that it must also be a linear combination of X, Xo
and X3 [9]:
Gl(tlj) = gl(.’E)Xl + dl(I)Xg + Tl(x)Xg (A5)

and it must also satisfy the boundary condition G;(0) = G. From (4.4) we
have:

Gi(x) = [Z,Gi(2)] (4.6)
By using (A.2) and (A.5) in (A.6) one has

Gy(x) = 4[bri(z) — pdi(@)] X1 + 4ymi(z) — pgu(@)]Xa + 4[bgi(z) — ’Ydt(x)(]Xs)
(A7
From (A.5) we also have

G; (z) = g/() X1 + dj{z) X2 + () X5 (A.8)

Now, because X;, X2 and X3 are independent, we equate coefficients in (A.7)
and (A.8) and obtain a set of coupled differential equations:

g(z) = 4[6r (z) — pdi(z)] ; (A.9q)
dy(z) = 4fyri(z) — pgi(2)] ; (A.9b)
ri(z) = 40gi(x) — vdi(z)] ; (A 9¢)

subject to the boundary conditions ¢;(0) = g, d;(0) = d, and 7 (0) = r. In
particular, we are interested in the following conditions: v = p = 0,6 = 1
(Z=Xy=a>—a®);d=r=0,g=1(G = a?+al’). Equations (4 9) thus
become

gi(x) = 4ri() ; (A.10a)
di(z) = 0; (A.10)
ri(z) = 4gi() ; (A.10¢c)

with the boundary conditions ¢;(0) = 1, d;(0) = 0, and r,;(0) = 0.
The solutions to these equations are:

gi(z) = cosh 4z, di(z) =0, ri(z) = sinh 4z (A.11)
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Thus we have

2 2
egﬂ(a2 —al ){a2 + (172}6_"3(0’2 —at”) _ (a? +aT2) cosh4z + (2a'a + 1) sinh 4x

(A.12)
and by linear superposition if follows that:
2 2 2 2 2 2
(02 — ') gy(a? + o) g-a(a? — al”)
= exp{y[(a2 +a”) cosh 4z + (2a'a + 1) sinh 4x]} (A.13)

According to the last two factors in equation (33) we choose z = % and y = wwyot,
then

2 2 2
gwot(a® +at’) — (@ - o) _ ~(a® - o)

X e:cp{zwot[(a2 + aTZ) cosh % + (2a'a + 1) sinh %T] } (A14)

Finally, we use cosh 4 = 0 and sinh %> = 1 to obtain:

2 1T 2
cwot(a® + al )e—§(¢12 —a') _ e—wot(2ata +1) (A.15)
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approximate molecular step, 39:309-310
combined treatment, 39:312-313
conclusions, 39:322
coulomb repulsion/exchange 1ntegrals,
39:312-314
exact atomic step, 39:310-312
excitation values, 39:316-321
spin-orbit coupling parameters, 39:315
CI values
applications to LiH, 39:194-200
B109 AO basis specifications, 39:205
description of algorithm, 39:201-203
perturbative equations, 39:191-191
second and third order properties
formulae, 39:203-204
Conformations
vinyl alcohol/thiol
effects of halogen substituents
analysis methodology, 40:162-163
BH, and NH,, 40:173-174
chloroenols, 40:165-169
cts and gem monosubstituted enols,
40:174-175
disubstituted enols, 40:175
electrostatic nteractions, 40:170
fluoroenols, 40:165-169
main effects, 40:169-172
molecular orbital effect, 40:170
results, 40:163
structural parameters, 40:163-165
trans monohalogenated, 40:172-173
trisubstituted enols, 40:175
Core excitation energies
calculations
approximate molecular step, 39:309-310
combined treatment, 39:312-313
conclusions, 39:312
discussions, 39:313-320
exact atomic step, 39:310-312
characterization, 39:307
Couple cluster methods
equattons, 39:178-182
Hamiltoman-Frock space
advantages, 39:172—173

applications, 39:182—183
Bloch-type equations, 39:175-178
wave operators, 39:175-178
Crystal orbitals, Hartree—Fock
calculation basis, 39:19
periodic polymers
methodology, 39:21-24
nucleotide base stack results, 39:27-30
polyethylene results, 39:24-25
polyparaphenylene results, 39:26-27
Cuprate superconductivity
condensation energy, 40:243-245
doping dependence, 40:241-243
energy constderations, 40:232-238
pair condensate wavefunction, 40:226-229
structural characteristics, 40:226
temperature, 40:241-243
thermal behavior, 40:238-241
Cyclobutanone, S, state
ring puckering dynamics
calculations, 40:350-352
dynamucs, 40:357-358
molecular models, 40:346
potential energy, 40:356-357
simulation methods, 40:347-349

D

DBRT, see Double-barrer resonant
tunneling semiconductor devices
d-dimensional coulomb, 39:75-77
Density functional theory
BDF program
description, 39:328
for Pb/ Eka compounds
atomic calculations, 39:331-334
diatomcs, 39:336-340
dipole moments, 39:345-350
molecular calculations, 39:334-335
Mulliken population analysis, 39:
345-350
Pb, and E114,D, 39:343-344
PbO, and E1140,, 39:341-343
spin-orbit effects, 39:345
conclusions, 39:68
constrained search approach, 39:58-59
for dipole moments, 39:327-328
ECP-CCSD(T)
description, 39:329-330
for Pb/ Eka compounds
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Density functional theory (continued)
atomic calculations, 39:331-334
diatomucs, 39:336-340
dipole moments, 39:345-350
molecular calculations, 39:334-335
Mulliken population analysis, 39:

345-350
Pb, and E114,, 39:343-344
PbO, and E1140,, 39:341-343
spin-orbit effects, 39:345
clectron density, 39:61-62
excited state properties, 39:36
ground state properties, 39:21
H, clusters, 40:136—140
reconstruction
alternative approach, 39:63—64
problem, 39:59-61
Fourier transform, 39:61-62
reformation
electron densities, 39:62-63
Fourier images, 39:62—-63
for spectroscopic constants, 39:331
ZORA (MP)
description, 39:329-330
for Pb/Eka compounds
atomic calculations, 39:331-334
diatomics, 39:336—340
dipole moments, 39:345-350
molecular calculations, 39:334-335
Mulliken population analysis, 39:
345-350
Pb, and E114,, 39:343-344
PbO, and E1140,, 39:341-343
spi-orbit effects, 39:345

DFT, see Density functional theory

Dipole moments, 39:345-350

Dirac—Coulomb—Breit Hamuiltonian, see

under Hamiltoman

Dirac energy, 39:254-255

Dirac—Hartree—Fock equations

approximations, 39:242
for distributed Gaussian basis sets of
s-type function
conclusions, 39:255-256
formulae, 39:245--248
H,* ground states
matrix energy, 39:254-255
non-relativistic, 39:248—-249
optimized distributed, 39:249-254
HCI molecule
Gaussian basis set, 39:244-245

ground state, 39:244
Dirac’s phase-space function, 39:5-6
Doping dependence, 40:241-243
Double-barrier resonant tunneling
semiconductor devices
description, 40:180
for energy exchanges, 40:185-189

E

ECP-CCSD(T), see Effective core potentials

coupled-cluster theory
Eddington’s zoo, 40:8, 40:14-15
Effective core potentials coupled-cluster
theory
description, 39:330-331
for Pb/Eka compounds
atomic calculations, 39:331-334
dratomics, 39:336--340
dipole moments, 39:345-350
molecular calculations, 39:334-335
Mulliken population analysis, 39:
345-350
Pb, and E114,, 39:343-344
PbO, and E1140,, 39:341-343
spin-orbit effects, 39:345
Eigensolutions, 40:328—-331
Eigenvalues, 40:11
EIKONXS program, 39:167-168
Electric fields, static
atoms/diatomic molecules 1n
associated problems, 40:362-364
fimite-difference calculations, 40:
362-364
ground state configurations
at arbitrary field strengths, 40:
367-371
n high-field regime, 40:371-374
structure, 40:366-367
Mesh approach
classical complex rotation, 40:376
complex boundary condition, 40:
374-376
exterior complex transformation, 40;
376-377
Electric moments
LMOs
for H,0, dimer system, 40:
6465
for hydrocarbons, 40:63-64
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for 10-/18-molecules, 40:61-63
multipole, 40:57-61
localized
electrostatic interaction integrals, 40:
69-72
van de Waals systems, 40:69-72
Electron capture, 39:164
Electron densities
DFT reconstruction, 39:61-62
distribution, 40:269-274
properties
kinetic energy finiteness, 39:66
normalization, 39:65
technical remarks, 39:64—65
wave function properties
complex valued, 39:66-67
norm finiteness, 39:65
permutational antisymmetry, 39:67-68
value finiteness, 39:66—67
Electronic system
excitation process, 40:128-129
m external Coulomb potentials, 40:
106-109
Electrons
-electron interactions
dipolar, 39:298-300
three-bodied systems, 40:325
many, many-centered, 39:83-87
N-atoms
Sturmians
alternative basis set, 39:78-83
d-dimensional coulomb, 39:75-77
plan wave, 39:74-75
secular equation, 39:77-78
one energy
HF level
quantities, 40:66
related molecules, 40:66-—-68
weakly interacting systems, 40:68-69
many-centered, 39:83-87
Electro-nuclear separation theory, 40:106
Electrostatic interaction tegrals, 40:69—72
Electrostatic interactions, 40:170
Energy
bond breaking, estimating
bond energy, 40:150-155
discussions, 40:155—-156
enhancing precision, 40:146-147
local/normal mode model, 40:148—150
method, 40:144--145
overtone spectra, 40:150—155

371

problem formulation, 40:147
test compounds, 40:147
theory, 40:145
condensation in Cu superconductivity, 40:
238-241
core excitation
approximate molecular step, 39:309-310
characterization, 39:307
combined treatment, 39:312-313
conclusions, 39:322
discussions, 39:313-320
exact atomic step, 39:310-312
electronic
H,*
molecular 10n, 39:126-129
non-relativistic, 39:248-249
energy bond breaking, estimating, 40:
150-155
exchanges
localization, 40:183—185
resonant tunneling, 40:185-189
expression for metal-cluster magic
numbers, 40:297--298
interaction, closed-subshell atoms, 40:
264-266
kinetic
finiteness, 39:66
functional gradient corrections, 39:
51-54
nitrogen 1soelectronic sequence, 39:
274-275
nitrogen/nitrogen-like 10ns
calculations, 39:274, 39:276-277
energy separation, 39:278
fine-structure splitting, 39:280—282
ground/low-lying excited states, 39:
276-277
low-lying even/odd-panty states, 39:
277-279
low-lymg even-parity states, 39:282-284
relative to ground states, 39:278-280
second-order/Lamb shifts, 39:275-276
transition probabilities, 39:285
one-electron, HF level
quantities, 40:66
related molecules, 40:66-68
weakly interacting systems, 40:68—69
Energy values
methyl radicals, 39:152-155
silyl radicals, 39:152-155
Equations of motion, general, 40:306-307
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Excited states, single
discussion, 39:42-45
Kato’s theorem for, 39:36-38
Pauli potential for, 39:38—39
potential V oU, construction, 39:
40-42

F

Furst-order reduced density, see One-particle
density matrix
Floating Sphernical Gaussian Orbital, 39:125
Fourter transform
DFT reconstruction, 39:61-63
1mages, electron densities
properties
kinetic energy fintteness, 39:66
normalization, 39:65
technical remarks, 39:64-65
wave function properties
complex valued, 39:67
norm finiteness, 39:65
permutational antisymmetry, 39:
67-68
value finiteness, 39:66—67
Free-electron gas, 39:12-13

G

Gas, free-electron gas, 39:12-13
Gaussian base-sets, s-type
H,* ground state
conclusions, 39:255-256
matrix Dirac energy, 39:254-255
non-relativistic total electronic energy,
39:248-249
optimal exponents, 39:249-250
optional distributions, 39:250-254
molecular Dirac equation, 39:245-248
variationally optimized
conclusions, 39:141
distributions, 39:129, 39:133, 39:
137-141
exponents, 39:129, 39:133
function index, 39:134-136
largest, 39:132
positions, 39:131
smallest, 39:130
total electric energy, 39:126-129

Gordon—Volkov wavefunctions, 40:182—-183
Gram~Schmidt orthogonalization procedure,
40:250
Ground states
Gaussian base-sets, S-type
optimized distributions, 39:129, 39:133
optimized exponents, 39:129, 39:133
total electric energy, 39:126—129

H

Halogen substituents
effects on vinyl alcohol/thiol
analysis methodology, 40:162-163
BH, and NH,, 40:173-174
chloroenols, 40:165—-169
cts and gem monosubstituted enols, 40:
174-175
disubstituted enols, 40:175
electrostatic mnteractions, 40:170
fluoroenols, 40:165—169
main effects, 40:169-172
molecular orbital effect, 40:170
results, 40:163
structural parameters, 40:163-165
trans monohalogenated, 40:172-173
trisubstituted enols, 40:175
Hamultonian
in cuprate superconductivity, 40:232-238
Dirac—Coulomb—Brext
computations, 39:272-274
nitrogen/mtrogen-like 10ns
calculations, 39:274, 39:276-277
energy separation, 39:279-280
fine-structure splitting, 39:280-282
ground/low-lying excited states, 39:
276-277
low-lying even/odd-parity states, 39:
277-279
low-lying even-parity states, 39:
282-284
relative to ground states, 39:278-280
second-order/Lamb shifts, 39:275-276
transition probabulities, 39:285
theories
matrix multiconfiguration Dirac—Fock
SCF, 39:264-266
relativistic multireference many-body
perturbation, 39:266-270
relativistic no-pair, 39:263-264
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transition probabilities, 39:270-272
Frock space coupled cluster method
advantages, 39:172—-173
method
applications, 39:182-183
Bloch-type equations, 39:175-178
wave operators, 39:175-178
for metal-cluster magic numbers, 40:
293-295
Morse potentials with D parameter-based
for energy bond breaking estimates
bond energy, 40:150-155
computations, 39:272-274
discussions, 40:155-156
enhancing precision, 40:146-147
local/normal mode model, 40:
148-150
overtone spectra, 40:150—155
problem formulation, 40:147
test compounds, 40:147
theory, 40:145
regular two-component relativistic
description, 39:47-48
kinetic-energy functional gradient
derivation, 39:51-54
removing translational motion
ammonia example, 40:23-25
description, 40:19-21
electronic/nuclear, distinguishing, 40:
21-23
with electrons 1dentified, 40:23-25
nvariant coordimates
ammonia example, 40:32-35
conclusions, 40:35
equations, 40:30-32
Harmonics
hyperspherical
discrete analogs, 39:112-114
hydrogen-like atoms
method of trees, 39:89-91
representation, 39:87-89
oscillator, 39:10-11
Hartree—Fock crystal orbital
for periodic polymers band structures
methodology, 39:21-24
nucleotide base stack results, 39:
27-30
polyethylene results, 39:24-25
polyparaphenylene results, 39:26-27
Hartree—Fock method
band structures, 39:19

crystal orbitals, 39:19
description, 39:2
2-dimensional Mesh, 40:364-366
Helium
bound state, 40:335-337
change transfer mechanism
collision dynamacs, 39:167-169
molecular calculations, 39:164~167
excited state, 40:337-338
N**/He system, 40:41-45
Hydrocarbons
activation by transitional metal
complexes, 40:205-207
LMOs, 40:63-64
Hydrogen
calculation methods
model systems, 40:135-136
theoretical, 40:136—137
Dirac—Hartree—Fock equations
Gaussian basis set, 39:244-245
ground state, 39:244
LiH, CI values, 39:194-200
molecular 1ons
optunzed distributions, 39:129, 39:133
distribution, 39:250-254
exponents, 39:249-250
optimized exponents, 39:129, 39:133
reaction, 40:123-125
total electronic energy, 39:126-129
solid phase, description, 40:134
Hydrogen chloride, 39:244-245
Hyperquantization algorithm
conclusions, 39:117-118
description, 39:112
discrete analogs of hyperspherical
harmonics, 39:112-114
propagation step along hyperradius, 39:
116-117
stereodirect representation, 39:114-116
Hyperradius
definition, 39:104-105
propagation step, 39:116-117
Hyperspherical coordinates, 39:106—-109
Hyperspherical parametrization
advantage, 39:104
algorithm tools, 39:112-114
hyperquantization algorithm
conclusions, 39:117-118
description, 39:112
discrete analogs of hyperspherical
harmonics, 39:112-114
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Hyperspherical parametrization (confinued)
propagation step along hyperradius, 39:
116-117
stercodirect representation, 39:114-116
method, 39:109-111

Infrared spectroscopy
description, 40:214
polypyndine oligomers
bending 1n-plane, 40:219-220
bending out-of-plane, 40:218-219
convergence, 40:217
DFT calculations, 40:215-216
displacement, 40:217
MCSCEF calculations, 40:214-215
vibrational structure, 40:217-218
Intruder states, 39:235-236

K

Kato’s theorem, 39:36-38, 39:44-45
Kinetic energy

finiteness, 39:66

functional gradient corrections, 39:51-54
Kohn—Sham potential, 39:44—45

L

Lead
and Eka-lead compounds
atomic calculations, 39:331-334
characterization, 39:327-328
diatomucs, 39:336
dipole moments, 39:345-350
discovery, 39:327
E114 dimers, 39:341-344
molecular calculations, 39:334-335
Mulliken population analysis, 39:
345-350
spin-orbit effects, 39:345
Lithium hydnde, CI values, 39:194-200
LMOs, see Localized molecular orbitals
Localized molecular orbitals
electric moments
for hydrocarbons, 40:63-64
for hydrogen dimer system, 40:64—65

for 10-/18-molecules, 40:61-63
multipole, 40:57-61
localization
different critena, 40:54-57
methods, 40:50-54
separation, 40:53-54
Lowdin Memonal Lecture, 40:2-12
LUMO, 39:308

M
Magic numbers, metal-cluster
Q30 model
algebras

angular momentum, 40:292-293
basis states, 40:288-290
harmonic, 40:286-287
linear combination, 40:281-283
ngid rotator, 40:283-286
spherical vector operators, 40:
291-292
energy expression, 40:297-298
Hamultonian, 40:293-295
Nilsson, 40:293-295
potential determination, 40:295-297
results, 40:298-302
Magnesium clusters
dimers
electron density distribution, 40:
269-274
nteraction energy, 40:263-266
stability, 40:258-259
vacant atomic orbitals
bonding state, 40:271-272
NBO valence population, 40:270-271
net population, 40:269--270
nonbonding state, 40:272-275
trimers, 40:266—-269
Magnetic fields, strong
atoms/diatomic molecules 1n
associated-problems, 40:362-364
2-dimensional mesh Hartree—Fock
classical complex rotation, 40:376
complex boundary condition, 40:
374-376
exterior complex transformation, 40:
376-377
finite-difference calculations, 40:
364-366
ground state configurations
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at arbitrary field strengths, 40:
367-371

1 high-field regime, 40:371-374

structure, 40:366-367

Many-electron systems

generalized Sturmuan expansion of plane

wave, 39:74-75

potential-weighted orthonormality

relations, 39:73--74

spin—spin mteractions

RDM/RDF
correlation densities, 39:297-298
discussion, 39:303
distribution densities, 39:296-297
electron—electron dipolar, 39:298-300
electron—nucle1 dipolar, 39:301-303
spin part, 39:295-296

ground states, 40:197-200
msertion reaction, 40:200-204
chloro
energy bond breaking, estimating
local/normal mode model, 40:
148-150
method, 40:144-145
overtone spectra, 40:150-155
problem formulation, 40:147
test compounds, 40:147
theory, 40:145
fluoro
bond breaking, estimating
discussions, 40:155-156
enhancing precision, 40:146—147
energy bond breaking, estimating
local/normal mode model, 40:

375

148-150
method, 40:144-145
overtone spectra, 40:150-155
problem formulation, 40:147
test compounds, 40:147
theory, 40:145

Matrix multiconfiguration Dirac—Fock SCF
method, 39:264-266
Memory, neural network models, 40:
253-255
Metallic clusters
colliding with atoms, reaction dynamics

charge transfer
integral cross section, 40:314-318
laser-enhanced, 40:318-320
equations of motion, 40:306—307
excitation, 40:310-313
fundamentals, 40:306
non-adiabatic quantum, 40:306-310
relaxation, 40:310-313
time-dependent density functional
theory, 40:307-310
magic numbers
algebras
angular momentum, 40:292-293
basis states, 40:288-290
harmonic, 40:286-287
linear combination, 40:281-283
rigid rotator, 40:283-286
spherical vector operators, 40:
291-292
energy expression, 40:297-298
Hamultonan, 40:293-295
Nilsson, 40:293-295
potential determination, 40:295-297
results, 40:298-302

Methane
activation

by second row transitional atoms
conclusions, 40:207-208

Methy! radicals
QDO study
calculation methods, 39:150~151
objectives, 39:148-149
transition intensities, 39:155-160
reactions, importance, 39:146
Mittag—Leffler expansion, 40:331-332
Molecular orbitals, 40:170
Molecular Rydberg states
application of QDO method
calculation method, 39:150-151
energy values, 39:152-155
objectives, 39:148-149
quantum defects, 39:152-155
transition intensities, 39:155-160
description, 39:146
expression, 39:147
selection rules, 39:148
Molecular systems
three-bodied
electron—electron interaction, 40:325
finite element, 40:331-332
hellum system
bound state, 40:335-337
excited state, 40:337-338
NelCl van der Waals complex, 40:
338-340
reaction environments, 40:325-326
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Molecular systems (continued)
resonant wavefunctions, 40:328-331
role of resonances, 405325
scattering cross sections, 40:331-332
Schrédinger problem, 40:327-328
Molecules
diatomic, 1n strong magnetic fields
associated-problems, 40:362-364
2-dimensional mesh Hartree—Fock
classical complex rotation, 40:376
complex boundary condition, 40:
374-376

exterior complex transformation, 40:

376-377
fimte-difference calculations, 40:
362-364
ground state configurations
at arbitrary field strengths, 40:
367-371
in high-field regime, 40:371-374
structure, 40:366-367
Molybdenum (VI) fluoride
CE calculations
approximate molecular step, 39:
309-310
combined treatment, 39:312-313
conclusions, 39:322
coulomb repulsion/exchange integrals,
39:312-314
exact atomic step, 39:310-312
excitation values, 39:316-321
spin-orbit coupling parameters, 39:315
Morse potential, D parameter
for energy bond breaking estimates
bond energy, 40:150~-155
discussions, 40:155-156
enhancing precision, 40:146—147

local/normal mode model, 40:148—150

method, 40:144-145
overtone spectra, 40:150-155
problem formulation, 40:147
test compounds, 40:147
Motion
equations of, general, 40:306-307
translational, removing
description, 40:19-21
electronic/nuclear, distinguishing, 40:
21-23
with electrons 1dentified
ammona example, 40:25-26
equation, 40:23-25

translational, removing invariant
coordinates

conclusions, 40:35

equations, 40:30-32

example, 40:32-35

general permutation, 40:26-29

Mulliken population analysis

Pb/Eka compounds, 39:345-350

N

Neural network models, 40:253-255
Nilsson-Clemenger model, 40:280--281, 40:
293-295
Niobum, 40:197-203
Nitrogen
electric dipole transition, 39:262-263
-He system, 40:41--45
Nitrogen hydride, as enol probe, 40:173—-174
Nitrogen ions
change transfer mechamism
collision dynamics, 39:167-169
molecular calculations, 39:164—167
-nitrogen-like 1ons
energy levels
calculations, 39:274, 39:276-277
fine-structure splitting, 39:280-282
ground/low-lying excited states, 39:
276-2717
low-lymg even/odd-parity states, 39:
277-279
low-lying even-parity states, 39:
282-284
relative to ground states, 39:278-280
second-order/Lamb shifts, 39:275-276
transition probabilities, 39:285
energy separation, 39:278
El transition probabilities, 39:289-290
spin-forbidden 2s?2p* transitions, 39:
285
Nucleotide base stack, 39:27-30

o

One-electron energy
HF level
quantities, 40:66
related molecules, 40:66-68
weakly interacting systems, 40:68—69
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One-particle density matrix, 39:3-5
Openshell 10ns
excited state energies, 39:262-263
relativistic effects, 39:262-263
transition rates, 39:262
Orbutals
LMOs
different criteria, 40:54-57
electric moments
for hydrocarbons, 40:63-64
for hydrogen dimer system, 40:
64-65
for 10-/18-molecules, 40:61-63
multipole, 40:57-61
localization methods, 40:50-54
localized, electric moments
electrostatic interaction integrals, 40:
69-72
van de Waals systems, 40:72-74
SMOs
description, 40:53-54
for H,0, dimer system, 40:
64-65
vacant atomic, population, 40:269-274
Orthogonalization vectors
geometrical view, 40:251-253
methods, 40:250
neural network model, 40:253-255
Orthonormality relations, 39:73-74
Oscillators, 3-dimensional harmonic
for metal-cluster magic numbers
algebras
angular momentum, 40:292-293
basis states, 40:288-290
harmonic, 40:286-287
linear combination, 40:281-283
rigid rotator, 40:283-286
spherical vector operators, 40:
291-292
energy expression, 40:297-298
Hamultonian, 40:293-295
Nilsson, 40:293-295
potential determination, 40:295-297
results, 40:298-302
Nilsson—Clemenger model, 40:280--281
Oxygen wagging dynamics
in cyclobutanone, S, state
calculations, 40:350-352
dynamics, 40:357-358
potential energy, 40:356~-357
simulation methods, 40:347-349

377

P

Pauli potential, 39:36-38
Pauli principle, 40:6-8
Permutations of 1dentical particles, 40:5-6
Perturbation theories, see also specific
theories
development requirements, 39:234-235
Rayleigh—Schrodinger
Brillouin—Wigner vs.
approximation, 39:229
convergence speed, 39:230-231
degenerate problems, 39:232
energy components, 39:232-233
simplicity, 39:229-230
theoretical issues, 39:233-234
unique problems, 39:231-232
description, 39:226
for ground state energy expansion, 39:
228
intruder state problem, 39:234-236
time ndependent, 39:227-228
relativistic multireference many-body, 39:
266-270
second order many body, MP2
applications, 39:226-227
description, 39:226
Perturbative equations, full CI solution
applications to LiH, 39:194-200
B109 AO basis specifications, 39:205
description of algorithm, 39:201-203
methods, 39:191-194
second and third order properties
formulae, 39:203-204
Phase-space representations
atoms in, 39:14-15
conclusions. 39:15-16
Dirac’s, 39:5-6
free-clectron gas, 39:12-13
harmonic oscillator, 39:10-11
one-particle density matrix, 39:3-5
Weyl-Wigner, 39:6-10
Phenomena in the Thomas—Ferm Atom,
39:2
Poles, S-matrix, 40:331-332
Polyethylene, 39:24-25
Polymers, periodic
band structures
chemical properties, 39:20-21
by Hartree—Fock crystal orbital
conclusions, 39:30
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Polymers, periodic (continued)
methodology, 39:21-24
nucleotide base stack results, 39:

27-30
polyethylene results, 39:24-25
polyparaphenylene results, 39:26-27
chemical properties, 39:20-21
Polyparaphenylene, 39:26-27
Polypyridine oligomers
IR spectra
bending in-plane, 40:219-220
bending out-of-plane, 40:218-219
convergence, 40:217
DFT calculations, 40:215-216
displacement, 40:217
MCSCEF calculations, 40:214--215
vibrational structure, 40:217-218
Potential V ual, construction, 39:
40-42
Protons, water-mediated transfer, 40:90-92
Ps1, meanmg, 40:3-5

Q

Q30, see Oscillators
QDO, see Quantum defect orbital
Quantum defect orbatal
application to Rydberg states
calculation method, 39:150-151
energy values, 39:152-155
objectives, 39:148-149
quantum defects, 39:152-155
transition intensities, 39:155-160
Quantum mechanics
concept of selection, 40:8-9
measurement problems, 40:6—8
observation problems 1n, 40:6—-8
symbols, 40:3-4
symmetry, 40:4-6
Quantum theory defect, 39:72

R

Rayleigh—Schrodinger perturbation theory
Brilloumn—-Wigner vs
approximation, 39:229
convergence speed, 39:230-231
degenerate problems, 39:232
energy components, 39:232-233

simplicity, 39:229-230
theoretical 1ssues, 39:232-233
unique problems, 39:231-232
description, 39:226
for ground state energy expansion, 39:228
intruder state problem, 39:234-236
time independent, 39:227-228
RDF, see Reduced density-functions
RDM, see Reduced density-matrix
Reduced density-functions
spin factors
correlation densities, 39:297-298
description, 39:295-296
discussion, 39:303
distribution densities, 39:296-297
electron—electron dipolar, 39:298-300
electron—nucler dipolar, 39:301-303
Reduced density-matrix
spin factors
correlation densities, 39:297-298
description, 39:295-296
discussion, 39:303
distribution densities, 39:296-297
electron—electron dipolar, 39:298-300
electron—nucler dipolar, 39:301-303
Relativistic extend Huckel, 39:309-310
Resonance
electron—electron interaction, 40:325
n three-bodied systems
analysis problems, 40:325
electron—electron 1nteraction, 40:325
finite element, 40:331-332
helium system
bound state, 40:335-337
excited state, 40:337-338
NelCl van der Waals complex, 40:
338-340
reaction environments, 40:325-326
resonant wavefunctions, 40:328-331
scattering cross sections, 40:331-332
wavefunctions, 40:328-331
zero angular momentum problem, 40:
326-327, 40:327-328
tunneling
energy exchanges, 40:185-189
field-assisted, 40:182-183
REX, see Relativistic extend Huckel
Rhodwum, 40:197-203
Ring puckering dynamucs
mn cyclobutanone, S, state
calculation, 40:350-352
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dynamuics, 40:357-358

molecular models, 40:346

potential energy, 40:356-357

stmulation methods, 40:347-349
Ruthenium, 40:197-203

S

Scaling complex, 40:329-331
Scattering
cross sections from S-matrix poles to
Mittag—Leffler expansion, 40:331-332
elastic, 40:120-121
elementary quantum basis, 40:115-117
inelastic, 40:120-121
Schrodinger equations, model electromc, 40:
- 109-111
Schrodinger problem, three-body, 40:327-328
SCVB, see Spin coupled valence bond theory
Selection, concept of, 40:8-9
Silyl radicals
QDO study
calculation methods, 39:150-151
objectives, 39:148—-149
transition intensities, 39:155-160
reactions, 1mportance, 39:146
S-matrix poles, 40:331-332
Spectroscopy process, electronic, 40:114—115
Spin coupled valence bond theory
calculations
advantage, 40:38
N2+/He system, 40:41-45
scattering, 40:40-41
target 1sotope effects, 40:45-46
description, 40:39-40
Spin-orbits, 39:345
Spin—spin 1nteractions
correlation densities, 39:297--298
description, 39:295-296
distribution densities, 39:296-297
electron—electron dipolar, 39:298-300
electron—nucler dipolar, 39:301-303
Spmn-uncoupling
1n chemical reactions
catalyst, 40:195-196
exchange repulsion, 40:193-195
methane activation
conclusions, 40:207-208
ground states, 40:197-200
sertion reaction, 40:200-204
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process, demonstrating, 40:195
Stereodirect representation, 39:114-116
Stern—Gerlach experiment, 40:7, 40:9-13,

40:16
Sturmians

d-dimensional coulomb, 39:75-77
generalized

alternative basis set, 39:78—83

plan wave, 39:74-75

secular equation, 39:77-78

many electron, 39:72
Superconductivity, cuprate
condensation energy, 40:243-245
doping dependence, 40:241-243
energy considerations, 40:232-238
group theoretical analysis, 40:229-232
pair condensate wavefunction, 40:226-229
structural characteristics, 40:226
temperature, 40:241-243
thermal behavior, 40:238—-241
Symbols 1n Science, 40:3—-4
Symmetrical molecules
associated problems, 40:6-8
under interchange, 40:6
role point groups, 40:4--5
vibrations, 40:5
Symmetry rules, 40:127
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Tautomers
structure, 40:83—87
water interaction with
description, 40:88—89
double proton transfer, 40:90-92
Temperature, in Cu superconductivity, 40:
241-243
Thiobase pairs, 40:92-94
Thiouracils
adenme-thiouracil base pairing, 40:94—-98
adenine—uracil base pairing, 40:94-98
adiabatic protonation, 40:87
characterization, 40:81-82
computation, 40:82-83
deprotonation, 40:87
function, 40:81
hydrogenation, 40:87—88
structure, 40:83~87
thiobase pairs, 40:92-94
water nteraction with, 40:88—-89
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Thomas—Ferm1 model, 39:2, 39:47-48
Three-particle systems, 39:106-109
Time-dependent density functional theory,
40:307-310
Time-dependent processes, 40:117-118
Time scales, 40:127
Transferability, 40:50
Transitional metal complexes
second-row
methane activation by
conclustons, 40:207-208
ground states, 40:197-200
nsertion reaction, 40:200-204
Transitions
electric dipole possibilities, 39:262-263
El probabilities, 39:289-290
nitrogen/nitrogen-like 1ons, 39:285
openshell 1ons, 39:262
single electron/electromagnetic field, 39:
270-272
spin-forbidden 2s?2p?, 39:
285-289
Translational motion
removing
description, 40:19-21
electronic/nuclear, disingmshing, 40:
21-23
with electrons 1dentified
equation, 40:23-25
NH,D example, 40:25-26
invariant coordinates
conclusions, 40:35
equations, 40:30-32
general permutation, 40:26-32
NH.D examples, 40:32-35
Tungsten (VI) fluoride
CE calculations
approximate molecular step, 39:
309-310
combined treatment, 39:312-313
conclusions, 39:322
coulomb repulsion/exchange ntegrals,
39:312-314
exact atomic step, 39:310-312
excitation values, 39:316-321

spin-orbit coupling parameters, 39:315
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Uncertainty Principle, 40:7
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van de Waals systems
localized electric moments, 40:72-74
NelCl, 40:338 -340
Vinyl alcohol
conformations
effects of halogen substituents
analysis methodology, 40:162-163
BH,D and NH,, 40:173-174
chloroenols, 40:165-169
cts and gem monosubstituted enols,
40:174-175
cisubstituted enols, 40:175
electrostatic interactions, 40:170
fluoroenols, 40:165-169
main effects, 40:169-172
molecular orbital effect, 40:170
results, 40:163
structural parameters, 40:163-165
trans monohalogenated, 40:172—-173
trisubstituted enols, 40:175
structure, 40:162
Vinyl thiol
conformations
effects of halogen substituents
analysis methodology, 40:162-163
BH, and NH,, 40:172-173
chloroenols, 40:165-169
cts and gem monosubstitued enols,
40:174-175
disubstituted enols, 40:175
electrostatic interactions, 40:170
main effects, 40:169-172
molecular orbital effect, 40:170
results, 40:162-163
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trans monohalogenated, 40:172-173
trisubstituted enols, 40:175
structure, 40:162
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Water
dimer system, 40:64—65
thiouracil interaction with, 40:88-89
Wavefunctions
complex valued, 39:66-67
Dirac Hamiltoman apphication, 39:49-51
Gordon—Volkov, 40:182-183
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k-RSD, norm finiteness, 39:65 Z
pair condensate 1n cuprate

superconductivity, 40:226—229 Zeroth order regular approximation (MP)

plane, generalized Sturmian expansion, 39: description, 39:329-330
74-75 for Pb/ Eka compounds
resonant, three-bodied systems, 40: atomic calculations, 39:331-334
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value finiteness, 39:66—67
Wave operators, 39:175-178
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Wigner function
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spin-orbit effects, 39:345
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